This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 
to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 
to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 
are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  marginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 
publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  have  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 

We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attribution  The  Google  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 


at|http  :  //books  .  google  .  com/ 


t 


-rv.  JW^S?"  "^  ^*"  -"^  ^F.^'^^X^'jrti.X'V 55?r«4:i»-!iai»)'?SSflSEi-¥3»-3f^«n 


n 


PRINCIPLES 


or 


A   L    G   E-  B   R   A. 


ffBKMi  <t  fttatioiKnt'  »all» 


L 


THE 


PRINCIPLES 


'  OF 


ALGEBRA. 


BT 


WILLIAM    FREND. 


LONDON: 


rXlNTED   BY   J.  DA7ir, 
fOK   O.   O.  AND  J.   ROBINSOK,  PATKSITOSTM-KOW. 

1796. 


yJ 


"bcg-b  *S 


!>    R    E    F    A    C    E* 


.1  HE  following  work  is  intended  for  the  ufc  of  fchoots^ 
academies,  and  colleges  \  for  tH6  Itatter,  on  the  fuppofi-^ 
I  tibn  that  in  the  former  the  education  of  boys  has  Been  ne- 
(^  glefled.  On  the  proper  time  to  put  it  into  the  hands  of 
^  boys  and  girls,  it  is  impoffible  to  determine  :  but  there  is 
'^Tj  ntything  in  the  work  which  they  canhdt,  by  ptopet  in- 
{l)ru£tion,  comprehend  before  the  age  of  fifteen.  My  ac-» 
qUaintance  with  the  mafter  of  a  little  day-fchool  gave  ixie 
(Jv  an  opportunity  of  making  an  experiment,  which  led  me 
t6  this  opinion,  aiid  convinced  me  that  the  knowledge  of 
numbers  is  very  eafily  acquired,  and  that  it  is  one  of  the 
beft  employnlents  lor  children.  I  divided  his  fehool  into 
clafles :  the  youngeft  hardly  knew  their  letters,  the  beft 
could  read  only  imperfectly,  and  had  made  very  little 
progrefs  either  in  writing  or  accounts.  At  certain  inter- 
vals each  clafs  was  queftioned  in  numbers ;  and  with  the 
hSgheft  the  beginning  was  made  by  aiking  them  to  add 
two  low  numbers  together,  and  then  in  fucceflion  other 
two  numbers,  till  it  was  clearly  feen  how  far  th'ey  could 
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go  in  addition.  The  fame  was  then  tried  in  fubtraftion^ 
and  fo  on  through  multiplication  and  divifion.  For  the 
firft  day  they  were  awkward,  not  being  accuftomed  to  add 
numbers  together  without  their  flates  5  but  they  foon  did 
It  with  cafe,  and  by  this  mean  made  a  greater  progref» 
in  one  month,  than  they  would  othcrwife  have  done  pro-' 
bably  by  the  common  mode  in  the  courfe  of  ^  year. 

Hence  I  wifli  to  recommend  to  the  mafters  of  fchools^ 
particularly  the  great  fchools,  fuch  as  Eton,  the  Charter- 
hpufe,  \9'in<;he{ter,  and  others  approaching  to  them  in. 
fopie  degree  of  reputation  for  claffical  learning,  to  adopt  a 
n^ode  by  which  every  boy  in  their  fchools  cannot  fail  of  ^ 
learning  with  great  cafe  a  very  ufef ul  art*  I  fhould  re-^ 
con^mcnd  them  to  divide  their  fchool  iniD  claffes,  confift- 
ing  of  not  more  than  five  boys  in  each  clafs^  Each  claf$ 
would  be  diftinguiflied  by  this' progrefs  which  it  fcas  made 
in  numbering.  The  loweft  probably  would  be  able  to  add 
only,  tht  higheft  probajbly  to  multiply  together  only  two 
numbers  under  twenty.  Five  minutes  in  the  morning  and 
five  in  the  afternoon  will  be  time  fufficient  for  the  exercife 
of  each  clafs.  The  liead  mafter  might  hear  two  claOes* 
The  boys  in  the  firft  clafs  might  hear  thofe  in  t]he  third 
^d. fourth  :  The  boys  in  the  fecoiid  clafs,  thofe  rn  the  fifth 
ajid  fixth  cljiffes  y  and  thus  progreffively  throughout  the 
fahooL  Thus,  no  boy  would  be  employed  more  than 
ftftoea  minutes  on.  any  day,  and  moft  days  only  tea 
,  ,  minutes^ 
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minutes,  m  this  cxercifc.  By  examining  the  lowct 
clafTes,  the  boys  in  the  higher  clafies  would  be  very  much 
improved:  their  memory  would  be  ftrengthened;  and 
in  future  life  they  would  be  as  little  likely  to  forget  their 
numbering  as  they  are  the  fhape  of  the  letters  in  the  al- 
phabet. Another  advantage  propofed  by  claffing  boys  in 
this  manner  is,  that  they  may  be  in  the  habit  of  comparing 
themfelves  with  each  other  in  more  refpe£ls  than  one. 
An.  overweening  pride  is  apt  at  prefent  to  get  the  better  ot 
them,  from  a  confcioufnefs  of  fuperiority  in  the  Latin  or 
Greek  languages ;  and  they  are  furprifed  fome  years  after 
to  find,  that  the  boys,  whom  they  defpifed  at  fchool,  poflefs 
talents  which  make  them  the  mod  valuable  members  in 
fociety.  Indeed  this  mode  of  claffing  a  fchool  would  be 
attended  with  advantage,  if  the  boys  were  queftioned  in 
geography,  hiftory  and  other  thitigs,  by  which  the  talents 
of  each  might  be  difplayed :  fhtis  the  vanity  of  early 
years  would  be  checked,  and  men  would  learn  to  form  a 
better  opinion  of  themfelves  and  their  neighbours. 

If  upon  this  fuggcftion  any  maftor  of  a  fcheot  fliouM 
adopt  the  mode  propofed,  I  fhould  be  mu6h  obliged  to 
him  to  acquaint  me  with  the  i^efuk  of  Md  exp^rienc^  j  and 
indeed  If  the  matters,  ufhers,  or  tutors  of  firhools,  aca^^ 
detties  or  colleges  fhould,  on  examination,  fi^  this  worfe 
ad^ed  to  their  ufe^  I  ihould  efteem  it  a  favour  to  have 
A  4  any 
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any  faults  in  it  pointed  out  to  nre  by  them^  and  to  receive 
their  hinta  for  future  improvement. 

To  prejiarc  a  boy  for  the  feading  of  this  book,  we  can- 
not begin  too  early  ;  and  the  preparation  is  Gmple.  As 
foon  as  he  begins  to  write  figures,  the  algebraical  marks 
(bould  be  introduced  into  his  copies.  Thus  his  firft  copy 
might  be  in  addition,  after  a  time  in  fubtradlion,  foon  a£- 
tsr  in  multiplication,  tlien  in  divifion. 
3  +  4  =    7 

8-5=    3 
9X9  =  81 

On  fhewjng  the  copy  bool:,  the  boy  (hould  always  read  hii 
copy  to  the  matter.  Thus  three  and  four  equal  feveu  v 
from  eight  take  five,  the  remainder  ecpials  three  \  nine  in- 
to- 9  equals  eighty-one  ^  twenty-four  divided  by  eight 
equals  three.  By  degrees  a  ktter  may  be  placed  in  his 
copies.  Thus  a  =  d.  .•.  gif  =  Jo  ;  and  thus  with  very 
little  trouble  a  boy  will  by  mere  reading  become  not  only 
aS' Well  acquainted  with  th^  marks  +  —  X  h-<  =  >.% 
as  with  tlie  figures  0123456789,  but  nnderftand  the 
principles  laid  down  for  the  folution  of  fimple  e^uatioifs^ 
3>uring  this  time,  the  boy,  it  is  prefumed,  is  learning  the* 
firft  rules  in  arithmetic  ;  and  as  foon  as  he  can  add,,  fub** 
tra£t>.  multiply,  and  divide  whole  nunibers,.  and  can  ]u(b 
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do  a  fttth  in  the  rule  of  three,  I  recommend  that  hm 
ihould  enter  upon  the  principles  of  algebra. 

Allowing  thi«  mode  to  be  good,  fome  one  may  perhaps 
a(k  me,  why  I  (hould  think  of  adding  to  the  number  of 
books  already  written  upon  this  fuhjefk,  and  not  content 
myfelf  with  referring  to  the  authors  in  common  ufe  ?  I 
am  prepared  to  anfwer  the  queftion.  Half  a  dozen  years 
experience,  as  tutor  of  a  college  in  the  univerfity  of  Cam^* 
bridge,  taught  me  the  difEculties  under  which  young  men 
labour  in  endeavouring  to  learn  algebra  by  the  common 
mode.  Some  throw  away  their  books  before  they  can  do  m 
fimple  equation;  others,  with  more  courage,  get  through 
equations  of  the  fecond  order,  but  are  afraid  to  venture  on 
thefecondpartofMaclaurin's  Algebra;  others  wadethrough 
a  few  chapters,  but  are  frightened,  and  with  good  reafon^ 
at  Cardan's  Rule  ;  the  bold  ones  rufli  forward  through 
thick  and  thin,  till  after  having  made,  as  they  think,  fome 
carious  difcoveries  on  the  limits  of  negative  roots,  they 
finiOi  their  courfe  in  defpair,  in  endeavouring  to  find  thd 
number  of  impoflible  roots  in  an  equation  of  n  dimenfions* 

The  converfatlon  of  thefe  learners  led  me  to  refle^^  on 
the  nature  of  a  fcience  which  now  feems  to  me  to  be  built  ^ 
on  the  cleared  principles.    The  ideas  of  number  are  tlie 
cleared   and   mod  diftin£l  in  the  human  mind  ;    the 
ads  of  the  mind  upon  them  are  equally  fimple  and  clear* 

There 
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^here  cinMt  be  confufion  in  them>  unlefs  numbers  too 
gteat  for  the  cpmprehenfion  of  the  learner  are  employed, 
or  fome  arts  ate  ufed  which  are  not  juftifiable.  The  firft 
error  in  teaching  the  principles  of  algebra  is  obvious  on 
peri^iig  a  few  pages  only  in  the  firft  part  of  Maclaurin'a 
Algebra*  Numbers  are  there  divided  into  two  forts,  ^fi- 
tive  and  negative  ;  and  an  attempt  is  made  to  explain  the 
nature  of  negative  numbers^  by  allufions  to  book-debtft 
and  other  arts.  Now,  when  a  perfon  cannot  explain  the 
principles  of  a  fcience  without  reference  to  metaphor,  the 
probability  is,  that  he  has  never  thought  accurately  upon 
the  fubje£k*  A  number  may  be  greater  or  lefs  than  ano- 
ther number ;  it  may  be  added  to,  taken  from,  multiplied 
into,  and  divided  by  another  number ;  but  in  other  re- 
fpefls  it  is  very  untraftable :  though  the  whole  world 
(bould  be  deftroyed,  one  will  be  one,  and  three  will  be 
three  ;  and  no  art  whatever  can  change  their  nature.  You 
may  put  a  mark  before  one,  which  it  will  obey  :  it  fubmits 
to  be  taken  away  from  another  number  greater  than  itfelf, 
but  to  attempt  to  take  it  away  from  a  number  lefs  than 
itfelf  is  ridiculous.  Yet  this.is  attempted  by  algebraifts, 
who  talk  of  a  number  lefs  than  nothing,  of  multiplying  a 
negative  number  into  a  negative  number  and  thus  producing 
a  pofitive  number,  of  a  number  being  imaginary.  Hence 
they  talk  of  two  roots  to  every  equation  of  the  fecond  order, 
and  the  learner  is  to  try  which  will  fucceed  in  a  given  equa- 
tion :  they  talk  of  folving  an  equation,  which  requires  two 
4  impoflibk 
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i^ppoffiUe  roots  to  miake.it  fokible:  they.  can.fin4out 
fomc  impoffible  numbers,  which,  being  multiplied  toge* 
ther,  produce  "  Unity,  This  is  all  jargon,  at  which  com* 
mon  fenfe  re€<)ils ;  hntf  from  its'having  been  once  adopta^^ 
like  many  other  figments,  it  finds  the  seioft  llrenuQus  fu^ 
-porters  among,  diofe  who  loire  to  take  things  npoa  trofty 
;uid  hate  the  kbour  of  a  feri^us  thought. 

RejeQIng  thefe  ftrange  ideas  of  number,  I  rcfokcd  to 
try  whether  the  principles  of  algebra  did  not  admit  of 
an  eafy  explanation,  and  whether  eyery  right  folution,  pro- 
duced by  the  common  mode  from  var'fous  errors  in  the 
premises,  and  the  reafoning  upon  them,  might  pot  be  dc* 
duced  by  a  mode  of  reafoning,  to  which  there  could  be  no 
objection.  The  event  has  anfwered  my  expedtations^ 
and  the  reader  will  fee  the  difiFerence  between  this  and  the 
common  mode,  by  comparing  the  examples  in  this  work 
with  thofe  in  other  authors.  In  the  folution  of  equation* 
of  the  (econd  order,  he  will  fee  in  what  cafes  two  roots 
may  be  difcovered  in  an  unlimited  equation,  and,  of  thefe 
two  roots,  which  is  applicable  to  his  particular  queftion. 
He  will  fee,  that  there  is  no  difficulty  in  the  change  of 
marks  in  adding,  fubtrafting,  multijplying  and  dividing, 
ajs  it  neceffarily  refults  from  the  nature  of  the  compound 
term.  He  will  no  longer  trouble  himfelf  with  the  num-  ' 
ber  of  negative  roots  in  an  equation,  as  there  cannot  be 
fuch  things  in  an  equation ;  and  if  there  fliould  be  an  im- 
poUible  root  in  the  conclufion,  he  will  impute  it  to  the 

proper 
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proper  iaufc^  cither  to  an  error  in  hk  mode  of  rcafoningy 
or  to  falfe  premifles. 

^ome  care  has  been  talcen  incndeaYouring  to  adapt  thd 
language  for  thd  perfohs  to  whofe  ufe  this  book  is  dedi-^ 
cated)  that  is>  to  Englifli  boys  and  girls.  Hence  the  terms 
quadratic,  cubic,  biquadratic,  and  the  like,  as  applied 
to  equations,  are  exploded  i  and  the  words  fquare,  «ube, 
folid,  furfolid,  as  applied  to  numbers,  are  fpr  the  faiie 
rCafon  rejefted.  But  habit  will  fometimes  pirevail  over 
our  bed  defigns.  Thus,  from  the  long  ufe  of  the  word 
fquare,  it  efcaped  my  corre£ling  hand  in  page  105^' 
line  12,  where,  for  fquare,  the  words  "  fecond  power" 
ihould  be  infcrted.  Square  and  cube  are  modes  of  conti- 
nued quantity,  and  cannot  be  applied  to.  numbers :  the 
abfurdity  is  feen  in  the  ufe  of  the  word  furfolid  ;  for,  if 
there  could  be  fuch  a  thing  as  a  folid  number,  there 
might  be  a  furfolid  number,  and  a  thing  might  be  nlore 
than  folid,  which  is  abfurd.  People  err  much  in  fuppofing 
that  a  word  is  of  little  confequence,  if  it  is  explained.  If 
that  A^rord  has  a  very  different  meaning  in  other  refpeftsj 
the  learner  will  confound  frequently  the  different  mean- 
ings, and  pafs  through  life  without  having  a  clear  idea 
upon  the  fubjeft.  In  educating  children,  we  ihould  take 
care  not  to  ufe  a  word  above  their  comprehenfion,  nor, 
by  our  authority,  to  imprefs  a  pofition  on  their  minds 
which  is  not  true.     If  we  teach  them  little,  we  (hould 

teach  them  that  little  well :  but  we  are  doing  them  a  real 

* 
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jnjury,  when  we  fill  their  heads  with  a  jumble  pf  wpt6$0 
git  with  falfe  and  incoherent  notions. 

It  was  not  mj  intention^  even  if  I  had  been  able,  to  adr 
vance  the  bounds  of  fciencc  by  this  work.  There  arc  fc- 
veral  things  alfo  omitted,  which,  if  the  work  bad  been  in- 
tended for  higher  capacities,  would  have  been  inferted. 
Thus,  the  proof  of  the  binomial  theorem  wopild  have  been 
^iven,  and  the  limits  of  the  roots  of  equations  would 
have  been  enlarged  upon.  I  had  alfo  drawn  up  a  feries  of 
problems;  but Ideferred  the  publifliing  of  them, both  that 
I  might  fee  the  reception  which  my  ideas  might  xAcct 
;with  from  the  public,  and  alfo  becaufe  I  was  unwilling 
jthat  the  learner  ihould  be  prevented^  by  too  long  pra&ice 
en  fome  of  the  rules,  from  having  as  foon  as  poflible  a  ge- 
neral idea  of  the  principles.  After  he  has  learned  the 
mode  of  folving  fimple  equations,  the  examples  following' 
it  will,  with  the  feftioos  on  fra£kions  and  decimal  frac- 
tions, aflFord  him  fufficient  pra£lice.  The  fefiion  on 
ppwers  and  roots  fhould  not  engage  much  of  his  attention 
at  firft :  it  will  be  fufficient  to  read  the  Sad,  83d,  and 
S4th  pages,  and  the  91ft,  beginning  with  the  fifth  line,  pad^ 
p3d,  94th,  95  th,  that  he  may  be  able  to  find  the  fecond 
jroot  of  any  number*  Then  he  may  proceed  to  page  1009 
to  the  folution  of  equations  of  the  fecond  order,  returning 
to  the  fe£lion  on  powers,  when  he  coines  to  the  refolution 
of  an  equation  oif  the  third  order,  that  he  may  be  able  to 
fiod  die  third  root  pf  a  numb^.    The  leAions  on  the 
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Aimming  of  feries  will  afFord  him  farther  ptaflice  :  and  if 
he  makes  himfelf  mafter  of  the  principles  as  laid  down  ifi 
this  work,  he  will  find,  it  is  prefumed^  little  difficulty  in 
the  future  application  of  them. 

Upon  the  encouragement  given  to  this  wotk  by  maf- 
ters  of  fchools  depends  the  execution  of  the  whole  of  my 
|)Iaxi»  which  was  to  lay  down,  in  another  volume,  thepiin- 
espies  of  fluxions,  and  the  method  of  increments  and  dif- 
ferences >  to  explain  farther  the  higher  parts,  as  they  are 
tatkd>  of  algebra;  and  to  give  a  feries  of  problems  adapted 
to  the  two  volumes.  Having  thus  initiated  a  lad  into 
pure  mathematics,  I  ihould  proceed  to  the  mixed,  and  I 
fitould  endeavour  to  explain  the  four  branches  of  natural 
phitofophy,  mechanics,  hydroftatics,  optics,  aftronomy,  in 
feparate  works,  for  the  ufe  of  fchools,  keeping  in  view  my 
firft  idea,  that  the  greater  part  of  the  mathematics  now 
taught  in  the  univerfity  of  Cambridge  may  be  made  level 
to  the  capacities  of  boys  and  girls  under  feventeen  years 
Df  age.  This  notion  will  not  appear  very  extraordinary, 
except  to  thofe  who  do  not  refle£l  on  the  progreft  of 
the  human  mind.  Young  men  of  twenty  years  of  ag^ 
now  read  with  eafe  the  Princiiria  of  Sir  Ifaac  Newton, 
which^a  hundred  years  ago,  were  thought  too  abftruCp  foy 
the  greateft  adepts  in  mathematics. 
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Wagt  13,  line^ig,  20,  read  ic  —  4r,  and  4^  — p  ^. 
j8,  line  13,  read  zbc  —  r*. 
3S,  line    4,  read-^  as  well  as  x» 
61 1  line  40,  read-=.  d  X-  »:»^^  +  «i  +  i, 
62,  line    3j  readz^  »^  +  1.  * 

95,  line    9,  r^Oi^  +  /5^* 
9S,  line  17^  readia^lh. 

B04,  line  II,  readx^^  and  ar. 

]05>  line  12,  r^A^  its  fecond  power* 

yoS»  line  |i,  read  4-  J.  =  4^. 
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145,  line   7,  read  «  +  r. 
159,  lines  15,  16,  read=i  a*s  ^  9, 
fc—  line  1 7,  read  6x  —  **. 
174,  line    I,  read  becaufe  ;-. 
183,  line    5,  rcadzzz  ^ToT^ 


PRINCIPLES 


OF 


ALGEBRA. 


A. 


lLGEBRA  is  the  fdence  which  teaches  the  ge-> 
neral  properties  and  relations  of  numbers.  The  word  is 
derived  from  the  Arabians,  who,  from  the  great  utility  of 
the  fcience,  gave  to  it  the  name  of  the  excellent.  In  com- 
mon arithmetick  the  concluGon  drawn  from  certain  pofi- 
tions  is  confined  entirely  to  the  pofitions  exprefled  by  cer^ 
tain  numbers :  in  algebra  the  conclufion  drawn  is  general^ 
applying  to  any  numbers  whatever  which  may  be  in  the 
relation  determined  by  the  quedion.  Thus,  if  it  is  pto-« 
pofed  to  find  the  price  of  twenty  hats,  when  thirty  coft 
fifteen  pounds,  the  anfwer  refers^to  that  fingle  queftion 
only,  and  is  ten  pounds.  By  algebra  the  queftion  would 
hare  been  refolved  generally  :  what  is  the  price  of  any 
number  of  hats,  when  a  known  number  cofts  ^,  known 
number  of  pounds  ?  and  the  anfwer  is  in  general  terncis 
applicable  to  the  former,  and  to  all  other  fimilar  cafes. 

B  Algebra 


Algebra  is  therefore  only  the  fcicnce  df  numbers  im- 
proved :  and,  when  it  can  be  applied  to  other  branches  of 
fcience,  the  terms  ufed  always  exprefs  numbers. 

In  arithmetic^  by  nieans  of  tcA  figUrei,  repeated  whcrf 
ncccflary,  any  number  whatever  may  be  exprefled  :  but 
the  order,  in  which  they  are  placed,'  fo  determines  their 
fignification,  that  they  cannot  in  that  fituation  exprefs  any 
other  numbers.  In  algebra,  certain  charafters  are  ufed,  by 
which  any  number  whatever  may  be  exprefled :  but  each 
charafter  may  denote  a  variety  of  invariable  numbers,  or 
they  may  reprefent  any  numbers  unknown  whofe  value  is 
by  various  modes  to  be  difcovered. 

Algebraical  character's  are  of  three  kinds :  being  eithet 
marks  of  numbers,  or  of  the  relations  of  numbers  to  each 
other,  or  of  the  mode  of  working  by  number^. 

The  marks  of  numbers  are  the  common  figures  in 
arithmetick,  or  the  letters  of  the  englilhand  foreign  al- 
phabets. The  letters  in  the  former  part  of  the  alphabet 
denote'  known  numbers  ;  the  letters  in  the  latter  part  of 
the  alphabet  denote  unknown  numbers.  Thus  a,  by  r,  rf,  e^. 
reprefent  known  numbers,  as  3,  9,  27,  39,  666.  x^y^z, 
reprefent  unkno'wn  numbers.  In  the  queftion  above  given, 
the  number  of  hats  would  have  been  reprefented  by, 
a  and  6,  the  coft  of  the  former  quantity  by  r,  and  the  coll 
of  the  latter  by  x :  and  x  is  equal  to  i  multiplied  into  c 
divided  hy  a. 

A  number,  or  fet  of  numbers,  mud  be  either  greater  than^ 
tqual  to,  or  lefs  than  another   number  or  fet  of  num- 
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\}crs^  and  thefe  relations  are  diftinguifhed  by  three  matksi 
<  =  >. 

<  is  the  mark  of  greater  than;  thus, a  <  b  denotes^ 
that  a  is  greater  than  ty  or  a  contains  b* 

=  is  the  mdrk  o(  equakty ;  thus  a  =:  t  denotes^  that  a 
Is  equal  to  b. 

>  is  the  mark  o^lefs  than ;  thus  a  >  ^  dendtes^  that  a 
16  lefs  than  b,  oi*  a  is  contained  in  b. 

Numbers  may  be  added  to,  tak^n  firOm,  multiplied  into, 
or  divided  by  other  numb^s :  and  each  ftep  is  diftiii- 
guilhed  by  its  particular  mark. 

4-  is  the  inark  of  adding  t  a  +  b  itieans,  that  b  is  to  be 
added  to  a ;  and  we  read  it  thus^  to  a  add  b. 

—  is  th&  mark  of  taking  away :  a  ^  b  means,  that  b  is 
to  be  taken  away  ffoih  a;  and  we  read  it  thuS^from  a  take  b. 

X  is  the  mark  of  multiplying  :  a  X  b  means,  that  a  is 
to  be  multiplied  into  b  •,  and  when  two  letters  come  toge- 
ther without  any  tiiark  between  them,  this  mark  is  Under- 
ftood.  Thus  ab  is  the  fame  as  a  X  *,  and  frequently  a  dot 
is  put  between  the  two  numbers  to  exprefs  the  fame  thing  : 
thus  a .  bf  i^ab  .  c,  '^  ,  ab  y  and  we  read  ab  thus,  a  into  b» 

-4"  is  the  mark  of  dividing  t  a^  b  means,  that  /?  is  to 
be  .divided  by  b ;  but  frequently  the  numbers  thcmfelves 

are  put  into  the  places  of  the  dots ;  thus   f  means  alfo 

p 

that  a  is  to  be  divided  by  b ;  and  we  read  it  thus,  a  by  b. 
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cc  is  the  mark  of  diference :  az/^b  means  the  di&rence 
of  the  two  numbers  a  and  b^  which  will  be  either  £»  «-  ^ 
or  ^  —  dfi  according  as  a  is  greater  or  lefs  than  b ;  and  we 
read  a  co  ^  thus,  die  difference  of  a  ;and  b. 

Thus  then  we  may  read  with  eafe  algebraical  writing. 
For  4-  fay  add ;  for  —  take  (that  is  take  away)  \  for  X 
into  (that  is,  multiply  into);  for -J- by  (that  is,  divide 
by)  J    for  CO  difference  of ;  for  =  is  equal  to.    Then 

a  —  i  +  r  X  —  =/c/3^  may  be  read*    from  a  take  *, 

add^  into  dhj  e,  and  it  is  equal  to  the  'difference  of 
fzndg. 

In  writing  down  numbers  with  their  relations  in  alge- 
bra, it  is  improper  to  begin  with  any  of  the  marks  but 
thofe  of  number.  The  numbor  muftbe  firft  written  down 
to  or  from  which  another  is  to  be  added  or  taken  away, 
intd  or.  by  which*  another  is  to  be  multiplied  or  divided. 
The  fiameis  alfo  obvioufly  neceffary  for  the  marks  of- 
equality  or  difference.     It   is  improper   to  write  thus  : 

d  d 

—  tf4-3Xr=-;it  fliould  be  iXr  —  a  =:.— .  Again, 

to  write  thus,  ^  X  r  —  a  =  —  /,  is  not  only  improper, 
but  abfurd,  as  will  be  feen  by  attempting  to  read  it.  From 
b  into  c  take  j,  the  remainder  J5  equal  to  fome  number 
which  we  will  call  m ;  but  the  mark  —  biefore  /denotes 
that  it  is  to  be  taken  away  from  fome  number  which  is 
not  written  down,  and  we  cannot  make  any  fenfe  of  the 
cxpreflion  — /.  - 

Again,  we  (hould  do  worfe  by  writing  down  any  of  the 
above  marks  without  any  numbers.  Thus  —  X  -«•  ^  «f  it  • 

aa 
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as  nonfenfical  in  algebra,  as  in  common  language  to  fay, 
take  away  into  take  away  eqaals  add. 

A  number  Handing  by  itfelf,  or  a  fct  of  numbers  with 
the  marks  of  adding  or  taking  away  between  them,  is 
called  a  term,  and  aterm  is  either  a  fimpfe  or  a  compound 
tcnxi* 

A  fimple  term  is  cither  without  any  or  with  only 

one  mark  prefixed  to  it.     Thus  a  (landing  by  itfelf  is  a  . 

fimple  term :  as  atfo  are,  in  any  ezpreffion,  thefe  terms 

,           -  _         ah  12. ad        5* 

+  aa^  ^abcy  -^aMe^ ,  +  — — ,  +  — . 

A  compound  term  confifts  of  feveral  fimple  terms.  As 
a  +  by  a^by  a  +b+  c,  ^ab  +  -^  +/. 

A  fimple  term  may  be  either  fingle  when  it  confifts  of  a 
fingle  number  as  i,'^,  lo,  ?»,  z  ;  or  it  may  have  feparate 
parts,  letters,  figures,  or  both  :  parts  known  and  unknown. 
Thus  ax  is  a  fimple  term,  confifting  of  two  literal  parts  -,  a 
the  known  part,  x  the  unknown  part,  ab  has  two  literal 
known  parts.  3x5  has  two  parts,  both  figures,  i^f^c 
has  three  parts,,  one  a  figyrCi^  the  other  two  letters.  Or  it 
may  be  divided  into  two  parts ;  13a  the  known  part,  and  x 
the  unknown  part.  Of  thefe  parts  it  is  often  ufeful  to  con- 
fider  one  as  the  principal,  and  the  others  as  co-parts.  Thus 
in  the  fimple  term  ^axf  if  x  is  confidered  as  the  principal, 
5^  may  be  called  the  co-part :  or  5  is  the  figure  co-part, 
und  a  the  literal  cp-part. 

Simple  terms  are  called  like,  when  they  confift  of  fimilar 
parts.    Thus  3a  and  5^1  are  like  terms,  3000  and  jooos 
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yabc  and  looaic,  2'jcbx  and  2yooocix,  Simple  tCFms  are 
unlike,  when  the  parts  of  which  they  are  made  are  diflFcr-r 
ent.     Thus  2ab  and  3^^,  aoy  and  cU,  ^bcd  and  Tgch, 

If  a  compound  term  conGfts  of  two  fimple  terms,  it  may 
be  called  a  double  term;  as /i  +  ^>  4^  —  8z.  If  it  confifts of 
three  terms,  it  may  be  called  a  treble  term  j  as  ^»  +  b-vc^ 
3a  +  *f  +  2d.  If  it  confifts  of  four  terms,  it  may  be 
called  a  fourfold  term,  as  tf*  +  f</  -r-  j/*  -f  ^ ;  and  if  it 
^opfifts  of  a  number  of  terms  not  neceflary  to  be  men- 
lioned  \  it  is  called  a  manifold  term,  as  lab  4-  2bf  -r-  2b4 
4-  zed -- ^fg -k  ghh. 

A  line  is  frequently  drawn  over  a  compound  term  to 
diftinguifh  it,  which  may  be  called  a  band,  as  it- binds 
the  terms  together  \  apd  then  each  part  of  the  compound 
term  is  afFefted  by  the  mark  prefixed  to  or  following  the 
compound  term.     Thus  a  +  b  X  a  means  that  both  a  and 

b  are  to  be  multiplied  into  a.  a  -^  a—^b  +  c  means ^hat  the 
compound  term  is  to  be  taken  away  from  a.     In  divicjing 

numbers  this  band  is  omitted  :  — ^ —  means  that  the 

a  +  b 

compound  term  a  -f-  ^  +  r  is  to  be  divided  by  the  com- 
pound term  a  -{■  b :  but  in  the  upper  and  lower  parts  there 
may  be  fever al  compound  terms,  and  then  the  band  is  re- 
tained 5  thus  — ==: means  that  the  produft  of 

a-eyjf  

the  compound  terms  a  -^  b  into  ii  —  ^  is  to  be  divided  by 
the  produflt  Qi  a  --^  e  \ntof. 

Inftead  of  repeating  a  letter  in  a  term,  it  is  ufual  to  put 
a  figure  over  it,  denoting  the  number  of^imes  i^  is  to  be 
found  in  th^t  term.     Thus  «*  means  the  fair^^  as  aay  a^ 

th^ 
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the  fame  as  aaa^  a*b  the  fame  as  aat,  and  a  -h^^  the 

fame SLSa  +  x  X  a  -{-  x.  Thefe  figures  are  called  in* 
dexes^  and  the  terms  having  thefe  indexes  are  called  pow« 
crs.  fl*  is  the  fecoad  power  of  a,  a^  is  the  third  power  o£ 
tf,  tf*  is  the  «*  power  of  a,  or  a  repeated  ;/  times.  The 
fame  thing  is  often  found  ufeful  with  the  common  num- 
bers ;  thus  33  is  the  fame  as  3  X  3.  X  3,  5'!'  is  the  fame  as 
5X5X5X5. 

An  index  placed  at  the  left  hand  of  a  term,  having  a  bent 
line  between  it  and  the  term,  ihews  that  the  term  ex- 
prefies  a  number,  which  being  repeated  in  a  fimple  term 
as  often  as  there  are  units  in  the  index,  is  equal  to  the 
term  under  the  bent  line.  This  number  is  called  the  root 
of  the  term.  Thus  V9  means  a  '  number  which  multi- 
plied into  itfelf  is  equal  to  9.  V'64  means  a  number  which 
being  repeated  three  times  makes  64 ;  and  as  3  X  .3 
ihake  9,  and  4X4X4  make   64,   the   terms    3,  or 

-5^3  X  3,  or  V'p  mean  the  fame  number,  as  alfo  do,  4, 
5/4  X  4  X  4,  gnd  VC^,    In  the  fame  manner  V^w  means 

a  number  which,  repeated  twlcCj  is  equal  to  /w,  V^*  t-  b'- 
means  a  number  which,  bcin^  repeated  thrice,  is  equal  to 
a*  —  b^.  Roots  are  diftinguifced  by  their  indexes,  in  the 
fame  manner  as  the  powers :  Thus  Va  is  the  fecond  root 
of  aj  y  a  the  third  root  of  a^  V a  the  «*'*  root  of «.  When 
the  bent  line  is  without  an  index,  the  index  %  is  under* 
ftor?d, 
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ADDITION. 

Simple  term8»  which  are  Ukci  sure  added  together  as 
in  common  arithmetick.  tf»  2^79  3^9  4a,  added  together^ 
make  lo^r;  ai  a  tboiifand^  two  thoufandf  three  thoufandi 
four  thoufand  added  together  make  ten  thouiand. 

If  the  fimple  terms  are  unlike,  they  are  to  be  written 
down  together  with  the  mark  of  addition  between  them : 
.^>  3*>  SO  8rf,  are  thus  added  /i  +  3*  +  S^  +  8^/.  In 
common  arithmetick  the  order  of  the  figures  fenres  inftead 
of  the  mark  of  addition  2  thus,  to  add  togctlier  1000,  300^ 
and  52,  we  write  down  1352. 

To  add  together  compound  term$>  which  have  not  any 
term  to  be  taken  away  from  the  others,  bring  together  the 
like- terms  ;  then  add  them  together,  and  to  the  fum  affix 
the  unlike  terms  with  the  mark  of  addition  before  them. 
Thus,  to  add  a  +  3^  4-  8r,  to  5^  +  4*  +  I2r,  and 
3<y  +  9*  +  12  f  +  7^,  bring  the  like  terms  together. 


a 

3* 

9c 

?a 

4* 

12C 

3« 

9* 

12C 

9a  i6b  32r 

The  fum  is  ga  +  i64  +  32c  +  7^. » 

Add  together  5^  +  3/^  +  7/,      4a  +  2b  +  3^, 

7*  +  5^  +  8)?  +  2d,    i^a  +  9^  +  15/  +  yy. 

The  fum  is  %2a  +  22/+  9*  +  8f  +  nd  +  3A?  +  15;?. 

Add 
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Add  together  12*  +  7«i  +  i2hf  3fcf  +  d^  ^  Sir, 

The  fum  is  14J  +  ?5«  +  24*^  +  t^^xj^  4-  811  4*  «• 


SUBTRACTION. 


A  SIMPLE  term  is  taken  away  from  another  Cmple 
term  of  the  fame  kind|  in  the  £une  manner  as  in  common 
arithmetick.  Thus,  to  take  away  4^  from  loaif  place'the 
former  term  under  the  latter. 


From     loai 
Take      ^, 

From     10  thoufand 
Take       4  thoufand^ 

Remainder  6ai 

From     lix 
Take     149c 

Remainder  6  thoufand. 

From    i^ahc 
Take     32/1*^ 

Remainder    .j^x    Remainder    tjaic* 

It  is  evident  that  the  term  to  be  taken  away  muft  be  kit 
than  the  term  f rosi  which  it  is  to  l>e  taken. 


If  the  fimple  terms  are  not  like,  write  them  down  witl^ 
the  mark  of  taking  away  before  the  term  to  be  taken  away. 
Thus  if  it  is  required  to  take  away  b  from  a,  it  cannot  be 
aflually  done ;  but  inflead  of  doing  it,  the  terms  are  thus 
written  down,  ^>  «-  i ;  and  the  extenfive  ufe  of  this  mode 
of  writing  down  charaftcra  wiH  be  hereafter  clearly  fcen. 

^7  A  com- 
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A  compound  term,  having  only  the  mark  of  addition 
between  the  fimple  terms,  is  taken  away  from  a  fimilar 
compound  term,  by  placing  like  terms  under  like,  and 
takhig  away  as  before.  Thus,  from  50  +  6B  take  away 
a  +  2*. 

From"  Sa  +  6h        From     14/j  +  i2rrf  +  152 
Take       11  +  2*        Take       3a  +  iirrf  +  142. 

Remainder  4/1  +  4b.  Rcmaind.  iia  +      cd  •{-      z. 

From  i8ii  +  72  +  9^ 
Take    30  +  22 

Remainder    15^  +  52  +  9*. 

From  3tf+i8;v4-i5ri+3w«,  take  away  S^^i2cd+^a^ 
The  remainder  is  3a  +  13*  +  3cd  +  3w«. 

From  I2ahc  +  ^gab  4-  54^1  -f-  fw  +  i2jf,  take  away 
«r-f  44^8  +  3y.    The  remainder  is  1 2abc+  49^*+  lo^i  +  gy. 

From  28i+43xy+i7f+2  +  i,  takeaway  2  +  i6c  +  b. 
The  remainder  is  aSi  +  42^y  4»  c. 

If  there  are  terms  in  the  compound  term  to  be  taken 
away,  unlike  any  terms  in  the  compound  term  from  which 
they  are  to  be  taken,  affix  them  to  the  refult  with  the  fign 
pi  taking  away  before  them. 

From    5^  +  7b 
Take     3^  +  7^ 


Remainder  2a  +  2*— 7^- 

The 
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The  number  2a  +  2i  reprefents  th^e  refult  on  taking 

away  3^  ;  and  as  we  had  no  means  of  taking  away  7^,  we 

can  aflert  only  that  the  compound  term  2a  +  2i  -^^e 

gives  the  true  refult,  whiph  would  be  derived  by  taking 

away  7c  from  241  +  2^. 

\ 

\ 

From  8tf  +  i4^.+  i2,takeaway  8a-f-5;4- 12  +  6c  +  J. 
Refult  is  gy  —  6c  —  d. 

From  72  +  Sw  +  42^,  take  3*  +  42i  +  h.  Refult 
is7z  +  8ffi  —  3^— 'A. 

When  a  compound  term  to  be  taken  away  has  any  Gm- 
ple  terms  with  marks  of  taking  away  before  them,  tfiofe 
terms  are  to  be  added  to  tjbe  remainder* 

From    3<y  +    * 
Take       «  -  2* 


Refult  2a  +i  +  2i. 

By  taking  away  a  the  refult  is  2a  +  i,  but  by  fo  doing 
a  greater  number  is  taken  away  than  the*  queftion  de- 
mands 'f  for  the  difference  only  between  a  and  2b  fliouid 
have  been  taken  away.  The  refult  therefore  is  too  fmall 
by  that  quantity  2b,  which  muft  be  added  to  give  the  true 
refult  2fl  4-  i  +  ai. 

Let  a  be  equal  to  4  and  b  to  i,  then  3a  +  ^  make  13, 
and  a  ^  2b  make  2.  If  we  take  away  4  from  13,  the  re- 
mai;ider  is  nine;  bi^t  we  fliould  not  take  away  a  or  4,  but 
^  —  2,  that  is  2,  and  the  true  refult  is  1 1,  or  9  +  2. 

From  5/1  +  7*  +  Sc  take  away  3  A  ^  /^a.  The  remain- 
der is  4*  +  5«  +  8c  +  /^a. 

From 


(  «3t  ) 

ffem  12X  +15^+36  tdse  33f  —  7jr  -H  3^-  The  re- 
fait »  9^  4*  15J  4-  4  +  7jr. 

If  the  compotmd  term  from  which  another  19  to  be 
taken  away  contains  fimple  terms  with  the  mark  of  taking 
away  before  them,  affix  thefe  terms  to  the  refult  derived 
ftom  the  preceding  role  mth  the  fame  fign  before  them. 

From    2^  —  4* 
Take      2a  —  2^ 


M  —434-2*. 


By  taking  away  sa  <^  a*  fiom  3^  we  gain  the  refult 
#  ^  iB'y  but  the  number  from  which  the  othet  was  to  be 
taken  was  not  ja  but  3iJ  —  4A ;  therefore  4*  is  ftill  to  be 
taken  away  from  the  remainder  of  3^>  after  the  firft  taking 
away,  to  give  the  true  refult. 

From  5^  -f-  4*  —  825  take  3^  +  8»  +  4*  —  r-  The  re- 
fult is  241  —  8«  —  8z  +  r. 
♦ 
From  ^a  +  b-^m  take  4^1  -f-  b-^e.  Refult  3^*  +  ^  — 1». 

From  fl*  +  a«*  4-  **  take  a*  —  2ab  +  **•  The  refull 
h  2ab  4-  2abf 

From  a^  —  3^**  4-  ^ab^  —  ^  take  a*  4-  2ab  VK  Thf 
refult  is  a^  —  35**+  3^^*  —  b^  ^  a^  ^  2ab  ^  K 

By  afling  in  this  manner  a  compound  term  will  fre* 
quently  refult  in  which  are  like  terms  with  the  fame 
marks  before  tlvcm,  and  the  compound  may  he  fhortencd 

by 


(13    ) 

bf  acUing  tDgetber  the  like  tenns  add  retiming  didr 
marls. 

From  911—13^  +  5^  take  5^  —  9*  —  6r;  the  refiilty 
according  to  the  preceding  rules,  is  4^  —  13^  +  5^  + 
9^+  6r,  in  which  ^c  and  6c  have  the  mark  of  adding 
before  them,  and  n^y  therefore  be  added  together  and 
make  i  ir,  and  the  term  beconles  4a  —  13*  +  l  ir  +  p*^ 

Now  13^  and  9^  are  like  terms,  with  unlike  marks; 
and  13^  cannot  be  taken' away  from  p^ ;  yet,  as  13^  may 
be  confidered  as  made  up  of  two  parts,  9^  and  4^,  we 
may  write  our  term  down  thus,  4/1  •—  9^  —  4A  +  1 1«? 
.  +  9^ ;  and  now  taking  away  9^  from  9^,  there  remains 
for  the  true  fum  4a  —  4b  +  lie. 

When  therefore  there  are  like  terms,  having  unlike 
marks  in  a  compound  term,  feparate  the  greater  term 
into  two  parts,  one  of  which  is  equal  to  the  fmaller  term, 
and  the  compound  term  may  be  made  lefs ;  5^j  —  83  4- 
3^+4^  —  7^,  is  the  fame  zs  ^a  —  4^  —  A^  -t  y  +  j^ 
—  3^  +  4^>  which,  by  taking  away  4*  from  4^,  and  y 
from  3r,  becomes  5a  —  4^  +  4^;  in  which  it  is  to  be 
noted,  that  the  part  of  the  greater  term  remaining  has 
always  the  mark  of  ^at  term. 

From  tf*  +  2ax  +  ap*  take  a*  —  zax  +  x*^  the  rcfult 
is  ^ax. 

From  a^  +  3*fl*  +  3^*^*  4-  *'  take  a^  —  lia"-  +  3a*i* 

—  b^ ;  the  refult  is  6ba^  +  2b^.  ^     ■ 

From  5^*  +  I4i^*  —  8<;  +  12^  take  3**  +  2a*  —  8« 

—  S^f  the  rcfult  is  3a*  +  iii*  +  iji, 

Hence 


r 


(     14     ) 

we  tnay  learn  to  add  compo\ind  tci'ms  togetW 
-|jji I T^  hiv«  like  terms  with  unlike  marks*  For  a  +  f 
%«ikii|  addevl  to  ^  ^^  ^t  makes  the  compound  term  a  +  i 
4  4^^#i  which  U  2ai 


To      if  +  5* 


Sum  ifl  2a  —  3* 


liuai   aid  — 24^ 


To        5^  —  -^i 
Add    J2a  +  Bt 


Sum  is    17^7  -h    t 

To         ij*  +  2JAr  +  X* 
Add      a*  —  2ax  +  ** 


Sum  i 


IS 


2fl*  +   2** 


GENERAL   RULES 

FOR 

ADDITION  AND  SUBTRACTION. 

TO  ;tdd  compound  terms  together,  which  have  like 
Jifii|ilc  termif,  wich  like  marks,  add  the  like  terms  together, 
idii  the  cotnnion  mark. 


To    <•  +  3*  -  ^^ 
Add  a  +  2b  ^  $c 

Sani    ttf  ^  j^  —  jft' 


To    6fl  —  1 2*  —    9% 
Add  8fl  —    7^  —  loz 

Sum  14^  —  igi  —  192^ 


li  ib«  miik«i  (}(  I  he  like  terms  are  unlike,  take  the  lefsr 
bum  tlut  urotitcr,  kind  nfTix  the  mark  of  the  greater. 

T<> 


(   »s  ) 

To     3^  —  2*  +  3^  To     loa  +  i2z  —  t^je 

Add  ^a  +  6*  —  i7<:  Add     p/j  —     yz  +     &f 

Sum  8iJ  +  4*  —  4^  Sum  ip^i  -j-    52  —    6;e, 

Folf  Subttaftion,  change  the  marks  of  the  terms  to  be 
taken  away,  and  then  nroceed  by  the  above  rules  for  Ad- 
dition. From  6/1  —  5*  4-  3^  take  away  2/3  —  7^  4-  8r; 
the  remainder  is  the  fame  as  the  fum  of  60  —  5*  -j-  3^# 
73  — .  2tf  —  8f. 

To    6a  —  5*  4-  3^  From  12a  —  6i  4-    8^ 

^Add  —  2a  +  'jb  —  Sc    ^     Take     4^  4-  5^  —  loc 

Sum  4a  +  2t  —  y        Remain.  S/a  —  iiA  +  iSc. 

From    44  —  8j*  4-  12«:        From    a^ — 3^*^  4-  i* 
Take   ij/w  —    /z   4-  i<w*        Take    4^ —  3/^2   4- ^ 

It  is  recommended  to  a  beginner  to  add  and  take  away 
compound  terms  for  fome  time  by  the  longer  mode,  that 
he  may  the  more  eafily  fee  the  grounds  oh  which  the  ge- 
neral rules  are  formed,  and  be  able  to  apply  them  better 
to  praftice.  From  not  confidering  thefe  things  with  care 
at  firft,  learners  are  apt  to  confound  together  Addition 
and  Subtra£tion,  and  to  pervert  the  ufe  of  the  marks  for 
each. 


•  We  may  fecm  here  totranfgrefs  our  nilc  of  beginning  always  with  « 
sumber  ;  but  the  UA  is»  that  the  under  line  Is  only  a  conrinualion  of  the  up- 
per line,  like  terms  being  put  under  like  terms  for  convenience  \  and  ths  I  oe 
is  to  be  rpad  thus :  add  7^,  and  uke'away  %a  and  Sr. 


MULTI- 


(  Id  ) 

MULTIPLICATION. 

IF  the  fimple  terms  to  be  multiplied' confift  only  of 
letters^  the  letters  are  to  be  written  down  together  in  one 
term,  which  implies  that  Multiplication.  Thus>  if  it  is 
required  to  multiply  a  into  o,  the  term  aa  is  made,  which 
means  that  a  is  to  be  multiplied  into  a*  If  ab  b  to  be 
multiplied  into  cdy  write  down  ahcd» 

If  there  arc  figures  in  the  fimple  terms,  multiply  the 
figures  together,  as  in  common  arithmetick,  and  affix  the 
letters  as  before.  Multiply  ja  into  5^1,  the  produ£l  is 
3.5.^^1;  but  3X5  makes  15,  and  the  produ£k  is  i$»0a. 

Mult.     6ai  Mult.        I2.dcx  Mult.     8xyz 

into     5&:  into       11. ahc  into    -12^72; 


Prod.   30tf*V  Prod.  I32ui*fc«*        Prod.  !96.;vyz* 

Compound  termSf  having  no  mark  of  taking  away  be- 
tween the  fimple  terms,  are  multiplied  together  by  muU 
tiplying  each  fimple  term  of  the  one  into  all  the  fimple 
terms  of  the  other,  and  adding  together  the  pKodu^l  of 
each  multiplication^  • 

Mult,    a   +  B 
into       a    -^  b 


fl's  prod,      a*  +  ab 

Vs  prod.  +  ab  +  b' 


* 


Produa    fl*  +  2^^  +  3* 

a*  +  ab  is  the  produft  of  a  X  a+b,  and  ab  +  4*  i» 

the 


the  produ£l  of  i  X  a  +  * ;  the  turn  Aercfore  of  theft 
two  numbers  is  the  produft  of   a  -h  i  X  a  h-  f. 

Multiply    5/1  +    3fc 
into         'ja  +    6^r 


Produft  is  35^*  +  51^^^  +  i8*V. 

Mult,    a  +  *  +  ^ 
into       a  +  b  +    4 


ifs  prod.    tf*+fl^  +  iir 

V%  prod.       -f  flf*  +  #*  +  fc 

/T's  prod.  +  ac  +  i^  4.  ^ * 

Frod.  ii*  +  Xtf*+  2fl^  +4*  +  2&  +  c\ 

Ifi  ^e  two  laft  lines  but  one  fpaces  are  left  between 
flh  and  b\  ac  and  hcy  that  like  terms  may,  for  th^  eafe  of 
adding,  be  kept  under  like  terms. 

If  the  compound  term  to  be  muJjLipiied  has  any  terms 
to  be  taken  away,  thefe  terms,  increafed  by  multiplication^ 
iriU  remain  ixn  ttie  prod]u£t  to  be  taken  away* 

Mult,  a  ^  i 
.    into     a 


Prod.  <i*—  qb. 


In  the  compound  term  a  rrby  b  was  to  be  taken  away, 
ind  the  produft,  which  artfes  from  multip2yii>g  a  \  0^ 
increafes  only  the  term  by  but  cannot  alter  the  pature  of 
its  markf 


^I»lt. 


(    i8    ) 

Mult,  a  —  & 
into     J  +  a3 

«*8  prod,  c^^ah 
2b*s  pro4.      +  2ab  —  2b* 

P^od.  fl*+   /I*  —  2b\ 


What  was  faid  before  in  multiplying  a  X  a  '^  b  i% 
equally  true  here,  in  multiplying  2b  x  a^  b^  the  term 
arifing  from  multiplying  b  X  2b  mud  remain  in  tlie  pror 
dud  to  be  taken  away,  a$  the  term  was  to  be  taken  aw«if 
in  the  compound  term  ^  —  i^. 


Mult  tf  —  *  —  tf 
into     a  -^  b  +  c 


Prod.  a''^b^-^2bc^c 


Mult.     $a  -^  4ab  -{-  y 
into        3^  +  2r     +  ^ab 

Prod.  1 5^*+  Za^  +  I  $m^  +  4^^^  1 6j*i*  +  6c\ 

If  in  the  multiplier  there  is  a  term  to  be  taken  away,  the 
produ£);  of  that  term,  multiplied  into  the  compound  term^ 
is  to  be  taken  away  from  the  product;  arifing  from  tb^ 
multiplication  of  the  other  tisrms. 

Mult,  a  +  * 
into     fl  —  3 


from  fl*s  prod,   a^+ab 

take  i's  prod.  ab  -f-  i* 

II     I  ■■  ■      III    ■  I  ■ 

Prod.        a*  —  *». 


C*  foh 


(  I^  ) 

a^  4-  ah  Is  the  refult  of  multiplying  a^^h  into  a  \  but 
Ais  is  too  much,  for  we  were  to  inukiply  a  +  i  into  a 
number  lefs  than  a  by  the  num^be^  h  :  we  are  therefore  to 
take  away  h  times  ^  -h  ^  f or  the  true  produ£l. 

Mult.     8+4 
into       8—4 


from  8's  prod.  64  +  32 

take  4's'ptod.  32  +  16 

Prod.  64  —  16  =  48  =:  12  X  4. 

Mult,     a    +    i  T    £ 
into        a    ^    b 


from  o*s  prod,  a^  +  ab  —  ac 

take  ^s  prod.  a^  +  bb  —  be 

Prod,  fl*  -<!<:-  i»  +fe.' 

Mult,  a   -^    jb 

ipto  a    -m^    b 


from  //$  prod,  a*  —  0^ 

take  ^'s  prod.  ab    —  ^- 


.» 


Prod,  a^  '-'  lab  -h  b\ 

Mult.  2a    +  3*  -^  4^ 

into      a   ^    b  -^    € 
I  I  I. 

from  fl*s  prod,  la^  +-  3a*  —  4<j^ 

take  ^'s  prod.  2ab  4-  3^*  —  4^^ 

■"       ■     I      )i       I.       ■• . 

from /i-3''s  prod.  2^*+   tf^—  4^^  —  3^*  +  4^£' 

take  ^*s  prod.  2ac  +  3^^  —  4^* 

Whole  prod.  2<a»  +  ab  —  6ac  —  3**  +    *<r  +  4-*. 

C  2  Mult. 


(  w  ) 


into      8x  —  5fE 


Prod.  96X*  ^  ^6xy  ^  6oxz  +  2Sy^' 


Mult.  4ij  +  5^  —  6r 
into     2a  -"  3^  +  4r 


Prod.  8fl*— 2tf*  +  4^r  --  15**  f  38*^— 24^*. 

To  fliortcn  thcfc  ftcps,  the  produft  of  each  (eparatc 
multiplication  may  be  written  down  under  the  firft  pro- 
duGt,  by  changing  the  mark  of  each  term  in  the  compound 
taken  away,  and  then  pjroceeding  by  addition. 

Mult,  a  isL  i 
into     a  '^  h 


#?8  prod.  £L^^  ok 

V%  prod,  m  ch^igcd       -.-  irf  +  i? 


Prod.   a'^^T.ah^  b\ 

This  appears  from  (p^gc  15)1  where  it  was  {hewn^ 
tthat  in  the  taking  away  of  compound  terms,  the  re-» 
mainder  was  the  fame,  as  the  fum  derived  from  adding, 
the  compound  term  with  its  marks  changed  to  the  term 
from  which  it  was  to  have  been  taken  away. 

Mult,  za  +  3^  —  4^ 

into.      tf  —    h  '■^   c 

- --JI  "^ 

•tf*sprod.  -        -        2fl*+3^A— 4^^:    '  ^ 

^js  prod,  with /»  changed       — 2tfi         •^3^*^^^^ 

ds  prod,  with  m  changed  — a^r         -*'3Ar+4^* 

■  "     "'■      ■■■  I '  I '        * 

Whole. prod.  2tf*+fli-^6jf— 3i*+^ir+4£'% 

Mult. 


Mttit,  a  +  i  +  c 
into     a  -^  h  '^  c 


«*8  prod.        -        i        fl*  +  fl*  +  ac 

Vs  prod,  with  m  changed       -^  ab  ^  i*  ^  ic 

«^t  prod;  with m changed  -^  ac         —  fc  —r* 

— — 

Whole  prodi        4*  —  i*  —  2*c  —  c\ 


r\i     -.r 


t)IVlSION^ 

if*  a  dmple  literal  te?tn  is  to  be  divided  by  another  fiiti« 
^le  terni  with  difereiit  lettdrs,  write  down  the  divider  un- 
der  the  term  to  be  ditided,  aiid  draw  a  line  between  them. 

Let  it  be  required  to  divide  ai  by  cd^    Write  down  -^ 

This  follows  fr6m  the  explanation  of  the  mark  for  divi^ 
fion  I  for  the  new  term  (hews  that  ab  is  to  be  divided  by 
fdf  wfaiek  cannot  be  done  ifi  that  ftate  of  the  two  terms. 

If  the  fimple  term  to  bf  divided  has  any  letter  in  oom« 
mon  with  the  divider^  ftrike  out  this  letter  in  the  upper 
and  lower  parts  of  the  new  term.  Divide  abe  by  acd. 
Firft^  write  down  the  new  term  as  in  the  above  rule 

^,  ftrike  out  a  in  both  parts^  and  the  new  term  becomes 
bi 

C3  For 


(  «  ) 

For  every  number  divided  by  itfelf  is  equal  to  mgs 

^    >  ♦    ,  abe , 

-^   IS  equal  to  one,  -— j 


^  is  equal  .to  one,  ^  is  equal  to  one,  ^is  equal 


If  there  afe  figures  in  the  upper  and  lower  f  arts  of  the 
new  term,  and  the  upper  figures  can  be  divided  by  the 
lower,  the  new  term  may  be  made  (horter  by  this  divifion* 

Divide  2oabc  by  5W.     ift,  Write  down  i21i.  ad^Strikc 

out  the  common  letter  A,  and  it  becomes  ^^.      Laft# 

Divide  by  5,  and  the  new  term  becomes  .^^. 

d 

6/\amn  -^^  i6smn  =  4, 

If  a  compound^tttm  is  to  be  divided  by  a  fimple  term,, 
divide  each  term  in  the  compound  by  the  fimple  term,  and 
"in  the  quotient  retain  tlie  marks  of  the  compound  term. 

Divide         ^ab  .+  2ab  by  ai 

Quotient!^  2^  +  ~,  which  makes  3  +  2* 

l)ivide         ia^^6bc'\'ioadhY  2ab 

Quotient  IS — 1+— 1+ — p that  154 +i.+^, 
^^  ^ab     2ab      Zah  ^      a       b 


'i^'£ 


Divide 


(    23    ) 

Divider     8W  —  3*^  —  mn  by  ^bc 

Quotient  — i   —  — j-, 

^*-  r  4         4.Ac 

Divide      «*  +  2hx  +  **  by  n* 
Quouent  i    +  —    +  -»-• 

If  the  divider  is  a  Compound  term,  dividd  the  fltft  term 
in  the  other  compound  by  the  firft  term  in  the  divider^  and 
multiply  the  divider  by  the  quotient,  which  fubtrafl  as  in 
common  divifion,  and  continue  by  bringing  down  terms,  as 
figures  in  common  divifion  are  brought  down. 

a  '\'  t)aM  +  2ab  +  ib{a  '\'  b 
aa  +  ab 


ab  +  bb 
iib  +  bb 

0  +  0; 
Divide  a^  +  3aH  +  3^**  +  P  by  a*  +  2iii  +  b\ 
a*  +  aj4  +  **)fl'  +  sa^'b  +  3flA*  +  ^3  («  +  * 


a^b  +  lab*  +  *» 
/i*A  +  zab""  +  *' 

b  +  o  +  o. 

If  the  compound  term  to  be  divided  has  any  terms  to 
be  taken  away  from  the  others,  the  quotient  will  alifo  have 
a  term  or  terms  to  be  taken  away,  and  the  mark  of  taking 
away  will  be  in  the  quotient  before  each  term  refulting 

C  4  ..  ftom 


i  H  ) 

from  the  divifioft  of  a  remaindcf  j  which  has  the  mark  of 
taking  away  before  its  firft  term. 


a 

+  b)a* 

b 

■' 

ab  +  b* 

W 

.0  +  a 

It  appears  that  tfte  firft  produS  a^  +'  ah  is  greater  tftaA 
the  term  to  be  divided,  and  therefore  the  quotient  a  is  too 
great,  and  fome  number  muff  be  found,  by  taking  which, 
from  fl,  the  quotient  will  be  right.  Now,  bcfideS  the 
remainder  a^  to  be  taken  away,  there  is  alfo  in  the  term  ta 
be  divided  a  term  to  be  taken  away^  namely,  V"  \  therefore, 
by  adding  it  to  ah^  the  compo^d  term  ah  +  ^^  is  to  be  di-« 
vided  by  a  -h  ^,  and  the  quotient  is  to  be  taken  from  the 
preceding  quotient ;  h  is  to  be  taken  from  «,  and  the  true 
quotient  becomes  a  —  i'.  After  taking  away  the  fecond 
produfb,  there  is  no  remainder,  and  the  divifion  may  be 
proved  by  multiplying  a  -^  b  into  a-^hy  whole  product; 
is  ^  -  h\ 

Divide  d4  —  sa^i*  +  i*byii*  +  2ah  +  P. 
-"  +  %ah  +  4*)tf*  —  2a»i*  +  *♦(«* 


—  %an   —  3tf*K 


.     After  taking  «way  the  fitft  f  r«)duft>  it  appears  that  there 

'  remains  to  be  divided  a  compouDK}  term,  cpnfifting  of  two 

•/parts,  one  <rf  jrWsh  ia  M|  and  the  other  %a^h  +  3aV  j  the 

3  :•  latter 
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latter  being  to  be  talsen  away,  the  quotient  4<ri?ed  from 
(he  divifion  of  Ais  latter  part  muft  be  taken  away  from 
(he  ^otient  already  found* 

a"  +  2ab  +  **  )  za^b  +  3fl*i*(  Oil* 

2aH  +  4«***  +  %ab^ 

The  term  "tab  is  to  be  annexed  to  the  quotient  already 
founds  and  a^-^^ab  i%  the  quotient  derived  from  dividing 
a^  —  %g^b*  by  a*  +  lab  +  b\  with  a  remainder,  to  be  taken 
away,  2ah^  4-  aH^  j  if  this  number  then  had  been  added 
to  {^  —  2aH^,  there  would  not  have  been  a  remainder. 

7.a^b  +  3a***  +  %ab^  +  a«i* 
Take  away  prod.  %aib  +  411***  4-  a^> 


0  +  0        +0. 

Some  number  then  muft  be  added  to  the  quotient  to 
make  the  divifion  of  a4  —  a^V  complete,  and  this  is  to  be 
found  by  dividing  a*^*  +  2al^  by  a*  +  tab  +  l\  ' 

a*  +  lab  +  b^)a^b^  +  2tf^5(i* 
ii*^*  +  2^^^  +  b* 


i^  is  the  neareft  number  to  it,  but  it  leaves  a  remainder 
to  be  taken  away  M ;  and  now  a**- 20*  +  b*  is  th^  quotient 
rcfulting  from  dividing  a^  —  2a*b*  by  a*  +  2ab  +  b% 
leaving  a  remainder  to  he  take|i  away  b^ ;  but  the  whole 
term  was  ^4  —  2a*A*  +  ^♦t  therefore  b*  remained  to  be 
divided)  from  which  its  equal  may  be  taken,  and  thus  there 
b  no  remainderi  and  a*  -^  Tab  +  b*  is  the  true  quotient. 

Inftead 


tdftead  of  mating  a  frefh  diyifion  for  every  Tcmiindeff 
time  may  be  faved  by  retaining  the  marks  of  each  remain-' 
der ;  and  when  the  quotient  of  its  £rft  term  is  to  be  taken 
away,  let  the  marks  of  each  terni  of  the  produfl:  of  thi* 
Quotient  into  the  divider  be  changed. 

tf*  +  2aiL  +  i* )«♦  ~  ad'h^  4.  4* )^*  —  2ab  +  i* 


4^  2a'b  —  4^*^*  —  2ab^ 

■    -  ■  - 

a^b^  +  2ab'  +  b^ 
aH^  +  tab'  +  b^ 

0  +  0-1-0. 

According  to  the  rule  for  fubtrafHon  (page  15)^  the 
rcfult  tf*^*  -f  2ab*  is  derived  by  adding  the  preceding 
compound  term,  with  its  figns  changed  to  the  compound 
term  above  it^  which  was  done  before  by  two  fteps^  by 
firft  taking  away  2a^  +  4^1*^*  +  tab^  from  the  term 
above  rt,  and  then  by  adding  the  remainder  to  make  a  new 
term  to  be  divided. 

Divide  I  +  i  by  I  +  tf. 

1.+  tf)i+4(i  — a  +  a* — fl* 
I  +  ^I 


—  A 

.   * 

A-  a 

Tr-> 

a^ 

a*  +  a^ 

—  a» 

~  flf3  _  a^ 

«4 


In 
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IhtHis  laft  inftance  the  ficft  tenn  of  the  quotient  le  too 
greatj  and  the  mark  of  firft  remainder  a  denotes  that  the 
next  term  is  to  be  taken  away  \  the  quotient  a  makes  too 
great  a  produd,  to  balance  which  «*  muft  be  added  to  the 
quotient  \  but  by  doing  this  too  much  is  added,  and  the 
next  term  muft  be  taken  away»  and  fo  on  for  ever  :  the 
diTifion  may  be  continued  without  end^  and  after  every 
taking  away  there  is  a  remainder. 

In  Its  prefent  ftate  the  quotient  is  i  —  tf  +  a*  —  0', 

with  remainder  . 

1  +^^ 

Divide  a^  —  2^'*  —  fl*i*  +  i^^V  —  a*4*  —  %ah^  +  4« 
by  fl»  +  %ah  +  **. 


a^b^+zab'+b^ 

0  +  0  +  0. 

In  this  inftance  each  term  is  taken  down  from  the  term 
to  be  divided,  as  it  is  wanted ;  and  in  doing  this  the  learner 
is  to  obferve,  whether  there  is  a  term  in  any  produd  to  be 

taken 


takeflf  away,  fike  any  tetm  in  die  namber  to  be  di?idW| 
ind  if  there  is,  he  brings  down  that  term,  and  affixes  it  (of 
the  line  above  the  ptodufk. 

If  there  ia  a  terni  to  be^takeWaway  in  the  dirider^r  Atf 
nde  i$  not  altered,  and  the  diviffion  k  equally  fimple^ 

Divide  a*  -^  «f^  b jr  a  -i-  9^d 


«—*)«» 

-»«(« 

+  «^ 

»* 

—  ax 

.;c^ 

AK  — -» 

tfAf  

AT* 

O  — 

•Oi 

iKvide 

I  by  1  — 

•#?• 

I 

-*)>, 

{l    +  X  +  M^ 

ftc^ 

I   — 

>x 

X 

;c— *• 

*• 

Af* 

-*«jr» 

EQUA- 
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EQUATIONS. 

AN  equation  is  a  fentence  in  algebraical  charaflers,  cx« 
srefling  the  equality  of  two  terms.  The  propofition  that 
8  +  3  is  equal  to  ii,  is-wi  equatioiii  and  is  thus  written 
/down,  8  +  3  =  I  !•  The  following  are  alfo  tnftaneet  of 
equations. 

a  =z  h  a  =i    t  +»f 


mn 


q      g       ^ 


,  One  great  ufe  of  equations  is,  by  means  of  known  num- 
bers, to  find  out  fome  unknown  number  in  an  ^quAtipn. 
Thus  in  the  equations  +  ji—  5*  =  4*p  +  J-— #;  aU 
the  numbers  are  known  except  x^  and  this  number,  by  cer- 
tain rules,  may  ]^  ^ifcofered. 

^Equations  are  divided  into  orders,  according  to  the  na- 
ture of  the  unknown  pnmher«  in  them.  If  the  unknown 
number  has  not,  in  aj^y  fimple  term,  an  unknown  co-partt 
and,  if  found  i^  the  upper  part  of  a  Gmpl«  term,  is  no- 
wheire  elfe  to  ^e  found  in  the  lower  part  of  a  fimple  term, 

Jhe  equation  is  a  fimple  equation.    #  —  ~  »  ^jr  +  *  is 

a  fimple  equation  \  but  «  —  -S^rsi  —  —  is  not  a  fimple 

./  \ 

pquat^n^  beqaufe  x^  in  th<f  term  ^y   is  iq  the  uppef 

part,  and,  in  *^,  in  the  iQwer  part  of  a  fimple  term  i  and 

fn  this  cafe  the  unknown  number  cannot  be  difcovered  by 
the  rules  common  to  fimple  equations. 

JflESO* 
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RESOLUTION  of  EQUATIONS. 

Torefolve  an  equation^  is  to,  find  the  amount  of  any 
number  in  it,  in  terms  of  the  other  numbers ;  and  there  are 
four  general  undeniable  principles  on  which  the  refolution 
depends* 

1.  If  equal  numbers  are  added  to  equal  numbers^  the*^ 
fums  are  equab* 

fl  4-  rf  =  *  +  ^* 

Add  e  to  one  fide,  and/ its  equal  to  the  other  fide  of  the 
equation. 

3+5  =  8- 
Add  7  to  one  fide,  and  3+4,  its  equaj,  to  the  other. 

3+5  +  7  =  8  +  3+4. 

2.  If  equal  numbers  are  taken  from  equal  numbers,  tho 
remainders  are  equal. 

a  +  b  =  c  +  J. 

Take  /  irom  one  fide,  and^i  its  equal,  frem  the  othef  • 

<  +  4  =    10. 

Take 
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Take  7  from  one  fide,  and  5  +  2  from  the  otlier. 

d  +  4^ — 7  =  10  —  5—2. 

3.  Equal  numbers  jnu}tiplied  iQto  equal  numbers  give 
equal  produ£ls. 

a  :=•  h. 

Multiply  one  fide  by  e'y  and  the  other  by  d  equal  to  €m 

then  i^c  =  Id 
5  +  4=9- 

Multiply  5+4  into  6,  and  9  into  4  +  2. 
30  +  24  =  36  +  18. 

4.  Equal  numbers  divided  by  equal  numbers  gire  equal 
Quotients. 

Divide  a  by  e^  and  h  by  d  equal  to  c, 

a  h 

12  +  36  =  48- 

Divide  la  +  36 by  6,  and  48  by  4  +  2i 

^64  +  2* 
2  +  6  =  J. 

Oa 
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On  thefe  principles  are  made  rules  for  freeing  the  un- 
known number  from  all  the  other  numbers,  fo  that  the  un- 
known number  {hall  be  on  one  fide,  axKl  the  known  num- 
.  bers  on  the  other  fide  of  the  equation. 

1.  Let  tf  =  «f  —  *. 

Add  b  to  both  fides. 

JjCtX'^4  =  12. 

Add  4  to  both  fides. 

IT  — 4  +  4  =  12+4 
.•.  *r  ss  16. 

2.  Lcta  =:  X  +  b. 
Take  away  b  from  both  fides* 

••.<?  —  *  =  *•. 

liCt  12  +  91  =:  20. 

"^Pake  12  from  both  fides. 

12  +  9c  — 12  =  20  —  12. 
.•.  »  =  8. 

Hence,  if  the  unknown  number  has  any  unknown 
terms  to  be  added  to  pr  taken  from  it,  or  is  itfelf  to  be 
added  to  or  taken  froip  any  Igfiown  numbers,  the  known 
numbers  may  be  ftruck  out  an4  placed  on  the  otifer  fide  of 
the  equation,  with  their  marks  changed^  or  the  unknown 
number  itfelf  may  be  ftruck  out,  an4  placed  on  the  other 
fidf^  of  the  equation,  withitsjnark  changed. 

♦  .•.  it  the  mark  for  therejflre,    . 

41  +  /If 
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\'^  a-^  i-^c  +  d  z=  2X'^K  ^  X. 

a.  Let  a  +  X  ^  b. 

Take  a  firom  both  fides* 

a  '\'  X  'i^  a^=^  b  '^a 
•\  X  sa  b  ^^  a* 

3.  Let  —  =ib. 
a 

Multiply  both  fides  into  a. 


a 

=  a^. 

.'.  X  : 

=  ^«. 

LctiL  = 
5 

:  2d 

'5' 

=  if  k  20 

•••    X  r= 

:  loa 

4*Ltt/ix 

=  *• 

Divide  both  fi 

des  by  a. 

ax 

a 

^ 
a 

.•.  X  = 

— 1. 

Let  20X  z: 

:  100/ 

..   20;v 

100 
20 

.\  ;e  = 

=  5 

Hciwe^ 
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In  the  inftance  abov.e»  cat  —  ^i?^',  is  a  compound  term 
eonfifting  of  an  unknown  number,  in  two  fimple  terms, 
which  is  made  eafier  for  pra£lice|  by  feparating  it  into  its 
two  parts,  the  known  and  the  unknown,  x  and  c '^  da  : 
then  putting  the  band  over  c  *—  da^  and  inferting  the  mark 
of  multiplication  between  it  and  x,  we  have  a  term  c~^da^ 
by  which  both  fides  is  to  be  divided,  and  x  remains  by  it* 
felf  on  one  fide  of  the  equation. 

The  carrying  of  a  term  over  from  one  fide  of  an  equa** 
tion  to  the  other,  and  changing  its  mark,  is  called  tranfpo* 
fition  :  and  it  is  ufual  to  fay,  Traiifpofe  fuch  a  term  ;  by 
^hich  is  meant,  Strike  it  out  on  one  fide  and  place  it  on 
the  other  fide  of  the  equation,  with  its  mark  changed. 

a  —  X  =  i. 

7>anfpofe  x  and  ^,  and  the  equatioi^  becomes 

E<^ATioNs,  with  their  Answers,  which  the  Learner  is  re- 
quefted  to  folve  before  he  proceeds  any  farther  than  to 
read  the  annexed  note. 

2A?    +       <l  =2  AT    +    ^«  Anf.    X   =   ^  —  tf 

3*  +  12  =  27.  Anf.  X  =  5. 

5A?  +  50  =  4*  +  56.     Anf.  X  =.  6. 


ax  4-  2ab  =  3^*. 

Anf.  X  =  2 —  —  2k 

a 

X 

—   +  4  -  '0- 

Anf.  X  =  30. 

a 

4f 

7 
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■J  +  24  =  2Af  +  6.        Anf.  M  =  a?. 

'J    +  Y  =     ^  -^  7-  Anf.    X  =;:    15. 

5A?  —  16  =  3Ar  +  12.       Anf.  ;r  =  14. 
2P  -^  S;'    +  8  =  60  -  ^y.  Anf.  ^  =  8. 

f  —  ii 
7+7="-     -  Anf.,  =  36. 

-7-+-^ »<> -i,  AHf.  jp  =,  ,3. 

*— T  =  '-  Anf.A-=    — £ . 

*  «  —  f 

^  *  ^  ^r  +  fltr  4.  fl^ 

3^:  —  5  =  23  ~  jf.  Anf.  JT  =  7. 

*•  +  -■—--  =  4* -  17*  Anf.  ;v  =  6, 

2         3 

7  +  -=^,  Anf.  *  =  _f*_. 

•*         *  ac  '^  I 

5— ——  =  ■*  — 3.    Anf.  X  =  7. 

--4.3IZi  =  ,2-?^+     Anf.^^j. 

A^c^/^*  /  In  folving  thefe  equations,  the  learner  will  pro- 
bably, through  want  of  care,  fometimes  bring  out  a  wrong 
folution,  and  this  may  arife  from  not  fufficicntly  attending 

to  the  niarks:  Thus,^LlLi  in  one  equation  is  to  be 

D3  tali:cn 
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taken  away  from  5,  and  the  term  is  thus  written  dowii 

5— ?.    In  multiplying  both  Cdes  of  the  equation  by 

1 1,  and  writing  down  the  produ£l,  the  learner  may  forget, 
that  4  as  well  as  a  was  to  be  taken  away,  s^nd  leaving  the 
mark  of  addition  before  4,  will  make  a  falfe  equation, 
writing  down  his  term  thus  •  SS  — ?  ^  +  4j  inftead  of 

j; j;  -—  ^  _  4  ;  the  mark  of  fubtraftion  before  -••  ■  dc-. 
noted,  that  ^  and  —  were  both  to  be  ukcn  away. 

IX    ,  .1  A 

Again^  in  another  equation —  was  to  be  taken 

away  from  I2i  and  in  multiplying  both  fides  of  the  equa- 
tion by  3,  this  becomes  36  r--  2*'  -(-  4 :  but  the  learner,  by 
forgetting  to  change  the  mark  before  4,  may  produce  a  falfe 
equation  j  making  this  term  36  r--f  2*"  —  4  j  for  2*"  -r-  4  was 
to  be  taken  away  from  36 ;  and  the  rule  for  fubtra£tion 
has  (hewn,  that  this  \^  to  be  dpne  by  changing  the  ^ar^i:  foip 
each  term. 

From  36 
take    2;ir  — r  4 


Remains    36  —  2;c  +  4. 

Again,  where  there  is  a  band  over  any  number  of  fim* 
pie  terms,  the  lei'incr  may  (opietimes  forget  to  multiply 
every  fimple  term  into  the  number^  into  which  the  whole 
was  to  be  multiplied. 

Again,  he  may  forget  to  change  his  mark^  and  the  nxif* 
^ake  will  not  appear  to  him  in  the  conclufion :  thus,  in  the 
equatio^i  OK  — r  i  =;  fx  ^rr*Ji  fuppofc  him  to  write  dowi^ 

I  axr-rfi 


(39    ) 

4fx-^cx  =  i  +  d^ht  will  produce  an  anfwcr  x  =  -i- 

which,  if  the  true  anfwet  were  not  fet  down,  he  might 
&ot  immediately  difcover  to  be  falfe,  from  changing  the 
maik  of  d  improperly  in  writing  down  his  fecond  eqoa- 
tioa. 


The  learner  muft  alfo  be  careful  that  none  of  the 
C<|ttationA  which  he  produces  from  the  propofed  equa-^ 
tion  contain  an  abfurdity  :  thus,  in  the  firft  equation, 
by  tranfpofhig  2X  and  b,  a  new  equation  is  produced, 
tf  —  *  =  jr  —  2Jif,  which  is  abfurd ;  for  2x  is  greater 
than  X,  and  cannot  therefore  be  taken  from  it. — The 
true  equation  is  2*"  —  a;  =  3  —  «.  Wherever,  on  one 
fide  of  an  equation,  a  number  is  to  be  taken  from  one  lefs 
than  itfelf,  the  error  is  either  in  the  perfon  wTio  propofed, 
or  in  him  who  attempted  to  folve  the  propofed  equation. 


4^yESTI0NS   RESOLVED  BY  SIMPLE 
EQUATIONS. 

The  propofed  queftion  muft  be  firft  written  down  in 
algebraical  charafters,  which  is  done  by  writing  x  for  the 

0 

unknown  number,  and  other  letters  or  numbers  for  the 
known  numbers,  and  prefixing  to  each  term  the  mark 
prefcribed  by  the  conditions  of  the  queftion.  Suppofe  an 
i^nknown  number  added  to  a  known  is  equal  to  a  known 
QOmber,  then  in  algebraical  writing  «  -J-  at  =  ^. 

D4  Ex. 
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Ex.  What  number  Is  that,  which,  being  muldplied  into 
four,  (hall  produce  a  number  equal  to  three  times  the  un* 
Icnown  number  added  to  four  ? 

Let  jr  =  the  unknown  number ;  then  4;ir  =  the  pro-t 
du£i;  of  it  multiplied  into  4. 

4  +  AT  is  the  unknown  number  added  to  4  ;  and 
4  +  A*  X  3,  is  the  produft  of  three  times  the  unknown 
number  added  to  4. 

r.  4*"  =  4+^  X  3  =  12  +  3flf 
•••  4Af  —  3^?  =5 12. 

.•.    X  =  12.  

,-.  4Af  =  48,  and  48  =  4  +  12.3- 

Divide  the  number  60  into  three  fuch  parts,  that  the 
firft  may  exceed  the  fccond  by  8,  and  the  third  by  16. 

ift  number  =  at  +  16 

Zd  number  =  jir+  16-— 8  =  ;i:  +  8 

3d  number  =  x^ 

.\  X  -^  X  +  16  +  Af  +  8  =  60 

.-,  3*  =r  60  16 8  =   36 

,•.  A's  12* 

/.  ift  number  =  12  +  16  =  28 
2d  number  =  12  +  8  =  20 
3d  number  =12  =12 

Sum     =60. 

A  labourer 


i 
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A  labourer  was  hired»  on  cohdition^.  that  for  every  day 
be  worked  he  (hould  receive  1 2d^  and  for  every  idle  day  he 
ihould  forfeit  8d ;  at  die  end  of  390  days  Jie  found  that  he 
had  r paid  for  his  lazinefs  mrfaat  he.  gained  by  his  labour* 
How  many  days  did  he  work^  and  on  haw  many  was  he 
idle? 

Let  X  =  number  of  working  days, 
then  390  —  A-  =  number  of  idle  days, 
I  %x  =  pence  received  for  work, 
390— ;c  X  8  =  pence  paid  for  idlenefs  9 

.'.  i2x  =  390— fl:  X  8  =  3120  —  Zx 
.%  i%x  +  8;v  =  3120  =  20Af 
3120  ^ 

20  ^ 

•••    390  —AT  =  390  —  156  =  434. 

He  worked  156  days,  and  played  234. 

156  X  l^^  =  1872^  =  234  X  8<*. 

Two  travellers,  A  and  B,  360  miles  diftant  irom  each 
other,  fet  out  to  meet  each  other.  A  travels  at  the  rate  of 
10  miles  an  hour,  B  at  the  rate  of  8  miles  an  hour.  How 
many  miles  does  each  travel,  and  how  long  are  they  upon 
the  road  ? 

X  5=  miles  A  travels  over, 
.•.  360  -^  A?  =  mil^s  which  B  travels  over. 

X 

6  —         ^hours  tlie  two  travellers  were  upon  the  road. 

X 
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*  *"ii3  *~  8 

A   8^  ts  3600^^10^ 

.•.  j8prac  3600 
.  #%      *?  =  200 
,-.  360  — Af  =  160. 

•*•  A  travelled  200  miles,  B  160,  and  they  were  twenty 

hours  upon  the  road*    ^sstl-^szao* 
10         8 

Four  perfons  make  a  common  purfe :  A  puts  In  twice  as 
much  as  B,  B  twice  as  much  as  C,  C  twice  as  much  as  D* 
What  part  of  the  whole  ftock  Hid  each  contribute  ? 

Let  a  =  whole  ftocls^ 

9c  =  D's  part, 

2x  =  Cs  part, 

4x  =  B*s  part, 

iff  s=  A's  part. 


/,  ;r  =  ^  =  ITs  part, 
»5  ,  *^ 

2^  s=  —  =  C  s  part, 
IS 

4Af  =  i^  =  B'spart, 
8jf  =  — f  =  A*s  part, 

Suppofe  the  common  purfe  to  contain  60  pounds  ;  D's 
&are  was  4/.  C*s  8/.  B's  16/.  AV 32A  * 

Divide 
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Divider  gired  ifkimber  intx>  tvro  fochparts,  tliatons 
part  may  contain  the  other  a  given  num  oer  oi  time$. 

Let  a  be  the  ^fiven  number, 

X  =  one  part, 
,\  a  ^  X  is  the  other  part, 
and  let  /i  =  the  number  of  times  that  one  part  U  tp  <x)a^ 
tain  the  pther. 

,\  a  ^f^  X  =  nx  

_^       a 

'''  *" ""  7+1 


4  "^x  =?  a^^' 


»  4-  If 


Let    ^  =  50,  and  n  ss  24 


a  50  _ 


""if +  1  ""    25   "" 
.*.  a  — r  *•  ^  50  -*?  2  ==  48 
and  48  =  2  X  24, 

Two  liquors  are  miijcd  together,  the  one  at  m  {hilUngi 
the  gallon,  the  other  at  n  fliillings  the  gallQn  :  Required 
the  value  of  ^  mij^ture  pi^dp  froii^a  given  number  of  gal- 
Jong  of  each. 

Let  a  =  the  number  of  gallons  at  m  {hillings^ 

b  =  number  of  gallons  at  n  (hillings  : 
,\  ma  =  price  of  firft  number  of  gallons^ 
nb  =  price  of  2d  number  of  gallons : 
t',  ma  +  nb  z=.  pqce  of  thp  ^*turc. 

Let 
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Let  X  sz  the  price  of  a  gallon  of  the  mixture, 
.*.  X  X  a  -f  ' J  =  price  of  the  mixture, 
,'.  X  X  a  +  b  ^  ma  -{-  nb 
ma  +  nb 


.-.  X  r= 


a  +    b' 


Suppofe  50  gallons,  at  five  (hillings  the  galIon|  to  be 
mixed  with  30  gallons,  at  ten  (hillings  \ 

.t.  50  X  c  +  30  X  10        ceo       ^        -. 

then  X  =  2 ^    .  ^ =  21^  ap  6s.  loirf. 

50  +  30  80 

From  the  equation  x  X  ST+i  =  niii  +  #ri ;  if  any  four 
out  of  the  five  numbers  x^  a,  b,  m,  n,  are  given,  the  other 
may  be  found. 


QUESTIONS  FOR  THE  LEARNER  TO  SOLVE 
BY  HIMSELF. 

What  number  is  that,  which,  being  multiplied  by  three, 
makes,  with  feven  added  to  the  produd,  the  fum  100  ? 
Anf.  31. 

What  number  is  that,  which,  being  divided  by  4,  gives 
a  quotient,  from  which,  if  you  take  away  9,  the  remainder 
(hall  be  20  ?    Anf.  116. 

A  field  produced  eight  quarters  of  wheat,  which  made 
only  a  third  part  more  than  what  had  been  fown  :  How 
much  wheat  was  fown  ?     Anf.  6  quarters. 

Twp 


1 
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Tvt6  hundred  and  ten  pounds  were  given  to  two  pcr- 
{ohs,  to  A  half  as  much  as  B  :  What  (uih  was  given  to 
each?  Anf.  A  had  70  pounds,  B  i4opounds« 

Out  of  a  caik  of  liquor,  63  gallons  were  fold  to  two  per-« 
fons,  to  the  firft  one-third^  and  to  the  fecond  one-fixth  of 
what  the  calk  contained:  What  did  the  cafk  hold? 
Anf.   126  gallons. 

A  perfon  diftributing  fome  money  among  beggars^ 
wanted  eight  pence  to  give  them  three  pence  a  piece  j  he 
therefore  gave  to  each  two  pence,  and  had  three  pence 
remaining :  How  many  beggars  were  there  ?     Aof.  x  i. 


ON  SIMPLE  EQUATIONS  HAVING  TWO  OR 
MORE  UNKNOWN  NUMBERS. 

.  SoMBTiMBs  there  appears  in  a  fimple  equation  more 
thsui  one  luiknown  number,  and  their  V9lue8  may  be  dif- 
covered  by  means  of  as  many  fimple  equations  as  there 
are  unknown  numbers.  Thus^  fuppofe  the  fum  and  dif- 
ference af  two  unknown  numbers  to  be  given,  let  it  be  re- 
quired to  find  the  numbers.  Let  a  =  the  fum^  and  ^  the 
difference  of  the  two  unknown  numbers. 

Then  x+y^a.\    x^a-^y 
and     X  — y  sn  b     .•.     x  =  *4-j^ 

.-.     a-^yzs.h+y 

.%     a  '^b  =z2y 

a—b 
.-.     y  =   ^ . 


Suppofc, 
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Suppofc,  of  three  unknown  numbers,  the  funi  ot  the  flf  ft 
and  fecond,  of  the  iirft  and  third,  and  of  the  fecond  and 
third  to  be  given,  what  are  the  numbers  ? 

Let  the  numbers  be  x,  y,  z. 


then 

jr  4-  y  =:  a    .\  X 

=  «— / 

jr  +  z  =  *     .*•  4r 

=-i  — « 

jr  -4-  «  =  r    .-.  J 

=  f  —  «< 

Hence 

tf  —  jr  =  ^  — » 

•*• 

tf  —  i   +  2S=jr  = 

f  —  a 

» 

2z  =  r  --*  J  +  ^ 

.*. 

2 

andAf  = 

=  i-*+>-^ 

tn  thefe,  and  fimilxr  eafe$,  two  values'  of  oAe  uri^ 
known  number  are  obtained,  by  which  means  two  tttoat 
are  made  equal,  which  contain  two  odier  tttiknowti  ntlm-> 
bers ;  and  hence  a  value  of  erne  of  thefe  unkxK)wil  nuihbers 
is  obtained,  which  may  be  Compared  with  its  valtie  derived 
from  the  third  equation,  and  hence  is  derlted  ita  equationt 
containing  only  one  unknown  numbef .  If  there  had  becir 
more  unknown  numbers,  there  would  have  been  more  Am- 
ple equations,  but  the  procefs  would  have  been  equally 
cafy. 


INSTANCES. 


To  find  two  numbers  whofe  fum  is  /,  and  their  propof- 

tions  as  ^  to  ^. 

Let 


r 
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Let  X  zvA  jr  be  the  two  numben } 

then*  -H^  =-:  X    .*.  xzss'^y 
and  X  :  y  ::  a  :  t    .%  x  =?  -| 

ay 

••• '  -J-  =  t 

.\h  =ay  +  by  :x  y  X  a  +  ^ 

bs 

bs 

.\  M  =:  S  '^y  =  S 


Sometimes  the  two  unknown  numbers  may  be  difco* 
vered  in  a  fliorter  manner.  Thus,  in  a  company  of  i8 
perfonsy  men  and  women,  the  reckoning  was  9/.  i8x.  for 
which  each  perfon  psnd  as  many  fiiilKngs  as  there  were 
wen  in  company:  How  many  were  there  ? 

Let  ^  ::r  the  number  of  men, 
y  =  the  number  of  women. 

•%  XX  {hillings  zs  fum  paid  by  the  men, 
xy  Ihillings  =:  women. 

ift.     *  +  jr  =    18 

2d.   XX  +  xy  =:  198  {hillings  (=  9/.  18/.) 

DIvidead  ?**  +  ^^,^  y  l±i  — I?? 

byi{i   jT+T^    ^r+7™  18 

and^  =    7# 

.    Eight 
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Eight  yards  of  cloth  coft  62  Ihillings,  of  which  foilie 
Coft  7  Ihillings,  and  the  others  9  (hillings  a  yard :  How 
jnany  yards  were  there  at  each  of  thefe  prices  ? 
Let  X  yards  coft  9/.  and  y  yards  7/. 
.'.  X  +    y  =2     S 
9Jf  +  7j?  =  62/. 
Multiply  1  ft  by  7. 

'jyX  +  7J^  =  5^- 
from  9^  +  7j^  =  62 
take  7/c  +  7j  =  56. 
.-.  2Jr  =    6 
.\  X  —    3 
r.  y  =    8— .;?  =  8  —  3  =  5. 

There  are  two  numbers,  of  which  the  greater  is  to  the 
lefs,  as  their  fum  to  4^,  and  as  their  difference*  to  9: 
What  are  the  numbers  ? 

Let  X  =  one  number, 
y  =  the  lefs  number. 

.\  X  :  y  ::  X  -i-  y  :  /[^ 
and  Af  :  y  ::  *•— j  :  9. 

by  the  i  ft  prop,  ^^x  =:  xy  -^  yy 
2d.  9Ar  ==  xj; .—  yy 

Sum  of  the  two  equ«.  54A?  =  nxy. 

54 
....        ,  =  ^  =  27 

.-.      9#=  27^:  —  27.27 
•••    '    *■==    3Jf—   3.27 
.-.   3.27  =3*—^ 
.•^     81  =    ajf  . 
and  X  =  -^ —  =  4o|. 


2 


OH 
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ON  FRACTIONS. 

Ant  number  may  be  confidered  as  a  whole,  or  as  a  part 
of  another  number.  Thus  j,  confidered  in  itfelf,  is  a 
whole  number ;  confidered  with  relation  to  20,  it  is  a 
part,  namely,  a  fourth  part.  Five  (hillings  make  a  crown, 
and  fums  may  be  computed  by  crowns  as  Well  as  pounds  ; 
but  alfo  five  (hillings,  or  a  crown,  may  be  confidered  as  a 
fourth  ^art  of  a  pound: 

A  flra£tiori,  or,  according  to  the  derivation  of  the 
word,  a  brokeri  number,  is  a  number  denoting  a  part  or 
parts  of  fom6  whole,  and  it  is  written  down,  by  placing 
the  parts  into  which  a  whole  number  is  dividdd  below  a 
ftraight  line ;  and  the  niimber  of  thofe  parts  to  be  takeri, 
above  the  lixxe.  Thus  j  is  a  fraftion,  the  nuitiber  4  de- 
noting that  a  whole  niiiriber  is  divided  into  4  parts,  and 
t  denoting  that  one  oi  thefe  parts  only  is  to  be  confix 
dered.     |  means  3  of  thofe  4  parts   or  three  •  four thsj 

^  means  7  of  thofe  4  parts  or  feven-foUrths  5  —  means, 

n 

that  £  wiiole  number  is  divided  into  n  parts,  and  that  m  of 

thefe  parts  are  to  be  confidered  in  the  propofed  queftion. 

Hence  -r-  is  the  fame  as  i»  X  —  j  I  the  fame  as  3  X  ^ } 

I  the  fame  as  7  X  J. . 

A  fradibn  confifts  of  two  parts,  the  iipper  and  the 
lowet  part.  The  upper  part  may  be  called  the  numberer, 
or  the  numerator^  as  it  gives  the  nilniber  of  the  parts  to 
be  confidered:  the  lower  part  may  be  called  the  denoter, 
or  denominator,  as  it  denotes  the  parts  into  which  the 

S  whole 
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whole  number  Is  to  be  divided.  But  perhaps  it  will  be 
better  to  make  ufc  always  of  the  fimpleft  terms,  the  upper 
and  the  lower  parts  pf  a  frafition. 

When  the  upper  part  is*  lefs  than  the  lower  part,  the 
fraftion  is  called  a  proper  fraflion.  j-  is  a  proper  frac- 
tion, for  it  means  a  fifth  part  of  fome  whole,  that  is,  it  is 
a  broken  number. 

When  the  upper  part  is  greater  than,  or  equal  to> 
the  lower  part,  the  fradiion  is  called  an  improper  frac- 
tion )  for  though  it  has  the  form  of  a  hzStion,  it  is,  ftrift- 
ly  fpeaking,  either  a  mixed  number  or  a  whole.  Thus  ^ 
is  an  improper  fraftion  ;  for  ^  means  feven'thirds  of  a 
whole.  But  if  a  whole  number  is  divided  into  three  parts, 

'  three  of  thofe  parts  make  up  the  whole  number,  and  fix  of 
thofe  parts  make  double  that  number,  '^"herefore  feven 
of  thefe  parts  make  double  the  whole  number,  and  one  of 

*  thefe  parts ;  that  is,  ^  =  2  +  -f.  Again  f  is  an  impro- 
per fraftion,  for  it  is  equal  to  unity. 

A  fraition  is  always  ^qual  to  the  iiumber  found  by  di- 
viding ,the  upper  part  by  the  lower  y  or  in  cafe  fuch  a  divl- 
fion  cannot  take  place,  the  line  between  the  two  parts  de- 
iiotes  that  the  upper  is  to  be  divided  by  the  lower  patt.  Let 

-J  reprefent  any  fradioii  equal  to  m,  then   -j-  meaiis 

that  fl  is  to  be  multiplied  into  -r-  and  a  X  -7-  =  w. 

o  p 

Multiply  both  fides  by  h 


\  4   X  y  X  *  =  ^/» 


bst 


i 


r 


(  5*  y 


but  b  times  -t*  =  X 

,\  a  =i  bm 

hWtit  hoAi  fidcd  by  bi 

a 

1  =  3  X^  or  3-1- 4. 

^  of  a  pound  is  5  (hillings  \  therefore  three-fourths  of  a 
pounds  is  15  ihilUitgfs,  or  three  pounds  £iided  by  four, 

that  is, LJ12S?  =15  fttUing^. 

If  both  the  upper  and  lower  parts  of  a  fradioh  are  muU 
tiplied  by  the  fame  number,  its .  value  is  not  altered. 

Let    — »  sr  OT^ 
Q 

]hf  ultipty  both  fides  of  the  cqiiatioil  by  a^  and  iLy\&i 
by  a  5   then  -—  =  iwX  — ^,b     —  =  1     •\i9iX— arm 


ba  ^       ut  ^  ' 


aa 


**'  J^  ^  ^'  ^^  ^^^  ^^  ^^  ^^  fradiion  remains  the  fame. 

Multiply  both  parts  of  \  by  four,  then  J  =  A-  Two 
thirds  of  a  pound  =  twice  6/.  8i.  and  4^  =£  8  times 
IX.  %L     .••  |/.  =  13J.  4^.  ac  yV- 


E  a  A  D  D  L 
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ADDITION  OF  FRACTIONS. 

Let  —  =s:,  m  and  -r  =  «,  therefore  the  fum  of  -—  and 
Q  a  ■  o 

^  is  equal  to  the  fum  of  m  and  tu 


V    . 


f  +  7  =  *"  +  "• 


.Multiply  both  fides  by  h  and  d. 


uhd        ihd  _        ,         ,     . 
_^  ^  -_-  =  m  ^  n  ,0  .dm 
h  a 


*'.  ifi/  +    r*   =z  m  +  n  .b  .d 
ad  +r^ 


•.  i«    +      «    = 


^X  //• 


Rule.    Multiply  thie  upper  part  of  each  fraftion  int© 
the  lower  part  of  the  others,  and  divide  the  fum  of  the 
products  by  the  produft  of  all  the  lower  parts- 
Add  together  --,  — ,  —. 

a         c         e  , 

.*.  -j+    j+-rr  =  w  +  «+;^. 

/.  Mdf  +  cbf^-  ebd  =m-^n-yp    Xb.d.f. 

adf-^cbf+ebd 
^  i^X  dx/. 

Add 


d 


r 
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Add  together  |  and*{:»    - 


20 


three-fourths  of  a  pound  ^s  15  fhillings, 

four-fifths  of  a  pound       =  it  (hillings, 

'  |.  +  ♦  =  31  {hillings,  or  I A  of  a  pound. 

Add  together).  +  |  +  ♦  +  ^.  Anf.  3  ^. 
Add  together  4.  +  -f  +  tV-'        Anf.  i  i-j. 

Add  together  ^+^+^.    Anf.  9£f£±S^±S4f^ 

If  a  whole  number  is  to  be  added  to  a  fra^ion,  it  is  to 
be  confidcred  as  the  upper  part  of  a  fraftion,  whofe  lower 
part  is  unity,  and  the  addition  is  to  be  made'as  before. 

^d  a  and  -^  together. 

I  c 

.%  ac  -jr  i   =  tm 

f 
Add  together  7^  and  |. 
7X3X5  +  2X54-3X4_  105+104-12  _  127  «,  f^^ 

Add  together  7^,  /i|.,  6|^.    Sum  i9rV?< 

In  the  above,  and  fimilar  inftances,  the  whole  numbers 
jnay  be  firft  added  together,  7  +  4  +  6  =  17,  and  the 

£  3  fra£tioa 


.(  »  ) 

frafiions  may  be  added  to  tht  timber  thus  found,  by 
which  the  fum  may  be  found  with  lefs  trouble. 

^/L  .«JA      c _Li  .   fnd  +  cH 


Add  together  a,  — ,  — ,  and  i.    Sum  «  +  *  + 
Addtogetbcr^,^,  7^.  Sum  7  t  22f±ilf±3«. 


if. 


SUBTRACTIQN. 


Let    4-  —  »»>  4"  =  » 

/         6  a 


Multiply  iboth  iides  hj  t^d. 


ahd      chd  _      '    --       .     . 

— 7-  —  — -J JW  —  »    X  0  •(* 

9  a 


m\    ad  -^  cb  sz  m  '•^  h  X  t.d 

•  *•      fKI   ■•      ft     ^^  "  '    ■        ' 4.  '  • 

But  HI  —  II  =  the  difference  of  ^  and  4-- 

Jtule^  Multiply  the  upper  part  of  each  fradion 
into  the  low^  part  of  the  .other,  and  the  difierence  of 
thefe  produfls,  divided  by  the  prpdu^  of  the  lower  parts^ 
^  ^e  d^erence  of  the  two  fcadlioiis. 

3  Take 


J 


r 
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Take  away  |  from  {^. 

~I3 '-^  ^;^     '*' 

I  of  a  pound  =15  {hillings, 
^  of  a  pound  =16  {hillings, 
Difference      =    i  {hilling  =  ,\,  of  a  pouni^. 

Take  away  --  from  — .     Diff. ; .    . 

'    3^         '        !]C  2lbc 

Takeaway^from^.    mS.^J±P^. 

If  a  fradion  is  to  be  taken  away  from  a  whole  number, 
or  a  whole  number  from  a  fraQion,  the  whole  number  is 
to  be  confidered  as  th^  upper  part  of  a  fraflion,  whofe 
Lower  part  is  unity.  v 

A  * 

Take  jiway  -  feom  flf 

Let  /I  —  -  =s  «i 
r 

.'.  dc  —  f  =  cm  * 


m  = 


* 


As  a  has  no  lower  part,  i  in  the  upper  part  of  the 
Iradion  remam^  without  a  ^o^fzxu 

Take  away  ^  from  7. 

7-1  =  21112  =  33=61. 

Take  away  4|  from  7x»    Anf.  2|, 

'  E  4  Add 
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Add  together  7y  for  an  improper  fradion,  from  which 
take  away  4^  added  together. 

Take  away  8|  from  9I.  Anf.  }. 
Take  away  16/1  +  --  from  l^a  -f-  ^;  Anf.  a  +  ■■  \     ". 


1 


MULTIPLICATION. 

Let  r-  =  i«,  and  -^=11 
o  a 

,\ a  d!  m.^,  and  c  =  n.d 

•*•  A  X  r  =  tn  ,  b  •  n ,  d* 

Divide  both  fides  hjb.d. 

aXc 


•  0 


b  X  d 


=:  m  X  0 


but  /»  X  «  =  -7-  X  -y 

.    a         e  _a  X  c 
b  d       b  xd 


Jtuli.  Multiply  the  Upper  parts  together  for  a  new  up- 
per part,  and  the  lower  parts  together  for  a  new  lower 
part.  Then  the  new  fradlion  is  the  produft  of  the  mul- 
tiplication of  the  propofed  fradlions :  or  the  produft  of  any 
number  of  frafl;ions  multiplied  together  is  equal  to  the 
produft  of  their  upper  parts  divided  by  the  prpdufk  of  their 
lower  parts. 

6  ^  Multiply 
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Multiply  -I  X  $.        Prod.  i*. 

Multiply  i-.^.i..  Prod.  ^. 

•  If  a  whole  number  is  to  be  multiplied  into  a  fradion^  it 
is  to  be  eonfidered  as  an  upper  part^  having  a  lower  pait 
unitjr. 


Multiply 

c 

Icti 
e 

as  m 

c 

^am. 

Multiply  5  X  *X  ?.        Prod.  "S  ss  ijj, 
MuItipJyaflX^  }^  9.     Pn)d.ii^ 


DIVISION; 


Let 

a 
7 

=T=«, 

«  _ 

7^ 

fh 

0  =» 

^ 

andv  n 

«&i 

.% 

0 

• 
•  • 

m 
n 

But 


( 

%* 

) 

Sat 

pi 

.  a 

=  T 

C 

•^1 

••. 

a 
T 

C 

^7 

ad 

^lMff«  UjjflfVfij  ^  upper  psirt  of  tfce  erf?/t«ar  fraS^o? 
into  the  lower  part  of  the  leaft^  and  the  upper  part  .of  the 
lead  into  the  lower  part  of  the  greateft  fra£Uon,  and  the 
prodtt&  from  the  SxSL  npd^^i^dldpfx^  divided  by  the  pro- 
du A  from  the  other,  gives  the  refult  of  dividing  the  firft 
or  greateft  fradion  by  tbe  other. 

Divide  ^  by  i*    Ref.  i^V. 

Divide  i  by  4.    Rcf.  ^{. 

Piv^^c4|byj.    Ref.  j^V 

If  a  wholjp  pumber  jb  to  be  divided  by  a  frafiion,  it  is 
to  be  confidered  as  an  upp^  part,  ^vi^g  a  lower  part 
unity* 


I 


DhSdej 

^f 

e 

z  m 

•••*  * 

em 

.-.  4  ^  A 

P       'cm 

•>  T  - 

a 

m 

• 

ae 

-J* 

DiTid« 


(    59    ) 

Divide  aoafc  by  ^.    Rcf.  i^. 

If  the  upper  and  lower  parts  of  a  fra6lion  are  divided  bj 
the  fame  number^  the  fr^£tipn  remaiixs  the  fame. 


^<7 

===  tn 

then  a  = 

=  Oftt* 

Divide  both  fides  by  n. 

*  *  n         m 

*^ 

and  -   -5-.— 
n        0 

ss  fft 

but i =■ 

a           n 

an      a 

It  is  ufeful  foriietimas  to  bring  a  fra£lion  into  lower 
terms,  and  at  other  times  to  raife  the  terms  of  a  frac- 
tion without  altering  jits  value;  and  this  is  done  bf 
dividing  or  multiplying  the  upper  and  lower  parts  of 
the  fra&ion  by  the  fame  number. 

Let  -J  reprefent  any  frafiion. 

Suppofe  a  ^  x:de 

b^defg 

•        a  cde  c 

then  '^  *sp    .  ■■     «^  i^~, 

^  ^  ■  Hs     fi 

Hence^ 


(    6o    ) 

Hence,  If  in  any  fraftion  a  numter  is  found  which  will 
divide  bot^  parts,  the  upper  and  the  lower  parts  may  be 
both  diminiflied,  whilft  the  value  of  the  fraction  remaing 
unaltered.  "^ 

It  is  required  to  bring  the  fraftion  f  J  into  lower  tprms. 

24  =  2 . 3  .  4 
72  =  2.3.4.3 


•  •  -5  *-  —   ——————  —  _.» 


Or  by  ftriking  out  only  one  or  two  of  the  figures,  in  each 
part,  the  fra£tion  might  have  beeiv  made 

'  tIj  o«^  iV»  o'  I*  or  I-. 

A  fraSion  is  brought  into  its  lowed  terms  when  the 
upper  and  lower  parts  are  divided  by  the  grcateft  com- 
mon part  of  each. 


a 


cde 


b         defg 
ie  is  here  the  greateft  common  part  of  each  i  thf  n 
^  is  the  fraftion   -  in  its  loweft  terms. 

35  „   7  X5 

7  is  the  greateft  part  common  to  35  and  63, 
.*.  ^  is  the  fra<9;ion  in  its  loweft  terms. 

To  bring  the  fraftion  into  the  loweft  terms,  divide 
bpth  j)arts  by  the  leaft,  and  if  there  is  no  remainder,'  the 
fra^ion  is  in  its  loweft  term.  » 

In 


I 

J 


(  tfl  ) 


In  -^  kt  *  sa  am. 


Divide  both  parts  by  a^ 

then  the  fraction  becomes  — . 

m 

If  there  is  a  remainder,  divide  that  remainder  by  the 
firft  divider,  and  fo  on,  till  there  is  no  remainder,  and  the 
iaft  divider  will  be  the  greateft  common  part  of  the  two 
terms  in  the  fraction  \  and  by  dividing  them  by  this  com- 
mon part,  the  fra£tion  is  reduced  to  its  loweft  terms. 


In  the  fraction  --  let  b  be  the  greater  term. 


a)  b     (  i« 
ma 

'     c  )  a  {41 
nc 


pd 


In  dividing  b  by  a^  let  c  be  the  difference  between  h 
and  ntOj  dih&  difference  between  tic  and  a,  and  let  pd  »  c. 

then  fl  =  w  +  rf=  npd  +  d  ^d  X  np+t 

b  ==i  ma-i-css  mnpd-^md-^pd «  dXmnp  +  iw  +  i. 

therefore  ^  is  a  common  part  of  both  a  and  b,  and  if  a  and 

i  arc  both  divided  by  d,  the  fraftion  becomes  -^ , 

"^  mnp+m+i' 


which        ^ 


(  6i  ) 

whicti  id  in  itd  loweft  tenns^  as  thelre  i$  ho  cotmon  part 
'  to  the  two  terms « 

i  -H  1/  «*  iw/lr^  +  iw  +  !• 

Therefore  flie  friftlon,  after  dividing  toth  Jlkrts  ij  i/y 
becomes  -    


«*  —  ^* 
Bring  the  fraction  -i- r--— rr- to  its  loweft  tcrmsi 

^^  -  i*  =  a  +  b  X  7^ 


4*  —  2^*  4-  3*  =  iz— *  X  fl— ^ 


a^  ^h^  a  •\'  h    X  a  -^h         a  +  t 


Bring  the  fraction  |4  i^^o  its  loweft  terms. 

i6  )  98  (  6 
I         96 

2  )  16  (  8 
16 


Divide  1 6  and  9S  ty  2,  and  the  fraftion  becomes  :^. 


(  6i  i 

When  In  any  frafikion  a  number  raifed  to  different  pow- 
ers is  fees  in  Ix^  partS)  the  fra£lion  is  reduced  to  lower 
terms,  by  ftriking  out  the  leail  power,  and  fubtrafling  its 
index  from  the  index  of  the  gther  power* 

fcr  fl3  =  aaa,  and  aS  =»  aadaa-^  the  ccmmon  parti  (>{  $ich 
tl^erefore  are  aaa^  which  a^e  to  be  ftruck  oitt  in  both  tetifis^ 
and  a*  ==  aaaaa,  after  the  three  a*s  are  ftruck  out.  In  ge- 
fiferal,  powers  ate  jmultiplied  together  by  adding  thehr  in- 
dexes,  and  divided  by  fubtra£iing  the  lefs  from  the 

greater. 

I 

ia^  X  di  ^  aa  X  aaa  ^  a^  ^  a^-^^ 

a^       oaa  ^  —  2 

a^        aa 

Note.  This  is  merely  done  for  the  fake  of  conclfeiirfii : 
but  there  is  one  exception  ;  if  two  powers  have  the  fame 

index, this  takingaway  may  lead  into  errour.  -^  =  a*'*  =i»°, 

which  (hews  that  there  is  no  index  to  a,  and  confcqucntly 
no  power  whatever  of  a  produced,  by  dividing  a*  by  a*.  | 
We  knpw  that  a*  divided  by  fl%  or  any  quantity  divided  by 
itfelf  is  equal  to  i  :  but  WjC  ihuft  not  therefore  fay^  that  a*, 
is  equal  to  unityi  as  no  number  whatever  c^n  be  denoted 
by  i*. 


ON 


(  ^4  y 


ON  DECIMAL  FRACTIONS. 

A  DECIMAL  fraflion  is  one  whofe  lower  part  as  tea, 
or  fome  power  of  ten.    Thus  — ,  — t%  —  arc  decimal 

*^  lO      lO*      10* 

fraftions. 

Inflead  of  writing  down  the  lower  part,  thefe  fraftion# 
are  generally  written  down  with  a  comma  to  the  left  of  the 
tipper  part>  which  denotes  that  the'numbers  following  this 
comma  belong  to  the  upper  part  of  a  fradion,  whofe 
lower  part  is  a  power  of  ten,  with  an  index  equal  to  the 
number  of  figures  following  the  comma.  Thus  ,1  is  a  frac« 
tion  whofe  lower  part  is  ten,  there  being  only  one  figure  after 
the  comma :  ,C2  is  a  fradtion  whofe  upper  part  is  2,  and 
lower  part  lo*  or  loo,  there  being  two  figures  after  the 
comma :  ,0034  is  a  fra£llcm,  whofe  upper  part  is  34,  and 
lower  part  ic4,  or  loooo,  there  being  four  figures  after  the 
comma. 


ADDITION  OF  DECIMAL  FRACTIONS. 

Let  ,w  and  ,«  reprefent  any  two  decimal  frafkions  or 
fltimbers  made  up  of  a  whole  number  and  a  decimal  frac- 
tion; ,f»  being  equal  to  — ,  and  ,«  being]  equal  to — ~ 
p  alfo  being  greater  than  q.  Then  ,w  -H  ,«  =  — -  +  —  =r 
«'ioP  -f-,  m.io^  __  /i.ioP-^  +  fw     /?.iop-q+  m 


lOP  +  q  lOPt  %  loP 

Multiply 


I 

J 
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Rule.  Multiply  the  Upper  part  of  the  decimal,  which 
had  the  fmalleft  under  part,  itito  the  power  of  ten^ 
whofe  index  is  equal  to  the  difference  between  the  indexes 
of  the  two  lower  parts  *.  Add  to  it  the  other  upper 
part,  and  divide  the  fum  by  the  greateft  power  of  ten  in 
the  two  fraftions  to  be  added  together. 

Add  together  ,123  and  ,34. 

34  X  io3-»  «  34  X  10.  =  34© 
123^-340^463^     6 

103  IQJ         *^    ^ 

Add  together  ,009  and  ,078. 

,009  =  j^  .78  =  ij. 
,009 +  ,078  =  ^  +  ^=,^=,087. 

In  writing  down  a  decimal  fraflion,  cyphers  are  placed 
between  the  comma  and  the  upper  part  of  the  fraction,  to 
denote  the  number  of  figures  on  which  the  power  of  lo, 
in  the  under  part,  depends. 


S=  ,00034. 

9  4 

The  lower  part  of  -^  is  io5.    There  muft  be  therefore 

^  105 

*  If  this  diflference  is  equal  to  nothing*  the  under  parts  of  the  two  frac* 
tions  are  equal,  this  multiplication  does  not  take  plase,  and  the  two  upper 
part*  ve  to  be  added  together. 

F  five 
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five  figures  after  the  comma,  and  the  three  cyphers  do  not 
increafe  or  diminifh  at  all  the  upper  part,  but  fimply  (hewj 
that  in  the  lower  part  lo  is  raifed  to  the  fifth  power. 

Writedown  -i,;^;ii;M|, 


ID*  *    105  '    10« 


lO 


«' 


Inftead  of  making  the  multiplication  prefcribed  in  the 
above  rule,  decimals  may  be  added  together,  by  placing 
them,  one  under  the  other,  and  proceeding  as  in  common 
addition  -,  care  being  taken  only  that  the  figures,  at  equal 
diftances  from  the  comma,  fhould  be  in  the  fame  line. 

Add  together  ,123  and  ,34. 

>I23 

Sum  ,463 

By  the  rule  34  was  to  have  been  multiplied  into  ten, 
and  if  we  had  done  it  in  this  inftance,  we  fliould  not 
have  made  any  alteration  in  the  fum 

>I23 

»340 
Sum  ,463 

The  reafon  of  this  is  evident,  both  from  the  rule  itfelf, 

340       34 
and  the  confideration  that  340  is  the  fame  as  —  3  or — j. 

The  placing  oif  a  cypher  after  the  decimal  is  the  fame  as 
multiplying  the  upper  and  lower  part  by  10,  by  which  mul- 
tiplication the  fradlion,  as  has  been  before  obferved,  is  not 
incrcafed.  ^  - 

Add 
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Add  together  ,789  ,4998  300365.    Sum  1,29245. 
Add  together  ,00379  ,16  ,3  ,12.     Sum  ,98379. 
Add  together  ,05  ,789,  ,261.  Sum  1,1. 

If  whole  numbers  are  to  be  added  tdgether  with  thefe 
fraftions,  they  are  fet  down  as  in  common  addition,  the 
comma  diftinguifliing  between  the  whole  numbers  and 
the  fraftions  ;  the  numbers  on  the  left  of  the  comma 
being  whole  numbers^  thofe  on  the  right  being  fra£lions. 

Add  together  7,03  :  12,9.:  265,73104* 

12,9 
265,73104 


Sum    285,66104 

tnthe  above  inftances  the  fum  of  the  fraftions  is  greater 
than  unity,  confequently  the  unit  is  added  to  the  units  in 
the  whole  nurnbets. 


SUBTRACTION  OF  DECIMAL  FRACTIONS* 

Let  ytn  and  ,«  reprefexit,  as  before,  any  two  decimal 
fraflions,  whofe  lower  parts  are  lOP  and  loq* 


[oP—  m.io^ 

104        lOP 

loP  1-  q 

«.ioP-q  —  OT       «  loP-q  —  fw 

loP  +  q                   loP 

Fa 

In 
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In  the  above  cafe  io9  is  lefstban  loP,  Imt  it  might  havd 
been  greater,  and  ftill  the  fraction  — j  might  have  been 

greater  than  — -.    Let  q  then  be  greater  than  p» 


n        tn       f7.ioP  —  OT.ic^  ^   ^^ 

«fl  •—  yin  OB  — — — s= =»     lo'    X 

lo9      loP  loP  +  q 

«  —  m.xo^""P      n  —  fw.ioq-P 


loP+q  10^ 


Rule.  Multiply  the  upper  part  of  the  fraction,  which 
has  the  feweft  decimal  places,  into  that  power  of  ten 
whofe  index  is  equal  to  the  difference  of  the  decimsd 
places  in  both  fra£tion6,  and  then  take  away  the  lefs  num- 
ber from  the  greater ;  the  number  of  decimal  places  in  the 
remainder  will  be  the  fame  as  in  that  fra£tion  which  had 
the  greateft  number  of  decimal  places. 

Take  away  ,023  from  ,19865^. 
■98«5-i3«._  17565 

10*  10*  '/-'-' 


Inftcad  of  making  this  multiplication,  the  decimal  frac  • 
tions  may  be  written  down  with  the  comma  before  them, 
and  then  the  Icfs  may  be  taken  from  the  greater,  as  in 
common  fubtradion  ;  care  being  taken,  as  before,  that 
the  numbers  at  equal  didances  from  the  comma  may  be 
placed  in  the  fame  line,  and  the  number  of  decimal  places 

be 


be  ande  eqfoal  ijai,  both,  plac^  hf  placing  cyphers  after  that 
which  has  the  feweft  decimal  places^ 

Take  away  ,023  from  ,19865. 

From    ,i^^s 
take      ^^02300 

Remainder    ,17565.  ' 

TO* 

1023  is  the  fame  as  ,023  X — ^  ^^  ,02300 ;  and  ,02300 

and  9S99&S  have  the  fame  power  of  i<y  in  the  undlsr 
parts.     In  the  whole  numbers,  in  taking  away  2300  from  . 
198(55,  they  are  to  be  fo  placed^  ^t  numberst  of:  tiic  £uKie 
power  may  be  placed  under  each  other : 

19865 
2300- 

The  fame  thing  is  done  in  the  decimals,  by  placing 
them  under  each  other^  according  to  their  diftance  from 
the  comma^ 

Take  away  ,569  from  ,84. 

,840    , 

,271 
Take  away  12,5  84.  from  24,21. 


M,626* 

F  8  Apply 
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Apply  what  was  faid  on  addition  of  mixed  numbers 
(page  67)  to  the  inftance  above. 

From  54,57  take  8,999.  Rem.  45>57i- 
From  6,7986  take  5,89999.  Rem.  ,89861. 
From  27,493  take  26,9879;    Rem.  ,5051. 


MULTIPLICATION  OF  DECIMAL  FRACTIONS. 


Let  ,fif  and  ,«  reprefent,  as  before,  any  two  decimal 

frafitions  ,w  =  — -  and  ,«  =  — . 

'  lOP  I  OS! 


m  n  mn 

•'.  ,w  X  ,«  =  ■— -  X  -—  = 


loP     loSi       loP  +  q 

Rule.  Multiply  the  two  upper  parts  together,  and  the 
produft  will  have  a  number  of  decimal  places  equal  to  the 
fum  of  the  decin^al  places  in  both  fractions. 

Multiply  ,54  into  ,325. 
^54  X  ,32s  -  ^QjX—  -  -j^-  =  ,17550. 


>325 

>54 

1300 
1625 


>>7S5o- 


Multiply 
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Multiply  3,25  into  5,4,    and  the  produft  becomes 

Multiply  32,4.  into  5,4.  The  produd  is  17,55. 
Multiply  5OO325  into  ,54.    The  produft  is  ,0017550. 


DIVISION.  OF  DECIMAL  FRACTIONS. 

Let  ^  and  ,«  reprefent,  as  before,  any  two  decimals, 

m  .    .  n 

An  =  —  and  %/»  =  . 

loP      '  loq 


«,-  m  n  J7I.IO**  m        \d^ 

1  hen  5»j  H-  ,«  =  — -  -^ = =  —  X = 

lOP        loq        /j.ioP         n       loP 

—  X  icq-Por — X  — —  ,  according  as  g  is  greater 

or  lefs  than  p. 

Rule.  Divide  the  greater  upper  part  by  the  lefs,  and  the 
refult  will  have  a  number  of  decimal  places  equal  to  the  dif- 
ference of  th^  number  of  decimal  places  in  the  two  fraftions. 
Or  if  the  number  of  decimal  places  in  the  divider  is  greater 
th^n  that  in  the  fraftion  to  be  divided,  the  refult  is  to  be 
multiplied  into  that  power  of  10,  whofe  index  is  equal,  to 
the  difference  of  the  numbers  of  decimal  places  in  the  two 
fraftions. 

Divide  ,0546  by  ,00003. 
r  ■         54^  3  546    ,  io5 

,0546     -r-     ,00003    =     ^  -r-  ~^-   =    dJ-    X   -— -     = 
^^  ^  IC*  IQS  3  JO* 

^-^  X    10   =:   1820. 

F  4  Divide 


in) 

5  X  io»-»  =  500. 

3 
IHvide  7,5344  by  ,4. 

7^1344  ^  75314  ^±=75344  ^i    ^  ,3  g  ^. 
,4  lo*  10  4  lo'  ^ 

Divide  ,54632  by  ,53.    Rcfult  i,o3off* 


TO  REDUCE  A  COMMON  TO  A  DECIMAL 
FRACTION. 

Let  "t-  rcprcfent  any  fraftion,  i  not  being  equal  to 

10  or  any  power  of  10;  and  let  ^  reprefent  the  decimal 
fraction. 

\  a  X 

.  .  -J  —   ^  —   — . 

—  tf.IOP 

•*•   K  — -       ,     • 
0 

Rule.  Multiply  the  upper  part  of  the  given  fraSion  by 
ten,  raifed  to  a  power  fo  great,  that  the  produft  may  be  di- 
vifible  by  the  lower  part  without  a  remainder ;  and  the  re- 
fult  of  this  divifion  gives  the  decimal,  the  number  of  whofe 
decimal  places  is  equal  to  the  index  of  ten,  into  which  ^e 
upper  part  was  multiplied.    . 

Reduce  |  into  a  decimal  fradion. 
*        ^        io» 


.  ■ 


3  X  10*         300  75. 

X  =:  :2 =  ^ —  =  -if  .•.  ^=  ,75. 

4  4  j»        J-       J/j 


If 
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if  10'  or  ^04^  been  ta1ien>  the  refult  would  hare 
been  (till  equal  to  ii  for  it  would  have  ^750  or  >750o,botk 
wlu(^  are  equal  to  >75. 

The  produ6i  of  the  upper  part  of  the  given  fraAion, 
multiplied  into  any  power  of  ten  whatever,  cannot  always 
be  divided  by  the  lower  part  of  the  given  fraction,  without 
a  remainder ;  inSivhich  cafe  the  decimal  cannot  be  accu** 
rately  given,  but  the  farther  the  divtfion  is  carried,  the 
nearer  does  the  decimal  approach  to  equality  with  the 
given  fraf^ion.  • 

Reduce  f  to  a  decimal  fradion. 
3  )  1,000000000 
^333332333 

In  this  cafe  the  divifion  m^y  be  carried  on  without  end; 

but  a  fmall  number  of  places  will  be  fufficient  for  moft 

calculations.    Suppofe  one  is  ta)^en,  then  ,3  =^  -^9  a^nd 

-^  is  lefs  than  f  by  ^^.  If  two  places  are  taken,  333=  ^'^^ 

which  is  lefs  than  3-  by  y^.    If  three  places  are  taken^ 

>333  =?=  i^6'oTy>  which  is  lefs  than  f  by  j^'ts^-  And  in  genc- 

rala  if /I  places  are  taken,  the  deciiiial  ,333 ....  to  n  places  =3 

33  ....  to  ^places      , .  1  .   f  r  ^f       ,1.       » 

^^ ;r 't  which  IS  lefs  than  4-  by -. 

3.io>a  *    '   3»io'* 

Reduce  |-  to  a  decimal  with  fix  places,  and  find  the  dif- 
ference between  it  and  the  giveh  fra^ion. 

Anf.  Dif.-^. 
Reduce 
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Reduce  f  to  a  decimal  with  four  places,  and  find  the  dif- 
ference between  it  and  the  given  fraftion. 

Anf.    Dif.  — ^. 
9.10* 

Inftead  of  the  fame  number  being  repeated  in  the  de- 
cimal, a  feries  of  numbers  will  recur  over  and  over  again  ; 
and  hence  thefe  decimals,  as  well  as  the  former,  are  called 
recurring  decimals  ;  and  when  a  feries  pf  numbers  recurs, 
the  decimal  is  called  a  circulating  decimal. 
• 

Reduce  tt  to  a  decimal  fraftion. 

II  )  1,00000000  -  — 


,09090909  - 


In  the  above  inftances  09  recurs  continually ;  and  ih 
this  cafe  there  is  a  material  difference  between  the  taking 
of  an  even  and  an  odd  number  of  places. 

If  two  places  are  taken,  the  difference  between  -i-V 
and  ,09  or  -^^-^  is  ttW  J  ^^  three  places  are  taken, 
the  difference  between  ^,V  and  ,090  or -i^-°-o  is  ttWj 
the  fame  as  when  two  places  only  were  taken.  If  four 
places  are  taken,  the  difference  between  JL  and 
,0909  or  tI-oo^  is  T-T-.T-J -^^^.  Let  n  be  an  even  number 
of  places,  and  the  difference  between  ^V  and  ,0909 ....  to  /? 

places  is -.  If//  is  an  odd  number,  the  difference  be- 

*^  II.  I c"  ' 


tween  —^  and  ,coooog  to  n  places  is  ■= ■ .     It  is  evi- 

II  10""' 

dent,  therefore,  that,  in  applying  thefe  decimals  topradlice, 

an  even  number  fliould  be  taken. 

Reduce 
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Reduce  4  to  a  decimal. 
7 )  3jOoooooooooo 
,428571428571 

Here  the  decimal  returns  after  every  fix  places  5  and, 
though  by  taking  a  greater  number  of  places,  the  decimal 
approaches  nearer  and  nearer  to  the  given  fraction,  yet 
thefe  approaches  are  made  very  irregularly,  as  the  learner 
will  fee,  by  finding  the  difference  between  |  and  the 
decimal  having  fucceflively  one,  two,  three,  four,  &c. 
^places. 

A  decimal  being  given,  the  common  fra£tion  equal  to 
it  may  be  found,  having  any  given  upper  or  lower  part. 

Let  ^m  equal  the  decimal,  and  -rr-  the  common  fraflion. 

ma 

then  — -  =  -T 

loP        b 

hm 

loP 

.  tf.IOP 

or  ^  =  . 

m 

Rule.  For  the  upper  part  multiply  the  given  lower  part 
into  the  decimal.  For  the  lower  part  divide  the  given 
upper  part  by  the  decimal. 

Find  a  common  fraSion  equal  to  ,75  whofe  lower  part 

is  four. 

—  ^    —   75 
'75  -  ^   -  — 

100        100      ^* 


•*•  the  common  fradion  is  \. 


Find 
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Find  a  common,  fradion  equal   to  »75  whofe  upper 
part  is  5. 

„  _  i.  - 11 

...^  =  1^  =  6,666 

75 

••'75.-6^666 


1 


In  this  Cafej  the  lower  part  is  a  mixed  number. 

To  find  a  common  fra£tion  or  whole  number,  to  which  a 
vecuixing  decinial  widi  fereral  ferift  o£  recurring  num- 
bers ia  nearly  cquaL 

Let  ,4.2?57i  428571  428571  -  -  *  -  -  428571  be  the  re- 
curring decimal,  and  let  it  be  equal  to  S. 

.%  S  =  ,4*8571  428571  428571 4*8571. 

Multiply  both  fides  by  loooooo. 

.MOOObooS  =  428571,428571428571  •—  428571000000. 

But  the  decimal  in  this  equation  is  very  nearly  equal  to 
the  given  decimal,  that  is  to  S. 

•*.  1 000000  S  =  428571  +  S  nearly. 
.*.  1000000  S  —  S  =  428571  nearly. 

999999 
t  Bring 
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Bring  this  fra&ion  to  its  lowtft  terms. 

428571  )  999999  (  2 
857142 

142857  )  428571  (  3 
428571 

00000 

142857)999999(7 
999999 

000000 
•*.  ^  =  4  nearly. 

Fmd  a  common  fn&ion  to  wKch  ,123  123  123  is 
ncarljr  equal. 

SS4I23123123. 

Multiply  both  fides  by  1000. 

.••  1000  S  =  123,  123  123, 

but  ,123  123  is  nearly  equal  to  the  given  decimal. 

.-.  1000  S  =  123  +  S  nearly. 
•%  1000  S  —  S  =  123  nearly. 


S  =  I^=  4i.«arly. 
999       333  ' 


The 
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The  firft  feries  of  recurring  numbers  will  be  the  ujJpef 
part  of  the  required  fra&ion ;  and  the  produ£l  of  the  fame 
number  of  nines,  as  there  are  figures  in  the  upper  part, 
will  be  its  lower  part. 


Thus  —  =  I  =  ,9909  *  --  -  ^  ,.  -  9 


If  only  one  figure  of  the  decimal  is  taken,  the  cf-* 
ror  is  confiderable,  being\-rV5  if  two  figures  are  taken^ 
the  error  is  -r^  »  if  three  figures  are  taken,  the  error  is 

toWj  and  fo  on.  i 


/ 


I  —  y  — 


>333 


If  one  figure  only  is  taken,  the  error  is  ^ }  if  two  fi- 
gures are  taken,  the  error  is  ^is  5  ^f  '^^ee  figures  are  taken, 
the  error  is  y^W*  ^^d  fo  on. 

The  common  fraftions  may,  from  the  rules  above  given^ 
be  eafily  reduced  to  decimals,  and  again  the  decimals  may 
be  brought  back  to  the  common  fraftions  of  the  fame  va- 
lue. Thus,  one  (hilling  is  a  twentieth  part  of  a  pound, 
or  ,05/.  Two  {hillings  are  a  tenth  part  of  a  pound,  or  ,1/. 
Three  fhillings  are  three  twentieths  of  a  pound,  or  ,15!. 
Four  fhillings  are  one-fifth  of  a  pound,  or  ,2/.  And  fo  of 
any  number  of  (hillings  which  may  be  exprefledin  decimal 
parts  of  a  pound,  either  by  multiplying  505  into  the  giveri 
number  of  (hillings,  or  by  finding  a  decimal  equal  to  the 
fraftion  of  a  pound  which  the  given  number  of  (hillings 
compofes. 

Again, 


(    79    ) 

,  Aglin,  a  penny  is  the  1 2th  part  of  a  {billing,  or  thd 
240th  part  of  a  pound.  Divide,  therefore  ,05  by  1 2,  and 
the  refult  ,0041666,  or  the  fame  number  derived  from 
finding  a  decimal  equal  to  ^l^,  is  the  decimal  part  of  a 
pound  correfponding  to  one*  penny.  Iti  the  fatne  manner 
a  farthing,  or  any  number  of  farthings,  may  be  expreflcd 
in  decimals  ;  a  foot  may  be  exprefled  in  decimal  parts  of 
a  yard  ;  an  ounce  in  decimal  parts  of  a  pound. 

What  decimal  of  a  pound  is    6s.  Sd.  ?     Anf.     ,3333'* 

What  decimal  of  a  pound  is      3/.  4^.  ?     Anf.  ,  1 666jf 

What  decimal  of  a  pound  is    i  u.  3^.  ?    Anf.     ,5625, 

Again,  if  the  decimal  of  a  pound,  yard,  chaldron,  or 
other  meafure  is  given,  its  value  in  the  inferior  divifions 
of  thofe  quantities  may  be  found.  Thus,  it  is  required  to 
find  the  amount  of  ,98654/.  in  (hillings,  pence,  and  far- 
things. 

,98654/.  =   ,98654  X   20  {hillings  =:  19,73080  =  19 
{hillings,  and  ,7308  S. 

But  ,7308  S  =  ,7308  X  12  pence  =:  8,7696  =  eight 
pence,  and  ,7696  pence. 

^  But  ,7696  pence  =  ,7696  X  4  farthings  =  3  0784  = 
three  farthings,  and  ,0784  decimal  parts  of  a  farthing. 

.-.  ,98654/.  =  19/.  8|t/  ,0784. 

*  The  mark  drawn  through  the  three  (hews,  that  it  may  be  continued  with- 
out end. 

How 
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How  many  {hillings,  pence  ^nd  farthings  ire  thtte  in 
,79648/,  ?    Anf,  15X.  liif.  O|62o8. 

How  many  {killings,  pence  and  farthings  are  there  in 
9989769/.  ?    Anil  19/.  9|J.  ,i78a4. 

How  many  feet  and  inches  are  there  in  989563  yards  i 
Anf.  2/  8  i.  ,14268. 

Much  trouble  would  be  faved  in  common  life,  if  decimal 
divifions  were  ufed  both  for  money,  weights  and  meafures, 
as  fra£tional  parts  might  then  be  managed  as  eafily  as 
whole  numbers.  If^e  {hilling  were  the  tenth  part  of  a 
pound,  the  penny  the  tenth  part  of  a  {hilling,  the  farthing 
the  tenth  part  of  a  penny,  a  fum  of  money  would  be 
written  down,  with  only  a  comma  to  diilingui{h  between 
the  pounds  and  its  parts.  Thus,  23  pounds,  9  {hillings, 
and  8  pence  Cix  farthings  would  be  thus  written  down 
23,986/. 

o 

The  firfl:  decimal  place  after  the  comma  would  be  that 
of  the  {hillings ;  the  fecond  that  of  the  pence  ;  the  third 
that  of  the  farthings. 

In  the  fame  manner  12  yards,  8  feet,  9  inches  would  be 
written  down  I2,8p.  A  fum  in  the  rule  of  three  would 
be  thus  performed.  What  is  the  price  of  two  yards  feven 
feet  of  cloth,  when  three  yards,  nine  feet,  fix  inches  coft 
2o  pounds  9  {hillings  and  eightpence  farthing  ? 


3^26 
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3,96 

:  20,981  :: 

2,7:* 

2>7 

\ 

. 

146867 

41962 

3,96)  j6,6+87  ( 

i4»S3o 

396 

1704 

1584 

1208 

I188 

207 
a?  =s  14  pounds,  five  (hillings,  and  three  pfence. 

In  thus  ufing  decimal  arithmetick,  care  only  is  neceflary 
to  place  the  numbers  properly  on  both  fides  of  the  comma* 
As  in  common  arithmetick,  whole  numbers  are  written 
down  by  affigning  the  firft  place  to  units,  the  fecond  to 
units  multiplied  into  ten,  the  third  to  units  multiplied  into 
10*5  and  fo  on  ;  by  placing  a  comm^  to  the  right  of  the 
units,  and  writing  down  number's  to  the  right  of  the  com- 
ma, the  firft  place  belongs  to  units  divided  by  ten,  the  fe-» 
cond  place  to  units  divided  by  10%  the  third  place  to 
units  divided  by  10',  and  fo  on.     Thus,  321,321  means 

3  X  10*  +   2  k  10  +  I  +  ■!+  -^  +  -1-,  or  three 

10        JO*  10^ 

hundred  £nd  twenty-one,  with  three  hundred  and  twenty- 
one  thoufandth  parts. 


OM 
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ON  THE  POWERS  AND  ROOTS  OF 
NUMBERS. 

WHEN  a  number  is  multiplied  into  itfelf,  the  pro- 
duft  is  called  the  power  of  »that  number,    a*  is  the  fc-« 

a 

cond  power  oi  a\a^  the  third  power,  and  fo  on  ;  a +*  the 
«th  power  of  <j  +  ap. 

The  indexes,  it  has  been  before  obferred,  are  placed 
over  the  terms,  to  fliew  the  number  of  times  the  letters  arc 
found,  with  the  mark  of  multiplication  exprefled  or  un- 
derftood  between  them,  in  that  term.  TTiefe  indexes  arc 
thus  ufcd  for  the  fake  of  convenience  ;  and  the  multipli- 
cation or  divifion  of  powers  is  performed,  by  adding  or 
fubtrafling  thefe  indexes. 

flRi  X  on  =  tf«  +  n 

For  a^  is  the  fame  as  a  repeated  m  times ;  on  is  the 
fame  as  a  repeated  n  times ;  therefore  a^  X  0°  would  be 
written  down  by  repeating  a^  m  -hn  times  together  ;  or, 
more  concifely,  by  writing  it  aj^  +  *>. 

«*  X  fl>  =  fl/z  X  aaa  =  o^  =  ^2  +  3 

a^  I 

,         —  ^'"-"or , 

an  ^n  -  m  '  »  • 

according  as  in  is  greater  or  lefs  than  rt.  For,  if  o  is  repeated 

t9i  timrs  in  the  upper  part  of  a  fraftion,  and  n  times  in  the 
lower  part,  by  ftriking  out  the  fame  number  of  u*s  in  the 

upper 
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upper  part  and  lower  part,  diere  will  be  In  the  upper  part,  if 
tn  is  greater  than  n^  a  number  of  0's  equal  to  the  difference 
of  m  and  if,  and  if  n  is  greater  than  w,  there  will,  be  unit  in 
the  upper  part  and  a  number  of  0's,  in  the  lower^  equal  to 
the  difFerence  of  n  and  m. 


fl'      aaaaa  _  .     ^ 

—  =^ =  aa  =&•  or  ^  aS'-t 

a^        aaa 

aaa  it  i 

aaaaa        aa  '^   a*         u'-^ 


As  the  different  powers  of  a  number  are  multiplied  to- 
gether by  adding  their  indexes,  if  the  fame  power  of  a 
number  is  repeated  feveral  times  in  a  term,  by  multiply- 
ing its  index  into  the  number  of  times,  in  which  it  is  found 
in  that  term,  it  is  brought  into  a  fimplef  form      Thus, 

tf™Xtf«»  =  /|2n>,/imXfl"™Xfl*n  =  fl3m,  Q^Xa^Xa^X a^ 

[a  being  repeated  tn  times)  =  A"*".  Let  a^  =  x. 
.'.  ijm   X  a"*  =  **  =  fecond     power  of    ;c  =  fecond 

power  oi  a^.   /jm  x  flJ^  X  /i*»  -  -  -  -  <?°^  =  xXxXx x 

=  ;vn  =  «th  power  of  ;c  =  «th  power  of  d^.  .-.  a^^  =i 
mh  power  of  o^.  Hence  powers  of  any  number  may  be 
raifed  to  higher  powers,  by  multiplying  the  index  of  the 
given  power  into  the  index  of  the  required  power.  Find 
the  third  power  of  a*.  *  2  X  3  =  6  5  .'.  3d  power  of  fl*  = 
tf^.  The  5th  power  of  T+IH'  =  a  +  ;t»'^  The  7th 
power  oiaHc^  =  a^HTc^*. 

A  compound  term,  raifed  to  any  power,  may  either  be 
written  down  with  the  proper  index  over  it,  or  the  produ£l, 
arifing  from  the  a£lual  multiplication  of  the  term  into  it- 
felf,  agreeably  to  the  number  of  times  expreffed  by  the  in- 
dex, may  be  written  down.     Thus  eT^^  is  the  fecond 

G  2  power 
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power  of  a  +  h,  which  is  equal  to  7+"*  X  «+"*  = 
a»  +  2ah  +  ^*;  and  by  multipl]ring  a  two-foid  tenninto 
itfelf  a  fmall  number  of  times,  the  refult  of  a  fimilar  mul«' 
tiplication,  for  any  number  of  times,  may  be  dtfcoTercd. 


a  +  h 
a  +  b 

a^  +  ah 

^  ah  -k*  }> 


iT 


a*-  +  iLah  +  ^*  =  2d  -power. 
a    •\'  h 


a^  +  ^a^h  +  ab^     ' 
+  d'h  -¥  %ah^  +  *' 


^a>v 

a^  4-  3/1*^  4-  3^^*  +  ^3  =  3d  power. 

«♦  +  3^3^  +  3a*^*  +  ah^ 

4-     fl^^  4-  3^*^*  4-  3^35  +  *♦ 

^|4  4-  4^5^  +  6fl*^*  4-  4o4'  4-  M    =  4th  power- 

flS  +  4^**  +  6/J33*  4-  4^*^5  +  «*♦ 

+     a'^h  4-  4^3^*  +  6fl*^»  4  4tfi*  4-  ^^ 

aS  +  5«*^  +   lo.fl^^*  +  \oa^h^  4-  S^**  4  *5  r= 

a    4-  ^ «  Sth  power. 

^6  +  ^^5^  ^  10^*^^  +  10^3^*  4-    5^1*^*4-    ahi 
4    a'^h  4    5«*^*  +  loij'^'  4-  iotf»^*  4-  5tf^5  4.  b^ 

^64-655*4- 15^*^^4-20^^3*4- i5<2***4-6tf*5+^«  = 

fl  4^  6thpowcri^ 


«7 
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^  7th  power 

From:  this  mnlttplication  it  appears  that  the  literal  cq* 
parts  of  the  fimple  terms  in  each  power  fcdlow  a  certain 
order.  The  firft  term  of  the  fecond  power  is  a\  of  the 
third  power  a^,  of  the  fifth  power  aS.  The  fuccei&ve 
terms  have  each  two  literal  co-parts.;  and,  fuppofing.  n  to  re* 
prefent  the  index  of  the  ^ower  to  which  the  twofold 
term  is  raifed,  one  literal  co-part  in  the  fecond  term  is 
a^  - 1,  or  fl  raifed  to  a  power  lefs  than  the  power  to  which 
the  whole  was  to  be  raifed  by  unity ;  the  other  literal  part 
is  b^  or  the  fecond  term  in  the  twofold  term.  The  third 
term  has  a  raifed  to  the  power  «  —  2  and  b  rasfed  to  the  fe- 
cond power,  and  £o  on.  The  power  of  a  is  diminiibed  by 
I  in  each  fucceffive  term,,  b  appears  in  the  fecond  term,  its 
fecond  power  in  the  third,  and  in  the  fucceffive  terms  its 
index  is  iticreafcd  by  unity.  Each  term,  afte?  the  firl^ 
has  alfo  its  figure  co-part ;  and  if  we  fuppofe  A,  B,  C,  D, 
to  reprefent  the  figure  co-parts  in  each  term,  a  -h  b  raifed 
to  the  «th  power  may  be  thus  written  do  wn ; 

+  L//*in-'*    +_Mab^'^   +  b^. 

The  index  of  a  decreafes  by  unity,  and  the  index  of  b 
increafes  by  unity,  fo  that  if  we  read  from  b»  to  aS  the  in- 
dex of  b  decreafes  in  every  term  in  fucceffion,  in  the  fame 
manner  as  the  index  of  a  decreafed  in  jreading  from  a^  to 
•G3  K 
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Jn.    The  number  of  terms  in  any  power  oi  a  +  *  is  equal 
to/i  +  I- 

Each  CO' part  A,  B,  C,  D  is  equal  to  the  produfl:  of  the 
indexes  of  a  in  the  preceding  terms,  divided  by  the  produ£l 
of  the  indexes  of  ^in  its  own  and  the  preceding  terms. 
Thus,  in  the  fecond  power  of  a  +  ^,  A  sc  2  =  index  of 
m\    B  =  I  =:i:  index  of  a^  divided  by  index  oib*i 

In  the  third  power  A  =  3  =:  index  of  a'.  B  =  3  = 
produA  of  the  indexes  of  a^  and  a*  divided  by  index  of 
i*==3X2-T-2  =  3.  C=i^  produdi  of  indexes  of 
tf 3  and  a\  divided  by  the  produfi:  of  the  indexes  of  b^  and 

is  =  -^ — =  r. 
z.l 

In  the  4th  pow^  A^^  =  index  Qia\  B  =  6  =  produft 

of  indexes  of  u*,  a^  divided  by  the  index  of  i*  =  ill  55;  6. 

C  =  4  =  produtl  of  indexes  of  a*,  a^  a*  divided  by  the 

produQrof  indexes  of  b*b^  =  ■  '^  '■■  =4.     D  =  pro- 

dufl:  of  indexes  of  j4,  a^^  d^  divided  by  the  produdl  of  the 

indeics*%i3,3*  =  ULi  =1. 
a. 3. 4 

If  therefore  /i  +  ^  is  to  be  raifed  to  the  /7th  power,  the 
literal  and  'figure  co-parts  m  y  be  written  down  without 
the  trouble  of  a  continued  multiplication. 

P-'  the  above  rule  A  =  «, 

B  =  « 


J 
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B  rzn  •  -I  '  \^  =  ft  •  .  •  ■ 

*  *  3 

J-/  zsz  n»  ■    '        •     ■'      "  •  • 

2  3  4 

2  23 

The  figure  part  of  any  term  may  be  written  down^  if 
the  preceding  term  only  is  known^  by  multiplying  its  co- 
part  into  the  index  of  a  in  that  term,  aad  dividing  the  pro* 

dud;  by  the  index  oib  in  the  required  term.  Thus  n .  .i— ..^ 

o»-  *  i*  being  the  preceding  term,  the  figure  co-part  in  the 

next  term^  a"  -  ^  A%  is  equal  to    n  .    ■*"     •    '""    .      • 


.  If  the  two-fold  term,  to  be  raifed  to  any  power,  confined 
of  two  terms^one  of  which  is  to  be  taken  from  the  other,  as 
A— 3,  the  mark  of  taking  away  will  appear  alternately  in  the 
required  power.  a^^Aa^  —  1 3  +  Rj"  —  »  i*  —  Cn^  —  3  b^. 

A  threefold  term  is  raifed  to  any  power,  by  making  two 
of  its  terms  equal  to  a  fimple  term,  and  proceeding  with 
the  two-fold  term  thus  made  by  the  preceding  rule.  Let 
tf  +  *  +  r  reprefent  any  three-fold  term,  then  if  ^  +  r  =  rf, 
fl+*+r  =  flr+rf,   and  a  +  b  +  f>  =  a   -f  ^^1°  = 

«— I    .     ,, .^  .        »— I      «  —  2 


2 _2 3 

Let  «  ==  a. 


%bc  +  f*.  

G4  a^b 


V 
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In  the  fame  manner  a  four-fold  term  may  be  raifcd  to 
any  power,  by  making  it  into  a  two-fold  term  ;  and  for 
every  three-fold  term  that  occurs,  may,  in  the  fame  man- 
ner, be  fubftituted  a  two-fold  term,  till  at  laft  the  fimple 
terms  in  the  four-fold  term  will  alone  appear  with  the 
figure  co-parts  in  the  power  to  whigh  it  was  to  ba 
raifed. 

To  find  the  roots  of  any  number,  a  number  muft  be 
found,  which,  multiplied  ia^to  itfdf  once,  or  often^r  if  ne- 
ceflary,  produces  the  given  number.  In  fimple  terms, 
when  the  root  required  has  the  fame  index  with  the  power 
of  the  number  or  numbers  in  the  term,  the  root  is  the 
number  itfelf  under  the  indexes.  Thus  the  fecond  root  of 
<?*  is  ^ ;  the  third  root  of  b^  is  b  -,  the  fourth  root  of  a^b^c^ 
h  a.b.c  5  the  «th  root  of  ^~+?n  i%a  •\-  b. 

Let  fl«»  =  A    .-.  a^^  =  A°. 

.•.  «th  root  oib^  is  equal  to  the  «th  root  of  a""*  ;  but  the 
«th  root  of  b^  is  i,  or  a". 

••.  the  «th  root  of  tf""  is  ^?",  or  a  "^ . 

Hence,  to  find  the  root  of  a  power  whofe  index  is  not 
the  fame  as  the  index  of  the  root  required,  divide  the  index 
of  the  power  by  th«  iqdex  of  the  root  required.    Thus>  tTie 

a  '6 

ad  root  of  a*  is  d^  oxa\  the  third  root  of  ^^  is  a^  or  a^  ; 

the  fourth  root  of  ^'  *  is  ^  *  or  a' j  the  5th  root  of  ^4- A' 5 

ha  -^  h\K 

The 


1 


^ 


The  index  of  the  power  to  be  thua  divided  may  be  in- 
capable of  divifion,  and  then*  the  root  required  is  a  power 

with  a  fra£tional  index.    Thus,  the  third  root  of  4X^  is 

ft 
a^.    In  figures,  this  root  can  be  found ;  thus,  the  thkd 

■  » 
root  of  8*  is  8^ ;  or  by  writing  down  the  fecond  power  of 

Z  =  64,   and  finding  the  third  root  of  64,  which  is 

4,  we  have  4  =  8^.    The  5th  root  of  a*  is  a^.     The  8th 

root  of  ^'  is  « V     Thus  alfo  the  different  roots  of  .  may 
be  written  down  with  fradional  indexes.     The  fecond 

X  *  i 

root  of  a  is  a*  ,  the  third  root  d^^  the  fourth  root « ♦.    The 
/rthxsoot  a""* 

Roots  of  the  fame  number  may  be  muhiplied  or  divided^ 
by  adding  or  fubct^^ting  their  indexes. 

For  f  =  ^V;  t  =  A 

fl»  X««  =  tf^       »     =  a""" 

f,       \  n  -  I  w» 

for  -  ==  — ,  and  -  =  — 
m        mnr         n        tnn 

»       JL         .»»        J5_  /- i!^t2 


In  the  fawe  manner  a""  X  a'     is   proved   equal  to 

For 
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n  nq  q       nq 

IB  p  m%  np 


Let  tf^  be  divided  by  a*. 


JL   _     4     onri   i  '—     3 
3    —   TT    2""    4    —    TT 


.u.t  =  ?:^=7^='v^^='y7-= 


3 


I      i 


fl"  divided  by  fl"""  is  equal  to  a^  «  «  ^  «« 


^       I  m        ,   I  w 

For  —  =  —  and  —  =:  — 
m        mn  n        mn 


It  ^  . 


^a  ^mu 


But    </<?"•"*  =flau. 
and  ^***  -  n  =     /J   mn 


Multiply  fl^  X  fl*  X  fi^3.        Anf.    /j^*. 
Multiply  tf"3/>^  X  ahK    Anf.  a^j^T 


Multiply 
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Multiply  «  +  tl^  X  T+VK    Anf.  a  +  i»", 

"  3  X  S 

Divide  a^hja^.     And  a^^. 

,i 
Divide  JthyJi^.    Anf. -ll-. 


Divide ij^X 7+7)*  by  *^   X  tf  +  /]^.   Anf.  -j-fL_. 


The  roots  of  compound  terms  may  be  frequently  found 
by  certain  divifions,  difcovered  from  obfcrving  the  refult 
of  the  multiplication  of  two-fold,  three-fold,  or  manifold 
terms  into  each  other* 

Mult  a  -^b 
into    <i  +  ^ 


Prod,  tf*  +  2ab  +  A*  =  2d  power  of  ^  +  *. 

The  firft  term  is  the  fecond  power  of  a  ;  the  fum  of 
the  two  next  terms  is  2a  -^  b  X  b.  If  therefore,  in  a 
compound  term,  the  firft  term  (hould  contain  the  fecond 
power  of  a  number, and, on  taking  away  this  fecond  power, 
the  remainder  fhould  be  divifible  without  a  remainder,  by 
a  compound  term  made  up  of  twice  the  root  of  the  firft 
term  added  to  another  term,  this  root,  added  to  the  term, 
will  be  the  fecond  root  of  the  compound  term.  For  thus 
from  the  compound  term  a^  +  2ab  +  b^  we  gain  a  +  bj 
which,  multiplied  into  itfelf,  gives  the  compound  term. 


Let 
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Let  It  be  required  to  find  the  fecond  root  of  144.  Place 
a  dot  over  the  units  and  hundreds.  Find  the  root  of  the  fi- 
gure in  the  place  of  the  hundreds^  and  multiply  this  root 
by  2  and  add  to  it  a  number,  foch,  that  the  two  next  figures 
may  be  divifible  by  this  fum.  The  root  and  the  number 
thus  found  will  be  the  required  root. 

144(12 

10  X  2  =  20      22  )      44 

Add        2  44        , 

Sum    22  00. 

144  is  the  fame  as  100  +  40  +  4  ;  the  fecond  root  of 
100  is  10.  Multiply  10  X  2,  and  divide  40  4-  4  by 
20  +  2,  which  is  an  exaft  divider  of  it;  .••  ip  +  2  is 
the  root  of  144. 

Multiply  10  H-  2 
into  10  4-  2 


100  +  20 

+  20  +  4 


Produ£k  100  +  40  -h  4  =  10  -f  n 

In  finding  the  root  of  i,  the  firft  figure  in  144,  we  found 
the  root  of  100,  for  i  in  that  place  fignified  100,  and  the 
number  in  the  quotient  fignified  10,  as  it  was  to  be  fol- 
lowed by  another  number. 

The  fecond  root  of  xoo  is  ten,  of  looco  a  hundred,  of 

ICOOOOO 


J 


r' 
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toooooo  a  thoiifand,  and  fo  on.  The  root  therefore  of  a 
number  lefs  than  loo  is  lefs  than  lo,  and  conCfts  of  only 
one  6gure  $  the  roqt  of  a  number  between  a  hundred  and 
ten  thoufand  is  more  than  lo,  and  lefs  than  loo,  and  con- 
fequently  it  confifts  of  two  figures.  Tne  root  of  a  number 
between  a  thoufand  and  a  million  is  more  than  loo, 
and  lefs  than  1 000^  and  confequently  confifts  of  three  fi^ 
gures,  and  fo  on.  And  hence  there  will  be  as  many  fi- 
gures in  the  root  as  there  are  points  placed  over  the  num- 
ber whofe  root  was  to  be  found* 

Find  the  fecond  root  of  576. 

576(24 
fl*  =  4  .  . 

2/J  =  40         44)176(4 
+  i*    =     4  176 

44  000. 


576  =  20*  +  2  •  20  .  4  +  4* 

And  the  root  is  20  +  4»or  24. 

The  fecond  power  of  a  compound  number  a+i-hc+d 
is  fl*  -f  2alf  +  2ac  +  2a d^-  2bc  +  -  -  -  4-  ^^  +  c^-H  J* 
=  o*+2^*-!-^*+2.<7.  +  /'.y+£r*  +  2.  fl  +  *+  r.X</+</*+. 

To  find  the  root  therefore  of  a  number  which  has  more 
than  two  points  :  Find,  as  before,  the  root  a  of  the  firft 
period ;  and  to  the  remainder  annex  the  fecond  period^ 
which  divide  by  tab  +  b^ ;  and  to  the  remainder  annex 
thenextpcriod,  which  divide  by  2.^4- i  Xf-hf%and  foon. 

Find 
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Find  the  fecond  root  of  I537<$« 

15376  (  124 

O     ^    I    •  •  •  • 


^d*    =  2»I0..2      "^  ^^^ 


i-=    '     4.  ^-  '' 


.}= 


i.a  +h,i;^2.t20.^.'\    _ 


976 


+  ^"=       16/     . 


000. 

1537^=  100*  +2.  100.  20  +  20*+  1.  120.4  +  4*  =s 
iOQoo,+  4000  +  400  +  960  4-  i6* 

The  root  of  lOooo  is  100  =  a.  The  53  brought  down 
is  equal  to  4400  +  900;  and  the  4400 .  =  2.  loo.  20  +  20* 
:=  2^  +  j^ :  there  remains  therefore  p^6^  which  muft  be 
equal to2-  a  +  i.r+r*=2.i20.4  +  4*=96o+  16-=  976. 

1 24  ia  therefore  the  root  of  15376. 

0 

The  roott  of  any  numbers,  reprefented  by  common  fi- 
gures^ may  thus  be  found  ;  for  the  number  being  marked 
off  by  points  over  the  places  of  units,  hundreds,  ten  thou- 
fands,  and  fo  on,  will  reprefent  a  compound  term,  whofe 
parts  are  fimilar  to  the  terms  a^  4  2ab  4-  2ac  +  tad  + 
2ii:  +  2^d  +  2ch  +  b^  +  c^  +  //%  witli  more  or  lefs  pro-r 
duds,  according  to  the  number  of  points  before  that  on  the 
place  of  units* 

in  finding  the  fecond  root  of  a  number,  there  fhould 
cmainder  left  after  the  laft  divifion,  the  operation 
e  continued  by  the  ufe  of  decimals. 

Find 


A 
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tlnd  die  fecond  root  of  i  la. 


ii2)iO|S8 

2tf  .*  =a:  a.  10,  ol  — -- 
+  **  +  0*J  012. 

,.  ia,oo 


2. a  +*+i:.rf=:2.10,5.o8      I  =  ,,6864 
+  ^*  =  ,0064  J         — — 

636. 

The  root  of  100  18  10,  therefore  ^  =  10,  and  the  re- 
mainder is  la  :  confequently  this  remainder  is  not  divifi- 
blc  by  twice  the  firft  figure  in  the  root.  Therefore  the  fe- 
cond figure  or  by  in  this  cafe,  equals  o,  and  two  cyphers 
are  annexed  to  the  remainder^  that  a  number  c  may  be 
found,  which,  multiplied  into  2a  +  b^  may  be  either 
equal  or  nearly  equal  to  12;  this  number  is  ,5  :  and, 
by  continuing  in  thie  fame  manner,  other  decimal  figures 
correfponding  to  J,  ^,/are  found;  and  the  longer  the  ope- 
ration is  continued,  the  nearer  is  the  approach  made  to 
the  fecond  root  of  the  given  number. 

Find  the  fecond  root  of  4567  to  two  places  of  deci- 
mals. 

.  Find  the  fecond  root  of  8a   to  three  places  of  deci« 
mals. 

Find  the  fecond  root  of  94  to  four  places  of  decin^als. 

Find 
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Find  the  fecond  root  of  333  to  Avt  places  of  dcd^ 

mals. 

The  third  root  of  a  number  is  found  in  a  fimilar  man^ 
ncr.     The  number  is  made  to  correfpond  with  the  terra 


3 .  a-^b+c  .rf-i-3a+^+r.rf*+rf*  -.•-  which  19 
the  third ^wer  of  any  compound  term  a  ^  b  +  c+  J 

- .     As,   in  finding  the   fecond  root,  periods 

were  made  by  pointing  every  fecond  place  from  the 
units,  id  this  cafe  every  third  place  from  the  units  is 
pointed  off.  For  the  third  root  of  1000  is  10,  and  confe- 
quently  the  third  root  of  a  number  lefs  than  1000  is  lefs 
than  10,  and  confifts  of  only  one  figure  j  the  third  root  of 
loooooo  is  ioo>  and  confequently  the  third  root  of  any 
number  between  loooo  and  1 000000  is  more  than  10, 
and  lefs  than  ioo>  that  is,  it  confifts  of  two  figures  ;  and 
fo  on  of  the  reft. 

Find  the  third  root  of  10648. 

10648  (  22 

2*  .  •  .  =  8  .  .  .    =:tf* 

3.tf*.*  =  3.20*.2  =2400^  ^^4^ 

3tfi*  =  3 .  20 . 2»  =    240  V   =   2^48 

-^  0000. 

2,  the  third  root  of  8,  is  the  leaft  number  whofe  third 
root  is  neareft  to  io>  and  therefore  20  is  the  ncareft  third 
root  to  be  found  in  loooo,  Confequently,  20  being  made 
equal  to  a,  the  remainder  2648  muft  be  equal  to 
3«*^  +  3^*  -h  i^  5  and  the  nearfcft  number  mul- 
tiplied into  ^a*  which  makes  the  neareft  divider  of 
I  2648 
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2648  IS  2,  for  3/7**  =  2400,  and  the  remainder  648  is 
equal  to  3^**  +  ^^  and  conftquently  ^  +  *  or  20  +  2 
is  the  third  root  of  the  propofed  number. 

Mult.     22 
Into        2% 

44 
44 

Mult.   484    fecond  power 
into         22 

968 

968 


10648  =  third  power.^ 

Find  the  third  root  of  44361864. 

44Vi864)354 
fl'=:27 

3fl**  =  3.3o\5    =13500!       17361 
3tf**  =r  3  .  30  .^5*  =    2250  I  =  15875 

h'^  5^=      125  J 

^  1486864 

3.a+^  '^^S'SSo  .4=1470000!     1486864 

3.tf+*.r»=3.35o.4»  =     i68oo|        '     ■   ■ 

^  =  4»  =  64  J    0000000 

354  is  the  root. 

Frequently  in  performing  this  operation  the  learner  is 

put  to  confiderablc  difficulty  in  finding  the  fecond  figure 

H  b. 


r 
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bf  for  he  may  take  fuch  a  number  as  fliaU  at  firft  fight  ena- 
ble him  to  take  away  ^a^k  +  3^**  +  h  from  the  firft  re- 
mainder, but  on  examination  he  finds  it  too  great*  Thus> 
if  he  attempts  to  divide  the  firft  remainder  17361  by 
3^*  X,  6,  or  3 .  30* .  6*c=  16200,  he  finds  it  capable  of  divi- 
fion  ;  but  on  proceeding  t6  add  30^*  +  h^^  he  will  find  the 
fum  greater  than  the  firi£  remainder,  and  confequently 
6  cannot  be  the  fecond  figure  df  the  root.  He  therefore 
tries  5,  which  fucceeds.  He  muft  find  fuch  a  number 
for  his  fecond  figure,  which,  multiplied  into  3/1%  gives 
not  only  a  produft  that  may  be  taken  from  the  firft  re- 
mainder, but  leaves  alfo  a  remainder  divifible  by  2^*  +  ^'> 
and  fo  of  the  other  remainders. 

Find  the  third  root  of  13. 


3^^^^=:  3.  2*., 3  =3,6 
yb"-  =  3  •  2  •  ,3* 


3.  a  +  b.c  =3.  2,3.^5  =  ,7935      T    ^833000 
3.fl4-*.^*  =  3.2,3.,o5*=,oi725    I    810875 


f»= 


>22I25000. 

Find  the  third  root  of  1 1  to  three  places  of  decimals* 
Find  the  third  root  of  126  to  two  places  of  decimals.  - 
Find  the  third  root  98,7  to  two  places  of  decimals. 

The 


■'5» 
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The  anfwer  Is  not  given  to  thefc  queftions,  as  the 
Icatner  may  fee  whether  he  has  done  right  by  raifing  the 
root  found  to  the  third  power. 

In  the  fame  manner  as  the  fecond  and  third  roots  have 
been  found,  any  other  root  may  be  found.  Let  it  be  re* 
quired,  for  example,  to  find  the  «th  root  of  a"  +  w^"  -  «*  -|- 

Find  the  «th  root  of  the  firft  term  which  is  a,  and  raife 
0  to  the  n  —  i  power,  and  multiply  it,  thus  raifed,  into- 
»,and  find  a  number,  which,  multiplied  into  this  produft, 
is  a  divider  of  the  fecond  term ;  and  if  this  number  *  is  of 
fuch  a  value  that  n'b  +  n.  l—La"''  i»  .  , being 

taken  away  from  the  firft  remainder  leaves  no  remainder,. 
Acjroot  is  a  two-fold  term }  if  a  remainder  is  left,  then 
«  +  *  muft  be  raifed  to  the  ^  term,  and  multiplied 
by  «;  from  thence  to  find,  as  before,  the  third  term  c, 
which  is  to  be  fuch,  that « , 


«-i 


2       ^ 

""^y^"^  ^^^  from  the  Remainder-,  and  if  now 

no  remainder  is  left,  the  root  is  a  three-fold  term  ;  if  a 
remainder  is  left,  the  operation  in  a  fimilar  manner. 

In  figures,  for  the  fourth  root,  the  pointing  is  made  on 
every  fourth  figure  from  the  place  of  units  j  for  the  -fifth 
root  on  the  fifth  place,  and  fo  on  for  the  «th  root  on  the 
»th  place* 


Ha  -       Q  jj 
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ON  EQUATIONS   OF  THE  SECOND 
ORDER. 

AN  equation  havings  in  any  term,  an  unknown  quan- 
tity of  the  fccond  power,  and  no  higher  power  in  any 
other  term,  is  called  an  equation  of  the  fecond  order,  and 
all  equations  of  this  order  are  reduceable  by  the  preced* 
ing  rules  to  the  following  forms. 

1.  x^  =z  h 

2.  JC«  +   <7^   =   i 

3.  x^  ^  ax  ^  h 
4«     ax  -^  x^  ^  i. 


X 

!•  Let  c  +  -^  =z  ex^  —/be  an  equation  to  be  refohrcd. 

Proceed  with  it  as  with  a  fimple  equation,  brinpng  all  tho 
known  quantities  to  the  one  fide,  and  the  unknown  to  the 
other.    Then 

ifc—  I 

Divide  both  fides  of  the  equation  by  — ^ — • 

J  \ 


This  equation  is  of  the  fecond  order  of  the  firilform  j 

y- Xf  +/ being  in  this  cafe  equal  to  i  in  that 

form. 

a.  Let 


^ 
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t.    Let  ^1^*  -  rf  =  ^  -  rf»*  -  ^. 

t 

.-.  ex"   +  rfjr"  +  ^  =  f  +  J. 

.•.  ^*  X  r+v  +  -i  =  ^  +  J, 

Divide  both  fides  by  r  +  /. 


.•..»  +  — ^--'+'' 


This  equation  is  therefore  of  the  fccond  order  and  of 
^  the  fecond  form,  x^  -^^  ax  ^  b -^   fox  a  may  be  equal  to 

'  ■      *  and  b  equal  to '^ 


3.  Let  d-'cx^  -^  ex  =f /--  A-* 


then  rf-/=  ex""  -^x  -.  4'-  cx^-^X  ^-i-i. 

a  d 

Divide  both  fides  by  c. 
fi  cd 


•     9 


Hence  this  equation  is  of  the  fecofid  order  and  of  the 
third  form,  4f»-tfAf=*j  for i-—icorrefpond8  with  ^,  and 

''•correfponds  with  *• 

H  3  4*  Let 
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4.  Lett  -^  dx  +  —  =s/r  —  **  +  J: 


then  ^-^=/r+rf;r- — -  **  =i  ;r  x7Hr3-;e*X  — . 


h  4-  e 
Divide  both  fides  by . 


e  X :=z  e.x  X-V-3: x\ 

b  -i-  e  b    +    e 


This  equation  is  of  the  fecond  order  and  of  the  fourth 

form  ax  —a?*  =  ^ ;   for  ^  X  7 correfponds  witih  a>  and 

6  ^  e 

e  X  7 correfponds  with  h, 

'  If  in  a  propofed  equation  the  unknown  number  appears 
in  the  lower  part  of  \  term,  the  equation  is  not  to  be  ef- 
teemed  of  the  fecond  order,  though  in  one  of  the  terms 
the  unknown  number  is  raifed  to  the  fecond  power,  be- 
caufe  on  muhiplying  both  fides  of  the  equation  by  the  un- 
known number,  by  which  it  ceafes  to  appear  in  the  lower 
part  of  a  term,  the  equation  will  have  a  higher  power  than 

the  fecond  of  the  unknown  number.  —  +  ijf *  =  ta^  +  rf  k 

X 

not  an  equation  of  the  fecond  order ;  for  to  bring  it  to  one 
of  the  forms  laid  down,  the  known  numbers  muft  be  brought 
to  one  fide,  and  the  unknown  to  the  other,  and  then 


—  +  hx'^  -^  ex  :=^  d» 


Multiply 


(    >03    ) 
Multiply  both  fides  by  9e. 
*•.  a  +  bx^-^  cx^  =  dx 
,\  assdx  '^  bx^  +  cx\ 

This  equation  has  the  third  power  of  x  in  one  of  its  terms, 
and  is  therefore  not  of  the  fecond  order. 

To  refolve  an  equation  in  the  firft  form,  the  roots  of 
each  fide  of  the  equation  are  to  be  found  ;  and  as  on  one 
fide  the  root  is  Xy  and  on  the  other  fide  there  are  only 
known  quantities,  the  value  of  x^  after  this  procefs,  will 
bejgiveQ.  . 

Let  5JP*  =  4$.        . 

»      45 
.-.  ^*  =  J  =  9 

••.  ^  =  3- 

Let  34  +  *•»  =  5*»  —  30. 

,-.    34   +'  30   =   5Af»    -  Af* 

.*.  4Ar*  =  64 
•%  ;r*  =  i(J 

r .  *  =  4^ 
Let  ^^ii7=zi%^l—. 

®  4  f 


H4 
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76 
32 

^      76       ^      38 


2.  The  fecond  form  is  refolved  "by  adding  a  term  to  it> 
which  (hall  make  it  correfpond  with  the  fecond  power  of 
a  double  term.  Now  the  two  firft  terms  in  y*  4-  2cy  +  c\ 
the  fecond  power  of  y  +  c,  correfponds  with  oi^e  fide  of 
the  equation  in  this  form,  x^  -^  ax  =:  b\  for  j/*  correfponds 
with  ;tf',  and  ao  with  ^  :  but  c*'  is  the  fecond  power  of  half 
the  CO  part  of  y  in  the  term  2ry  ;  therefore  by  adding  to 
«*  +  i7Af'the  fecond  piower  of  half  the  co-part  of  x  in  the 
term  ax^  a  compound  term  will  be  formed  correfponding 
entirely  to  /  +  2cy  +  r*.  Half  of  the  co-part  of  a?,  in  the 

term  ax  is  — •,  and  its  fecond  power  is  — ,  and  by  adding 
—  to  both  fides  of  the  equation,  it  becomes 

x^  +  ax  ^^:^b  +  C.   \ 

4  4  - 

Take  the  toot  on  both  fides. 

r.  ^  x^  -{r  ax  -Y  —  =  ^  ^  -f-  -. 

The 


<    loS    ) 


The  root  of  x*  +  ax  -f  —  is  at  +  — . 


2       ^  4 

/T      7     fl* 
^  4       i 


Hence,  to  refolve  equations  in  this  form,  the  rule  is. 
Add  to  both  fides  the  fecond  power  of  half  the  co-part  of 
the  Cmple  unknown  number,  and  then  take  the  roots  on 
both  fides.  The  refult  will  give  a  fimple  equation,  from 
which  the  unknown  quantity  is  to  be  difcovered  by  chc 
preceding  rules. 

Let  ^»  +  Sat  =  9. 

8  is  the,  co-part  of  the  unknown  number,  of  which  the 
Jbalf  is  4  and  its  fquare  16. 

Add  therefore  16  to  both  fides,  and 

a:*  +  8jr  +  16  =  9  +  16  =  25 

/.  V^AT*  +  8»  +  16  =?  v^aj 

••••^+4  =  5 
.-.  Af  =  5  —  4=  I. 

,  Let  x^  +  lox  =  24.     , 

.'.  x^  +  loy  +  25  =  24  +  25 

.•.  V^A?*  4-  10^  +  25  =  v/49 

.-.  X  +  5  =  7 

.%  *•  =  7  —  5  =  2. 

3-  The 


(     106    ) 

3*  Tikt  third  form  is  refoked  in  a  fimiiar  manner  to  the 
fecond  ;  for  by  adding  te  each  fide  of  the  equation  the  fe- 
cond  power  of  half  the  co-part  of  the  fimple  unknown 
number,  the  root  on  one  fide  is  a  double  term,  confiding  of 
the  unknown  number  and  half  the  co-part  aboTemen<- 
tioned  j  and  the  other  fide  is  the  root  of  known  num- 
bers, 

X^  -^  ax  =a:  b» 

Add  to  both  fides  the  fecond  power  of  — . 

4     ^        4 

••.  V **  -"-  ^-^  +  T=  n/^  +  — • 
4  4 

Now,  of  the  two  double  terms  which  may  be  the  roots 
of  x^  ^  ax  +  — ,  namely,  a?  —  — ,  and  —  —  x.  tKe  lat- 

4  2  2 

ter  cannot  be  applied  in  this  cafe  ;  for  then  •—  would  be 

2 

greater  than  Xj  and  confequently  a  would  be  much 
greater  than  x ;  and  in  that  cafe  ax  would  be  greater 
than  **,  and  ax  could  not  be  taken  from  **.     But  in  this 

form  ax  is  to  be  taken  from  a?*,  and  confequently  — *  can- 
not be  greater  than  x.  Hence  j?  —  —  is  the  root  on  one 
fide  of  the  equation,  and 


-4=y*+i- 


•.a:  ='/b  +  -  +  — . 
V  4         a 


4 

Let 


(    "7    ) 
Let  flf*  —  '4^  =  5. 

••.  ;ip*  —  4Ar  +  4  =  5  +  4  =s  9 

.•.\/;c*— 4A;  +  4  =  y^ 
...  AT  —  2  =  3 
.-.  *  =  3  +  2  =  J,       . 

Let  ji»  —  6y  =r  27. 

^•.  /  -  6y  +  9  «*  27  +  9  =  36 

l//-.6^  +  9  =  l/36 

.-.J, -3  =  6 

.•.j  =  6  t  3  =9- 


Let  6a?  —  5f.  =  3;if»  -p  12* 
4       . 


•••  3^*  +  ' — —  6x  =  12 


l2Ar*  +  SJf* 


Cxts  12 


I7;r^ 


—  6*=  12 


.«.  *»  - 

4.  6.  Jf 
17 

12.4 
17 

.-.*» 

24.** 

^17* 

»7 

12» 
17* 

/... 

-£if4. 

12* 

A..1:: 

17  + 

12 

.%  Af 


(    ttS    ) 


IS         /       4. 174-12 

17       V  17 « 


A  ;if  =  ^ . 


i2.4-'7  4-12  -h  12  _      _ 
-ly  2,525. 


6       .     2 
x+ 1         *■ 


.-.  6j(f  4-  lA?  +  2  =  3/c*  +  3x 

..•.3**  -*-  3*  — 8»»  2  . 
.%  3Ar*  —  5Ar  =  r  ' 

3         3 
3        36        3        36 

-14:11=^2 

4.  To  refolve  the  equafioiiS  6f  the  fourth  form,  the 
mode  adopted  in  the  two  preceding  forms  fails ;  for  by 

adding  —  to  ax  -^  ;r%  one  fide  of  an   equation  of  the 

fourth  form,  a  compound  term  ax  -^  x^  +    —  is  made, 

4 

which  Is  not  fimilar  to  the  fecond  power  of  a  two-fold 

term.     Infttad  therefore  of  adding  the  fe(:ond  power  of 

half  the  co-part  of  the  unknown  term  to  each  fide  of  the 

V  equation 


(    109    ) 

a* 
equatioiii  each  is  taken  away  from  — ,  and  one  fide  be** 

•    4 
comes  the  fecond  po^wer  of  a  two-fotd  teriDi  and  the  other 
fide  has  only  known  numbers. 


From  —  =  — 
4       4 

take  fl*  —  Af*  =:  i. 

•••  —  -—  ax  +  flf'  =  —  —  ^. 
4  4 


ax  +  X''  =  ^f!  -* 

2  V       4 

2         V      4. 


The  root  of  a  compound  term  —  ^  ax  +  xKh  either 

—  —  a:,  or  a?  —  — ,  according  as  —  is  greater   or   lefs 

than  X ;  but  in  the  equation  ax  "^  :^  ^  b^  x  may  be 

greater  or  lefs  than  — ,  and  yet,  in  both  cafes,  the  differ-^ 

cnce  between  ax  and  **  be  equal  to  fomc  number  :  but  x^ 
cannot  be  greater  than  a^  for  then  x^  could  not  be  taken 
away  from  ax. 

ax  --m  X*  :=zx  X  a-^-x ;  confequently  x  muft  be  lefs  than 
a,  or  a  --^  X  will  not  reprefent  any  number  whatever,  fince, 
if  X  is  greater  than  a,  it  cannot  be  taken  from  a.  But  the 
learner  muft  take  care,  in  writing  down  fuch  an  equation, 

that 


(    no    ) 
that  tbe  fecond  power  of  half  the  co-part  of  x.  U  not  lefs 
than  j}  for  dien^ i  would  be  an  abfurdity  :  i  could  . 

not  then  be  taken  from  — ,  and  confequently  4^ * 

could  not  reprefent  any  number  whatever. 


•  and  —  —  X  =  ^  — —6 
*  4    , 

From  the  firft  of  the  two  latter  equations, 

y«»       ]         a 
i  +  _. 

4 

From  the  fecond^ 

Let  i2Jir  — ^  =  35. 

The  fecond  power  of  half  of  the  co-part  of  x  1$  36. 

*"  •  From    36  =  36 

take       I2jf—  x^  sz  35. 
•"•  36  —  i2Jf  +  4f*  s=  36  —  35  c=  I 
V^36  —  I2X  +  jf*  =  \/T 
.'.  6  —  X  ot  X  ^^  6  .=  I 


.;.  ;v  =  I  +  6  =  7 
or  *  =  6  •^—  I  =:  5. 

Both  numbers^  7  and  5,  fubftituted  for  at  in  the  term 
I2X  —  «%  give  for  diflFercncc  35. 

Let  4^  —  «a  =  3, 

.•.4  -  4Ar  +  A?*  =  4  —  3=1 

••.  V^4-4*  +  ^*  =  i 

••.  2  -—  ;*  or  x  —  2  =1 

*%  *  =  2  —  1 :::  !• 

or  A?  =  I  +.2  =  3. 


Let  X  +  ^^pc  +  io  =:  8* 


••.  ^S^  -f   10  r=  8  —  AT 

.•.  5A?  4-  10  ='6+  —  i6;if  +  #p* 

.%  5;^  +  i6;c  —  **  =  64  —  10 

.*.  2iAr  —  ;if*  =  54 

4  4       ^^  4  4 

21  ^     _^  15 


•  '    —  ?i  —  ii  —  °  — 


2 
6 


3- 


21 
In  this  cafe  the  root  a?  -*  —  cannot  be  ufcd  j  foi',  by  the 

conditions  of  the  queftion^  x  is  lefs  than  eight. 

SO- 


(  «"  ) 


SOLUTION  OF  PROBLEMS 
iinroj^viire  only  one  unknown  numbbr^  h^nd  producing 

BCIUATIONS  OP  TQB  SBCOND  ORDER. 

IF  a  queftion  written  down  in  algebraical  charadlerg 
gives  an  equation  of  the  fecond  order,  the  unknown  num- 
ber is  to  be  found  by  the  preceding  rules  j  and,  if  the  equa- 
tion belongs  to  either  of  the  three  firft  forms,  there  can  be 
only  one  number  to  anfwcr  the  conditions  of  the  queftion. 
.  If  the  equation  belongs  to  the  fourth  form,  there  may  be 
cither  two  numbers  to  anfwcr  the  conditions  of  the  que- 
stion, or  the  conditions  of  the  queftion  will  fliew  at  once 

which  of  the  two  roots  •v  —  —  or  —  —  x  gives  the  proper 

folution  of  the  queftion. 

What  number  is  that  to  whofe  fecond  power  if  two  is 
added,  the  fum  is  equal  to  1 8  ? 

Let  X  =  the  number. 

Then  x^  z=z  its  fecond  power. 
..•.»*  +  2  =  i8 

.-.  ;tf*  =   18  —  2  =  16 

...  s/lF^  \/T6 

•  •.  ;c  =  4. 

What  number  is  that,  from  whofe  fecond  power  four 
being  taken  away,  the  remainder  i%2l  i  Anf.  5. 

4  What 


r  113  ) 

What  number  is  that,  from  three*fourtiis  of  whole 
fecond  power  twelve  being  taken  away,  the  remainder  is 
eqUal  to  1 80  ? 


^-^12=186. 
4 

•'-  ^ —  =  180  +  12  =  102 

4  / 

••.A?*  =  192  X   —  ==  64  X  4 

3 


i-.  V^A^  =  i/.64  X  4 
.•;  Af  =  8  X  2  =^  i<5. 

What  number  is  that^  the  fourth  of  whofe  fecond  power 
feeing  taken  aMray  from  eight,  leaves  a  remainder  equal  to 
four  ?  Anf.  4. 

A  perfon  being  aflced  what  was  his  age,  anfwered,  that 
J  of  his  age  multiplied  by  ^V  of  his  age  gave  a  produft 
equal  to  his  age.     What  was  his  age  ? 

Let  X  =  his  age  in"  years. 
.-.  Ja;  X  tV^  =  A? 

48 
.K  3*  =  43 

A  perfon  bought  a  certain  number  of  oxen  for  eighty 
guineas,  and  if  he  had'bought  four  indie  for  the  fame  fum, 
they  would  have  coft  a  guinea  a-  piece  lefs.  What  was  the 
number  of  oxen,  and  price  of  each? 

I  Let 


(     "4    ) 

Let  X  be  the  number: 

then   —  Is  the  price  of  each ; 
and  ■        -  is  the  price  of  each,  on  iuppofition  that  the 
pcrfon  had  bought  four  more  for  80  guineas. 

80         80 


^  +  4       ^ 

—  I 

,\  Sox  =  8o;«f  +  320 

—  AT*  — 4;^ 

•.  X*  +  4x  +  Sox  — 

80^   ==  320 

.••*?»  +  4X=z 

320 

.\  x^  +  4x  +  4=: 

320  +  4 

.-.  \/x^  +  4a:  +  4 

=  v/324 

.*.  AT    +    2  = 

18 

.-.  Af  =  18  —  2 

=  16 

80  _  80  _ 
X  ^16" 

=  5- 

••.  The  perfon  bought  fixteen  oxen  at  five  guineas  a  piece. 

Divide  the  number  20  into  two  parts,  fucii,  that  the 
produ£):  of  the  whole  number  into  one  of  the  parts  (hall  be 
the  fecond  power  of  the  other  part. 

Let  X  =  the  greater  part, 
•V  20  —  AT  =  the  lefs. 


•.  A?*  s=  20  X  20  —  X  ?=  400  —  2o;v 

.*.  A?*  +  20AP  =  400 
.%  ;c*+  aoA?  +  100  =x  400  +  100 
.'.  \/x^  +  %Qx  -h  100  =  \/50<> 

••.  PC 


(    "5    ) 

.•.  X  =  \rJoQ  —  io  =  12^36  nearly : 
and  the  other  part  =  7,63  liearly. 

Some  company,  dining  togcthiir  in  an  inn,  find  their  bill 

amounts  to  175  fliillings.  Two  ofthem  were  not  allowed  to 

pay,  and  the  reft  foiihd  that  their  fhares  amounted  to  ten 

{hillings  a  man  more  than  if  all  had  paid.     Quef.     How 

many  were  in  comjpany  ? 

/ 

Let  X  =  the  nuitiber; 

,\  -^^  =  each  man's  fliare,  if  all  had  paid; 

X  —  2  =  number  of  thofe  who  paid  ; 
and  — ^  *=s  iharc  of  each  man  who  paid* 

X^2  ,     . 


X 2 

I7J 
!            X 

=  10 

M75 

.*—  I'JSX 

+  35° 

=  10** 

-*  20Af 

.'.  10**- 

—  20»  - 

"3SO 

;•.  «» . 

—  2X^ 

35 

*'• 

**  —  2*  4- 

I  =35 

+  i  = 

36 

...  s/x^  — 

2*  +  I 

.%  A-^  I    =26 

•\jif=6  +  i  =  7s=  number  of  perfonsiii  compariy.: 
a;  —  2  =  7  —  2=5=5=  number  of  perfons  who  paid  t 

• = =  3  J  =  fum  paid  by  each  of  the  five  perfons. 

*— z        5 

1 2  There 


(    "6    ) 

There  are  three  numbers  in  geometrical  proportion. 
The  fum  of  the  firft  and  fecond  is  lO,  and  the  dif- 
ference of  the  fecond  and  third  is  24.  What  ar^  the  num- 
bers ?  .  * 


,  Let  the  firft  number  =^  x, 
.•.  2d  number  =10  —  x 
and  3d  number  =  34  —  a? 
»\  X  :  10  —  X  :z  10  —  X  :  34  —  ;p 


.•.  X    X   34  —  ^=    ID  —  AtV 

.*.  34^—  x^  =  100  —  ao^t*  -f  x^ 

•••  34'*' — -T*  +  ^o*"  —  **  ==  '00 
.•.  54a:  —  2x^  =  100 

.•.  27^  —  Af*    =50 

4  4  4 

,.y7i?_       ,.^yjii 

^4  ^4 

•    ^  — ;.=  ^ 
"2  2' 

,    27         23  _      ' 

' '  T        2  "" 

4    .  - 

2 

and  the  numbers  are  2,  8,  32. 

What  arc  the  two  numbers  whofe  difference  13  three, 
and  difference  of  their  third  powers  117? 

Let 


< 


r 
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Let  X  =  the  lead  number. 
.'.  A?  +  3  =  greateft  number. 


.•.  x  +  3!^  —  x\  =  difference  of  their  third  powers. 

.-.  px*  4-  27^  +  27  =117 

.'.  9;v*  +  27A?  =  117  —  27—90 

.*•  iv*  +  3x  =  10 


«'+3* 

•4-^ 
4 

=  10  4 

4        4 

J" 

+  3* 

+     9 

4 

=y? 

• 

•.  «  + 

2-      2 

.'.  A? 

_  7. 
2 

-3  == 

2 

2 

.-.  X  +  3  =  2  +  3  =  5. 
The  two  numbers  therefore  are  2  and  5. 

What  two  numbers  are  thofe  whofe  difference  is  two, 
andprodudl  of  their  third  powers  42875  ? 

Let  PC  ^nd  A?  4-  2  be  the  two  numbers. 


.'.  x^  X  X  +  2^^  =  42875 

X  X  X  +  2  =  v/ 4^875  =  35 
.-.  x^  +2x  =  35 
.*.  ;v*  4-  2X  +  I  =  36 


/.  vA*  +  2a:  +  I  =  x/j6 

.'.  X  +  1  zz  6 

.\  X  zz  6  —  I  =5 

.«.  ;v  +  2  =  5  +  2  =  7 

The  two  numbers  are  5  and  7, 

I  3  A  plqcc 
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A  piece  of  cloth,  which  coft  thirty  pounds,  was  fold  for 
fuch  a  funii  that  if  the  price  at  which  it  was  fo](d  is  muU 
tiplied  into  the  gain,  the  produfl  is  equal  to  the  third 
powcy  of  the  gain.  What  is  the  gain  ? 

A  pcrfon  having  bought  cloth  for  33/.  15/,  fold  it  agaia 
at  48  {hillings  a  piece,  and  gained  as  much  as  one  piece 
coft.    What  was  the  number  of  pieces  ? 

What  two  numbers  are  thofe  whofe  produft  is  15,  and 
the  fum  of  their  fecond  powers  34  ? 

^Wbat  number  is  that,  which  if  you  take  away  from  10,1 
and  multiply  the  rem^ipdbr  by  itfelf,  the  produ£k  fliall  be 

21? 

What  two  numbers  aipc  they  whpfe  difference  iei  8  an4 

prpdud  240  ? 


EQUATIONS  OF  THE  SECOND  ORDER 

FORMED  FBfQM  EftUATIdNS  HAVINQ  UNKNOWN  NUMBERSj, 
OF  A  HIQHER  POWER  THAN  THE  SECOND,  OR  HAVING  MOBf: 
THAN  ONE  UNKNOWN  NUMBER. 

From  fome  of  the  above  inftances,  U  appears  that  the 
queftion  may  involve  an  unknown  number  ofa higher  power 
than  the  fecond,  and  yet  the  equation  refulting  is  only  of 
the  fecond  order  5  the  unknown  number  of  the  third  ^ower 
being  made  to  difappear  upon  the  principles  of  fimple 
equations.     Frequently  an  cquatipil  with  pov^^rs  much^ 

higher 


(     "9    ) 

higher  thanthe  fccond,  m^y  be  refolired  by  bringing  them 
into  the  forms  of  the  fecond,  which  is  done  by  fubftituting 
fome  unknown  fimple  number,  for  the  unknown  number 
raifed  to  any  power.  Thus  y  may  be  made  equal  to  x*^ 
and  then  j?*  =  «♦  :  or  2  may  be  equal  to  x%  and  then 


2*   =  A?«. 

Let  /  —  6ji*  =  27 

Make  2  =  / 

.%  2»=j,*' 

.*.  2» 62  =  27 

,        .%2*— 62  +  9  =  27   +9=36 

••.  V^2*  —  62  +  9  =  \/j6 

.•.2  —  3  =6 

.•.2  =  9 

But2=;'» 

•••/  =  9 

,..  v/;^=v/^ 

•••>  =  3- 

Let  y^  +  ry3  =  JL 

27 

Make  z  =s  ;;' 
,•.  2*  =  j^6 

.•.  2*  +  n5  =  1- 
27 

r*        c*        r* 

4         27         4 

I4 
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V  4        V  27        4 


.-.  z  +  — ^  =    / 1-  ^  — 

2  V    27  4 


.    .  _      Z?'  jl'. 


but  2  =  v^ 


■^        V    27  4  i 


What  two  numbers  are  thofe  whofe  produft  is  35,  and 
difference  of  their  third  powers  218  ? 


Let  the  leaft  number  =  x 

r    • 

• 

.'.  the  greateft  number  = 

X 

.•.  42875  —  A?^  =  2l8x5 
.*.  ;t6  +  2 1 8*3  —  42875 

Let  ?  =  x^ 

.•.  a*  =  a:^ 
/.  a?+  2i8z  =42875 


{  "I  ) 

,'. »»  +  2l8z  +  To9»»  =  42875  +  T^»  .    ■- 

^•-  2  +  109=  234 

.•.2=234-^109=125 

But  :5  =  A?5 

;•.  AT  =  ^TtJz^  5. 

"What  number  is  that,  from  whofe  third  power  if  jqru 
take  19,  and  multiply  the  remainder  by  its  third  power, 
the  produfl:  fhall  be  216  ? 

Let  X  =:  the  number : 


'     .-.  x^  —  19  X  x^  =  216 

.\  x6  .^  igx^  =  a  16. 

Let  z  =  x^ 
.-.  2* —  192  =216 

••.  2*  —  192  +  ^  =  216  +  ^ 

4  4, 

•••/'■- "•+^'=/f 

2  2 

2  2  2  ' 

.*.  x^  =  27 

.-.  A?   =   3. 


A  quedion 
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A  queftion  may  involve  two  or  more  unknown  fimplc 
numbers^  from  which  an  equation  of  the  fecond  order  will 
arife,  and  the  folution  depends^  as  in  fimple  equations, 
upon  finding  by  one  equation  the  value  of  one  unknown 
number  in  terms  of  the  other  unknown  numbers,  and 
fubftituting  the  value  thus  found  for  that  unknown  num- 
ber in  another  equation.  In  finding  thefe  values,  the 
learner  may  exercife  his  ingenuity,  as  ther6  are  various 
ways  of  coming  to  the  fame  conclufiott. 


it =^=r     I     I 


Let . 

I  What  are  the  numbers  x  and  y  ? 
and 


From  the  firft  equation,  2x  ^^x  -f  ^  ac  8 : 
.••  X  ss  8 '—'jr. 

From  the  fecond  equation,  ay  +  2^  —  ;*  —  2y  =  jr  +  2; 
.-.  xy  —  2X — y  =  2. 

Subftitute  in  this  laft  equation  8  — yforx: 


.-.  S—y  XjF  — 2  X  8— jr— jr  =  2 

.••  Sy — y* —  i6  +  2y^y  =  2 
.-.  gy  — /  ==  i6  4-  2  =  i8 

*  .4  4 
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.-.9  _y^  3 

9        36 


Let  x^  +  /  =  65 
and 


/  =  65  V 

_    g  r  What  immbeiB  are  ;rand^? 


From  the  fccond  equation,  a^y  —  56, 

Add  this  latter  equation  to  the  firft. 

.'.  iff*  +  2Ay  +  j>*  =■  121 


...    v/*»   +  2A3>  +  /  «  \/l2I 
.•.  *  +  J?  =«  II. 

Take  away  2^^  —  56  from  the  firft  equation. 
.'.  ;t*  —  2Ay  +^»s=s9 

...    ;f_;^   =3 

or^  —.  AT  ==  3. 

By  the  firft  *- =  3  +  ^ 

by  the  fecond  ;?  =  y  —  3 


but 


(    "4    ) 

but  X  -h  y  =^  XI 

•••  3  +  J'  +  ^  =  I ' 
.*.  2^_=  u  — 3  =.  & 

V3  tJ'^S  +  4  =  7  ==/• 

Lct*=;> — 3: 

.  .. .  '  then  y-^i  +  y  =  n- 
.-.  2j?  =  II  +  3  =  14 

•••J  =7 

•••J'  — 3  =  ^  =  7—3  =4- 

If  Af  =  4,  then  ^  «=  7 
:  If  j!  =  4i  then  a:  ==  7. 

>  What  are  the  numbers  x  and  jf  ? 
and.vj^— 2y*=    >  J 

•  Suppofe  vy  to  equal  ^. 

Then^y  +  v/  =  12 

••  y 


•  and  19*  —  2j>*  —  I 

-^        V  —  2 

12       _      .1 

•  '  *  ^*   +  ^  i^  —  2  . 

.\  I2V  —  24  =  V^  +V 
•\  I2v  —  V*—  ^;  =  24 
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.*.  Ilv  — V*  =?  24 

.—/  —  iiv  +  «.=    — I  —24 


;'.n/^^  —  lit;  +  «*   =  v^^— 24  =\/^^ 

a  *        .     2       ' 

It      5       6. 

2  2  2*^ 

II  c  *  ^ 

or  V =  ^ 

2  2 

II  .  c-      ^6 

2       2,2 


V*  =  =  -  or  > 

■^  V  —  2  I  (J 

8 
.-.  *  =  vy  =  3  or  -^ 


When  y  =^J,  X  =  2' 


J'  ^  >What  are  the  numbers  ;ir  and  y  ? 

and  X  +  y  =  1%) 


Make  ^  =  js  +  V 
and  j>  =  «  —  v» 


(  l^  ) 

.•.  jr  -t>jr  n  as  »  12 

2 

.*.  Af  =  6  +  V 

and  j^  =2  6  —  V. 


But  —  +  i- 


rl8 


.%  Af5    -P  J?'  ^  ISaJ 


But «»  =«  6  +  vl  =  ai6  +  io8v  +  i8ti*  +  v* 

5. 

and^*  =  (5  —  v\—  2i6-*-io8v  +  i8v*  — v' 
.•,  ^3  4-  jJ  =5  432  +  36V* 

.•.  i8*y  ==  648 — i8v* 

But  *3  +  >^   =  iS^ry 

.••  432  +  36V*  =  648  —  l8v* 

^  .-.  36V*  +  l8v*  =  648  —  432 

.*.  54t;*  =  216 

216 

,*.  v*  = =  4 

54 

.'.  V  =  2 

4rrx6  +  V=:6  +  2=8 
ys=$6.^tie6— •2  =  4 

What  two  numbers  are  they  whofe  product  is  equal  to 
a^  and  the  fum  of  their  fquatts  to  b  f 

q  Let 
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Let  X  zndy  be  the  numbers. 


Then  xy  ^a 

.•.  X  =s 

s  -• 

and 

.*.  -—  =  b 

y* 

.\a^  =  by* 
Let  2  = 

*- 

-J-* 

V*.  fl*    =  fa Z* 

4  4 


or  2 

2 


.*.  \X   -^  —  a*  SSI  —  —  2, 1 
4  .  * 

=  -  —  v^-I fl»or-+  v!^-  —  , 

2^4.  2^4 


v/^-^V? 


2  4 


^  " 


v/^v/?^ 


*  Inftead  of  writing  down  the  two  values  of  jr*  at  length,  the 
marks  ±  are  inferted  between  the  two  terms  to  which^*  is  equal,  and 
the  fame  is  done  for  the  two  corresponding  values  of  4r.-  and  caution  only 
is  necefTary,  that  if  the  mark  of  addition  is  taken  in  the  term  for  j', 
the  fame  may  be  done  in  the  term  for  x.  Or,  in  other  words,  both  up- 
per marks  are  to  be  ufed  together,  and  both  the  lower  marks  ^  but  if 
the  upper  mark  is  ufed  for  the  value  of  ^,  the  lower  mark  cannot  be 
ufed  for  the  value  of  x, 

on 


ON  EQUATIONS  OF  THE  THIRO 
ORDER. 

WHEN  the  highcft  power  of  the  unknown  number  irt 
an  equation  is  the  third,  the  equation  is  of  the  third  ordef- 
And  of  this  order  there  are  the  following  forms : 


A-3  ^  ax''  =  e 

x'^  -^ax^  =  c 

X^    ^ix   =:C 

x^  —  hx  :=  t 

x^  +  ax"-  -f  ^^  - 

^r 

x^  —  ax^-  +  hx  = 

f 

x^  +  a'x-^  —  ^;r  = 

C 

x^^ax^  — *.v== 

c 

ax'^  —  if»  =  r 

ax^  +  bx — x^  = 

c 

fl;r*  —  *^  -  :«»  = 

c 

^x  — ^A-*— a:3  = 

c 

^^  X^    =  f . 

Thcfolution  of  equations  of  this  order  is  difficulty  and  a 
general  mode,  which  (ball  anfwer  as  in  equations  of  the 
fecond  order,  has  not  been  hitherto  difcovered.     For,  by- 
adding 
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adding  numbers  to  both  fides,  which  (hall  on  one  fid^ 
make  a  compound  term,  correfponding  to  the  third  power 
of  a  three-fold  term,  the  unknown  term  will  be  involved 
on  the  other  fide,  and  the  folution  of  the  equation  will  not 
be  promoted.  Thus,in  the  form  ;r5 +flx*=r,by  adding ix-i** 
t^  to  both  fides  a  new  equation  is  formed  H^  +  a^ + ^j?  -f  ^» = 
c  '\'  hx  -^^  e^.  Therefore  1/ x^  +  ^x*  j^  hx  ^  e^  = 
\/ c^-hxJ^e^.  The  third  root  of  x^  +  ax^  +  ^x  +  #5 
way  be  iT  +  ^  5  but  though,  from  having  the  co-part  of 
:»*  known,  we  know  the  amount  of  h  and  ^5,  which  will 
anfwer  in  this  cafe  ;  and  confequently  know  the  term  e  in 
the  two-fold  term  x  -^  e\  yet,  on  the  other  fide  of  the 
equation,  there  remains  a  third  root  to  be  found,  namely, 
that  of  f  +  Ix  "^  e^f  which  cannot  be  done,  becaufe  there 
is  one  unknown  term  in  it,  namely,  bx.  The  fame  is  true 
of  all  the  other  forms  except  the  firft,  and  hence  various 
methods  have  been  propofed  to  refolve  thefe  equations, 
of  which  the  beft  is  by  the  mode  of  dividers,  a  mode  ap- 
plicable to  equations  of  all  orders.  It  will  be  eafily  un- 
derftood  by  inveftigating  it  in  equations  of  the  fccond 
order.    Thus,  let 

x^    +  ax  =  b 


\xXx+a^b 

h 
»\x  +  a  =  - 

and  X  =  — . 
x  +  a 


Hence  b  is  divifible  by  both  ;v  and  x  -h  a. 

Let  b^cd or  ^or  gh  or  li,  &g.  ;  for  a  number  b  may  hd^ 
the  produ£k  of  the  multiplication  of  various  fees  of  num- 
K  bers. 
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bers.     Then  x  ==  -— - —  ;   and  if  *  +  j  =  r,  jr  will  be 

equal  to  d.  Or,  if  x  is  equal  to  c,  then  x  •\'  a  \% 
equal  to  d.  Among  the  combinations  of  numbers  into 
which  h  may  be  divided,  two  will  be  found  equal  to  x 
and  «  +  tf ;  and  thus  an  equation  may  be  folved  by  fub- 
ftituting  one  of  t!ie  dividers  of  the  known  fide  far  the  un- 
known term  on  the  other,  till  the  right  value  of  the  un- 
known term  is  found. 


48     32     24     16     12 
^       3 


Let  «*  4-  ^ox  =  96  : 

14     16     12 1 

>  Dividers  of  06. 
4       6       8J  ^ 


If  any  term  in  the  lower  feries  =  jc,  the  term  above  it 
in  the  upper  feries  =  j?  +  20. 

Let  2  be  fuppofed  equal  to  x^  then  jc  +  20  =  22^5  but 
X  +  20  in  this  cafe  fliould  be  4^,  and  confequently  2  can- 
not be  equal  to  x*  Let  4  now  be  tried,  then  «  -i-  ^7  s=r  4 
4-20=  24  =  the  number  above  4,  which  is  confequent- 
ly the  true  value  of  x.     For  24X4=x  +  jXJf  =  96. 

In  the  feme  manner  with  the  -other  form.s  of  the  fecond 
order,  the  equation  may  be  folved  by  finding  among  the 
dividers  of  the  known  fide  that  which  anfwers  to  the  con- 
ditions of  the  queftion.  In  equations  of  the  higher  orders 
tljie  fame  method  may  be  app];ed  with  equal  certainty.  Let 
»>  +  ax^  =  c.  Then  x*  x  ^  +  ^  =  r.  Among  the 
dividers  ofr  will  be  found  two  correfponding  to  **andx-f-^, 
from  which  x  is  fometimes  eafily  found. 

Let 
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Let  *3  +  jp*  =  36 : 

.-.  x^  X  JTT  =  36 
18     12    o    6' 


^      3 


9     ^1 

>  Dividers  of  36. 

4    6J  "^ 


In  the  upper  feries  are  numbers  to  be  fubftituted  for  ;t* ; 
in  the  lower,  numbers  f or  «  +  i.  Now  the  third  root  of 
36  lies  between  3  and  4  :  therefore  jr*  muft  be  lefs  than  16, 
mnd  the  dividers  18  and  2  are  excluded^  Again,  if 
•*  +  I  =  6,  ;i?  =  5,  which  cannot  be  in  this  equation,  and 
confequently  6  and  6  arc  excluded.  There  remain  there- 
fore to  be  confidcred  9X4  and  12X3.  ^"^  ^f  ^^^  Matter 
produ<a  is  taken  jr+  i  =3,  and  j?  =  2  ;  but  12  is  greater 
than  the  fecond  power  of  2,  and  confequently  12x3 
muft  be  excluded.  There  remains  then  only  9X4,  and 
if  9  =  **,  *  =  3,  and  jp  -f.i==3  +  i=4,  and  confe- 
quently ir  =  3. 

Let  A'3  4.  3^*'  «.  i6x  =  48  : 


.V  *  X  Af*  H-  3;c  —  16  =  48. 

24      16      12      81   ^ 

>  Dividers  of  48. 
2        3        4      6J 

The  product  8  X  6  is  excluded;  becaufc,  if  ;r  =  6,  **  + 
3X  —  16  is  greater  than  8.  On  examining  the  product 
la  X  4,  it  appears  thslt  if  jr  :^  4,  a? *  +  3;^  —  j6  =«  12  == 
number  above  4  in  the  upper  feries,  and  confequently 
*  =4- 

Let  4Af*  -*  30Af  +  j:'  =  75 : 


*  X  4*'  —  30  +  **  =  75- 

K2 


»       3       5  *» 
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Dividers  of  75. 


75     25       15J 

The  produfts  1  X  75  and  3X25  arc  rejedcd,  bccaufe  if 

4r  SB  I  or  3,  44r  -{  x*  will  be  lefs  than  30.    Let  5  X  15  =s 

if  X  4*  —  30  +  *%  and  ijr  =  5  ;  and  4;ir  —  30  4-  **  —  IS^ 


Let  A'3  —  ^2  ^  ^x —  2  =  0: 
.\   >r3  —  4;if*  +  s*  =  2 


.-.    Af   X  AT* 4X    +   5    =ac   2. 

/•Dividers  of  2. 

Therefore  2  X  i  is  the  produft  in  which  x  is  to  be  found* 
But  if  flf  =  I,  then  at*  —  4*  +  5  =  2  i  and  if  ir  r=  2, 
then  a?*  — 4.r  -f  5  =  !•  Therefore  this  equation  has 
two  folutions,  X  being  equal  to  either  i  or  2. 

Let  *3  -f  6*  —  20  =  o : 
.'.  x^  +  6x  =  20 


.%  X  X  ;v*  +  6  =  20. 


20      10     5  1 

f  Dividers  of  20. 
I        2    43 


10  X  2  is  the  produ£k  =  ;r  X  ;»*  +  6  j  for  If  ;r  s=  2, 


w'  +  6  =  10.     .'.  ;p=  2. 


«.* 


Let 
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Let  x^  —  12**  4-  4I;r  —  42  =  O 
.'.  Af3  —  I2x^  +  41*  =  42 


••.  4f  X  **  —  la*  +  41  =  42. 

42    21     14    7? 

^  f  Dividers  of  42. 
I       2      3    oj  ^ 

If  «  =  2,   ;if*  —  I2X  +  41  =21 
•»  ==  3»   **  —  12*  +'  41  =  14 

;p   =    7,      **  —   12*    +    41   C=       6 

•••  *  =  2>  3f  or  7- 

Let  *»  +  15**  +  84*  =  100 : 


.-.  -*  X  **  +  iS-^  +  84  =  100. 
100    50     25     20 


.0, 

10  J 


Dividers  of  loo. 


All  the  produdis  except  that  of  100  X  i  muft  be  reje^ed 
at  firft  fight  \  for  84  X  2  is  greater  than  100  ;  and  if  x=  i^ 
jf*  +  15*  +  84  s=  100.     .•.*=!. 

If  *  in  the  propofed  equation  is  a  whole  number,  it 
will  be  found  in  the  whole  dividers  of  the  known  fide  of  the 
equation  \  but  4;  may  contain  a  fra£^ion,and  in  that  cafe  it 
^  cannot  be  found,  unlefs  the  fraflional  dividers  as  well  as 
the  others  are  written  down.  This  would  be  very  tedious  \ 
and,  to  fliorten  the  labour,  the  neareft  limits  in  whole 
numbers  within  which  *  is  confined,  may  be  found ;  and 
thence  an  approximation  may  be  made,  by  transforming 
the  propofed  equation  into  a  new  one,  in  which  the  un- 

K  3  known 


(  m  ) 

known  number  (hall  be  the  difference  between  the  limit 
and  X.  ' 

Let  x^  —  ax*  +  bx  =:  c. 

Among  the  divider:;?  of  r  let  d  and  e,  differing  by  unity, 
be  the  one  greater  and  the  other  lefs  than  x.  Suppofe 
therefore  x  to  be  equal  tod  —  ;i  or  ^  +^ :  by  fubftituting 
jeither  of  thefe  values  for  x  in  the  propofed  equation,  ^ 
pew  one  arifes,  from  which;; may  be difcovered. 

J3  -  2dy  *i-  34^*  -  >'  1 
—  ad^  +  iady-^  ay^  >  =  r. 

+  W  —  *y.  J 

,  or  e^+yy  +  yy^  +  y^l 

—  fl^*—  'laey-^ay'^  r  ^  c. 

•\-  be  -k-hy  J 

Let  A?  +  ;c5  =  I 
In  this  equation  x  is  evidently  lefs  than  one. 

Let  Af  =  I  —J'. 


II 


?%>^'j'*  +  4-  ar  =  5 


1 


1 
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-       -       -      Dividers  of —  .  . 

"      33      ii      i-.  /•  t      ,.  . , 

—     —     —     Co-parts  of  the  dividers. 
402 

% 

Xctj^  =   \y  then/  +4  -  3jr  r=  1  +  4  -  2   =::li  := 
.      2     -  4  24 

compart  of-.   Therefore;^  =  -,  and  ^  =  i  —  i  =  5. 


Let  Af 

+  *'  = 

.2 
3 

_  2 
~3 

1  +*• 

I 

I 

3 

I 

4 

I 

5 

I 

•  •  Dividers. 

2 

6**' 

•      •       A^AvA^lVAv* 

4 
3 

2 

8 
3 

10 
3 

4.- 

. .  .  Co-parts. 

Let  AT  =  f ,  then  i+Af*  =  i+J  =  |=a  number  lefs 
than  |:  Therefore  x  is  qot  equal  to,  but  greater  than,  one- 
half;  and  confcquently  all  the  nupibers  in  the  upper  fe- 
Ties  may  be  rejefted.  And  fince  x  is  lefs  than  one,  and 
greater  than  |,.fome  number  may  be  found  between  thefc 
limits,  to  which  it  is  equal. 

Let  this  number  be  f  +  ^. 


i  4-.^  1^.3  „^3„.  .   ,.,^2 


;+J'  +  g  +  J  j^+|/  +  / 


42^-^       24 


^  4  Hence 
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Hence  y  is  evidently  left  than  — ;  and  fince  -  is  in  the 

co-part  of  jj  that  co  -part  muft  be  greater  than  ^    If  the 

co-part  were  2,  then  jr  X  ^  would  be  equal  to  ^,    or    y 

would  bccquaho  ^ — =  — •  Therefore^  muft  be  Icfs  than 

JL.    Confcqucjitly  all  the  numbers  prcccdipg—,  in   the 
upper  fcries,  may  be  rejedcd. 


I  I.I  I  A  T>*      •! 

_.     —     —     —     —7-  • .  •   Dividers^ 
4*      43       44      45      4© 

41     il     Jtt     ^      -^.,..Co.parts. 
24        24        24        24       24 

Let,  =  ;l,then2  +  |,  +  /  =  ii 

••J'  X  2+-y        24      4       24 
...  i  4-  ^  li*  -li,  which  is  impeffiWej  for  "^^^J  +  f 

u  otAv  equal  to^,    Therefore  j  is  icfs  d^an  -7*-,  an4 
'    ^  24  42 


greater  than  — . 


I        I  45 


MAe«=  If +2. 


Then 
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and  from  this  equation,  by  proceeding  as  before,  z  may 
be  nearly  found,  and  from  thence  a  nearer  number  to  pc. 


Let  2Sx  —  i4x*  +  ix^  =  15. 


Since  ;tf  X  28  —  24^?  +8;ir»  =r  15  j  if  jr  =  2, 

28  -  24*  +^8**  =  ^-S.  But  28  —  24;r  Tf-  8** 

2 

in  this  cafe  Is  equal  to  12 ;  therefore  2  is  too  great  a 
number :  and  if  i  is  fubftituted  for  x,  the  unknown 
lide  of  the  equation  is  too  fmall.  T|ierefore  x  muft  lie 
t>etween  i  and  2. 

Let  xrzi  +  y. 
28+28^ 


^24-48j^-24/  1=  15 

+  8  +  24j^+24/+8;>3j 

A  12  +  4}  +  Sf  s=  IS 


.\y  X  4  +  8/  =  3• 
V  i    T     i     i    Dividers. 
369     12    15    Co-parts. 


Let 
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Let  y  zr  |:  then  4+8;i*=:4'+-   —4+2   =6 
'  4 

the  number  under  f  in  the  lower  feries. 
'  .••;>  =  I,  and  x  =  I  f . 

Let  x^  +  2x*  +  3Jf  =  24,381. 

X  is  evidently  greater  than  one,  and  lefs  than  thiee. 
U  X  =  Qy  its  co-part  x"  +  2Ar  +  3  =  1 1,  and  the  produft 
is  only  22  :  confequently  x  is  greater  than  2. 

Let  a:  =  2  +  jf. 


•  •.  8  +  12J?  +  6/  +  y^ 

+  8  +     Sy  +  2y^  y=  24,381 

+  6  +     3;^ 

.-.  22  +  2^y  +  8/  +  ji'  =  24,381 


1=  24, 


.\y  X  23-  +  8;;  +/  =  2,381 
,1  ,2  >  3  •  •  •  •     Dividers. 

23,81      11,90s       7,936^  •  •  •  •  Co-parts. 


If  jj  =    ,T,  j^  X  8  +;^  =  ,81  =:  ,1  X    8+,l 
•.  the  co-part  oi y  ^  co-part  of  ,t,  and;^  =  ,i 
.\  AT  =  2,1. 

Let  41^  —  3Af*  —  ^x^  =  12. 


.•.  X  X  41— 3;^—  5^?*  =  12 
1234 


>  Dividers. 


I?    6    4    3 

i^is 
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M  is  evidently  greater  than  one.  If  a?  =  2,  its  co-part  is 
greater  than  6 ;  and  if  jf  =  3,  its  co-part  cannot  be  cx- 
prefled  in  nuipber^,  Therefore  *  is  greater  than  two,  ^nd 
Jbsfs  than  three. 

.\S2  +  4ly  1 

—  12  —   I2JJ  —  3j|«  >  =   1% 

f—  40  —  6oy  —  30^*  —  j;^«  J 

•••39-  31^ -33/ -5/  =  la     , 


>X3i  +  33:V-h5J'  =  18 
>^    ^^    >3    >4    jS    >^  Dividers. 
180  9a  60    45  3(5  30  Co-parts. 

J  IS  lefs  than  ,6,  Lrecaufe  the  number  under  6  is  left 
than  one  term  in  the  co-part  of  y;  it  is  alfo  lefs  than  ,5, 
for  31  4-  33J?  is  greater  than  36.     Let  j^  =  ,4,  and  then 
P  +  33y  +  5/ =  31+  ^3>^+  fi  =  45- 
.•.  j;  =  ,4,  and  AT  =  2,4. 

It  is  ufeful,  frequently  to  change  the  propofed  equation 
into  another  which  (hall  have  a  fmaller  number  of  terms 
in  it,  and  confequently  the  dividers  of  the  known  fide  may 
be  with  greater  eafc  confined  within  certain  limits.  Thus, 
if  x^  4-  ax^  +  ^A*  =  r.  In  examining  the  dividers  of  r,  it 
is  neceffary  to  compare  their  co-parts  with  x^  +  ax  +  i : 
but  if  the  equation  could  be  changed  into  another  of  this 
form  y^  +  ty  =  rf,  inw^ich'thc  difference  between  iv  and 
y  isz.  given  quantity  ;  y  might  be  found  with  greater  eafc 
among  the  dividers  of  J,  fince  its  co-part  y*  +  ^  is  fimplcr 
than  the  co-part  of  jf,  in  the  given  equation. 

Let 
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Let.*'  +  ax*  +  bx  zz  c^  and  mak€  x  ss  y  ^^  tL 


+  ay*  —  2aJy  + 


bd    J 


In  the  new  equation,  if  d  is  fuch  a  number  that  ^jr*  =:  - 
31/y*,  there  will  not  be  an  unknown  number  in  the  fecond 
power  ;  for  ay*'^idy*  in  that  cafe  will  be  equal  to  nothing* 

But  if  «/  =:  3i/y%  J  =  -.    Therefore  if  *  =  jp  ^  ?,  a 

new  equation  may  be  formed  without  the  fecond  power  of 

the  unknown   term.   -  is  the  third  part  of  the  known 

3 
co-part  of  the  fecond  power  of  the  unknown  number  in 

the  propofcd  equation ;  and  confcqucntly,  by  dividing  the 

known  co-part  of  the  term  having  the  fecond  power  of 

the.  unknown  number  by  three,  a  number  is  founds  by 

meanjft  of  which  the  new  equation  is  to  be  formed. 

Let  x^  +  3**  +  2Jif  =  24. 
Make  ;if  =  v  —  2=:y«.i, 

ThenjF^  —  3/  +  3;^  -  r 


r  +  3>  -  n 

l'*-*^  +  3>=24 

.../-,  =  24' 
.  ^x7^=24. 

1^347 

4    12    8    fijDividers.  . 


Let 
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Let  jr  =n  3  ;  then  ji»-i  =rl8,  and  j>«  =  9. 

•O'  =  3 

.•.  «p  ■=  3  —  I  =  2. 
I 
If  the  propofed  equation  had  not  been  changed,  ai^ong 
the  dividers  of  24,  one  whofe  co-part  is  equal  to  ;ra  +  3;^  4-  3, 
mult  have  been  fought  for. 

Upon  the  fame  principle  an  equation  may  be  changed 
into  another,  in  which  the  term  containing  the  fimple  un- 
known number  (hall  be  wanting.  Thus,  in  the  new 
equation  made  from  **  +  tf**  +  ^a:  .=s  r ,  by  changing  x  in- 
to j^  —  ^,  the  co-part  of  j^  is  3^*  —  2ad  +  *  5  and  confc- 
quently,  if  3//*  +  3  =  2ad,  the  term  having  y  for  one  part 
will  be  wanting.  This  can  feldom  be  of  any  ufe  j  as,  to  find 
J^  an  equation  of  the  fecond  order  muft  be  folved. 

Thus  many  equations  of  the  thkd  order  may  be  folved 
with  great  eafe :  but  fometimes  the  number  of  dividers  of 
the  known  term  is  very  confiderable,  and  alfo  the  un- 
known number  may  have  a  fraAional  value.  In  thefc 
cafes  it  is  tifeful  to  transform  the  equation  into  two  others 
of  the  fame  vali#6,  in  which  the  unknown  numbers  fhall  be 
greater  or  lefs  than  the  unknown  number  in  the  given 
equation  by  a  given  quantity  5  and  from  a  comparifon  of 
the  dividers  in  the  three  equations,  the  unknown  number 
in  the  given  equation  may  with  greater  cafe  be  difco- 
vcrcd. 

Let  *3  ^ax^  +  ix  szc.  ^ 
Make  ;r  n  v  +  l. 

.-.    *3  =    -J    ,1    +   3;»    +   3J,  +    I  ^ 

+  *^  =  J  +  *>  +*J 
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—  £^y^  —  2ay  >=:c— i  +  tf  — I- 

Hence  a  valu6  of  y  is  to  be  found  among  the  divlcicrs  of^ 
<■  —  i+fl  —  I,  which  is  lefs  \than  that  of  x  fcy  !• 

-Make  now  ;r  =  z  —  i. 


■J 


—  /72*    +     2^2  I  =  ^    +    *  +  tf    -1-    I. 


4-  iz 


A  value  of  z  is  to  be  found  among  the  dividers  ojT 
<r  +  ^  +  tf  +  I,  which  is  greater  than  that  of  *  by  i. 
Write  down  therefore  the  dividers  ofr—  ^-f-zi— i, 
Cf  c  -h  b  +  a  +  lyin  three  feries,  and  a  value  of  x  will 
be  found  in  that  divider  of  ^,  which  has,  in  the  feries 
above  and  below,  a  number  lefs  and  greater  than  itfelf  by 
unity* 

Let  x^  —  3Af*  +  2*  :i=  24. 

24  -i*  2  +  3  —  I  =  24>j  I     2     3    4    6     8     12     24 

24  >i     2     3     4    6     8     12     24 

24  +  2  4-  3  +  X  =  30J  12356    10    15     30. 

2  and 
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7,  and  4  are  two  dividers  of  24,  between  two  divi^.. 
of  the  upper  and  lower  feries  I  and  3.,  and  3  and  5 
greater  than  the  one  in  the  upper,  and  lefs  than  that  in 
the  lower  feries,  by  unity.  Therefore,  if  the  unknown 
number  is  among  thefe  dividers,  it  muft  be  either  2  or  4* 
If  2  is  taken  for  the  number,  its  co-part  muft  be  I2  =  ** 
—  3X  -h  2.  But  X*  +  2  is  only  equal  to  6.  .*.  2  does  not 
give  the  folution,  but  4  does  ;  for  its  co  part  is  6,  and 
6  =  A*  —  3*  +  2  =  16  —  12  +  2. 

In  the  two  new  equations  having  the  unknown  terms 
y  and  z,  it  appears,  that  on  carrying  ovei  the  known  quan- 
tities to  one  fide,  a  compound  term  is  to  be  taken  away 
from  c,  the  known  term  in  the  given  equation,  and  that 
this  compound  term  confifts  of  the  known  co-parts  of  tl>c 
unknown, terms.     The  marks  however  before  thefe  co- 
parts  do  not  remain  the  fame  as.  in  the  given  equation. 
When  in  the  new  equation  the  unknown  number  is  lefs 
than  that  of  the  unknown  number  in  the  given  equation 
by  unity,  the  known  terms  arifing  on  one  fide  of  the  equa- 
tion frora  fubftituting  y  -{-  1  for  Xy  are  the  known  co-parts 
of  the  unknown  terms  with  the  fame   marks.     Thus, 
I— /i+^  in  the  firft  transformed  equation  is  made  of  the 
known  co- parts  of  x^  —  ax'^  +  ^,  and  the  marks  in  both 
compound  terms  are  the  fame.    Confequently,  in  taking 
away  this  compound  term  from  c;  the  marks  before  the 
known  co  parts  muft  be  changed,  and  the  known  term, 
which  has  a  divider  lefs  than  x  by  ui^ity,  is  ^  —  i  +a-~i» 

In  the  fecond  equation,  in  which  the  unknown  num- 
ber is  greater  than  that  in  the  given  equation  by  unity, 
the  known  numbers  arifing  from  making  ;v  =  «  —  l  are  as 

before 
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before  the  known  co-parts  of  the  unknown  tern^s  in  the 
given  equation ;  but  they  are  all  to  be  taken  away  on  one 
fide  of  the  equation  \  and  therefore,  on  bein^  tranfpofed  to 
the  other  fide  of  the  equation,  they  are  to  be  added  to  c, 
and  confequently  in  the  dividers  of  r  +  I  +  a  +  *,  one  » 
greater  than  a  divider  of  *  by  i . 

For  the  other  fbrms  of  equations  of  the  third  order, 
three  feries  of  dividers  are  to  be  found  in  the  fame  man- 
ner, by  making  two  new  equations ;  and  the  compound 
term  to  b^  taken  from  c  yrill,  in  all  cafes,  be  made  of  the 
co-parts  of  the  unknown  terms ;  but  the  marks  of  this  new 
compound  term  will  depend  on  the  form  of  the  propofed 
•  equation.  Firft,  the  compound  term  to  be  taken  from  c, 
to  give  dividers  in  which  one  is  lefs  by  unity  than  th^e  un- 
known number  in  the  propofed  equation,  will  have  its 
marks  thefanie  as  thofe  of  the  terms  in  the  propofed  equa* 
tion.  Secondly,  For  the  compound  term  0  be  taken 
from  Cy  to  give  dividers  in  which  one  is  greater  than  the 
unknown  number  in  the  propofed  equation  by  unity,  the 
marks  of  the  comparts  will  differ  from  thofe  in  the  pro- 
pofed equation.  For  the  co-part  of  the  unknown  terms, 
whofe  indes;  is  either  three  or  one,  will  have  the  oppofite 
mark  to  that  which  it  had  in  the  propofed  equation. 

Thus,  in  the  form  V*  —  ax*  +  J;ip  =s  r,  if  ;r  —  z  -  i,^ 
the  new  known  term  refulting  will  be  —  i  —  «  —  i, 
which  being  tranfpofed,  will  make  the  other  fide  of  the 
equation  r  -|-  i  +  a  +  i.  This  proceeds  from  the  na- 
ture of  the  marks  in  a  two-fdld  terip  raifed  to  the  third 
power ;  for  its  lail  term  will  always  have  the  fiime  mark 
as  the  fecond  term  in  the  two-fold  tetm  from  which  it 

o  was 
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was  taken.  The  laft  term  of  «— il*  is — i  j  of  «+Tl3  is  + 1 . 
The  mark  of  the  term,  on  the  contrary,  of  a  two-fold 
term,  raifed  to  the  fecond  power,  never  varies  :  for  the  laft 
term  is  always  to  be  added  to  the  other  terms,  whether  in 
the  fimple  two-fold  term  the  fecond  term  was  to  be  added 
or  taken  away.  The  laft  term  in  2  —  i,  raifed  to  the  fe- 
cond power,  is  +  i»  as  is  alfo  the  laft  term  in  z  -H  i^* 

Hence,  as  in  tranfpofing  terms  they  change  their  marks, 
the  compound  term,  wKbfe  dividers  are  to  be  found,  may 
be  written  down  with  great  cafe.  The  tern.,  one  of 
whofe  dividers  is  lefs  by  unity  than  *•,  will  be  c  followed 
by  the  co-parts  of  the  unknown  term  in  the  given  equa- 
tion, with  their  marks  changed.  The  term  one  of  whofe 
dividers  is  greater  than  x  by  unity  will  be  r,  followed  by 
the  co-parts  of  the  unknown  term;  that  of  at*  only  having 
its  mark  changed* 

Thus,  let  the  equation  x^  +  jat*  =  ^  be  propofcd  for 
r^folution  by  dividers  j  then 


s^a^i'^  r lefs  than 

(  contains  a  J 
f  divider    -J  « 

<:— j  +  ij  {^greater 


lan       7     C  '^y  ^^^y- 
X  than  J     {^\y]  unity. 


For  the  dividers  of  the  equation  ;c5  +  ««*  —  i*  =c  r, 
the  terms  are  ^  +  i  —  ^  —  i,  r,  r  —  ^  —  ii  +  i. 

For  the  dividers  of  the  equation  a?'  —  ax^  -^  bx  ss  e^ 
the  terms  including  dividers  arc  t  +  i  +  n  —  i,  r,  r  —  * 
4^+1. 

L  For 
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For  the  diridcrs  of  the  equation  jx*  —  bx  +  «»  =  r, 
the  t^rms  for  dividers  arc  r—  i  +  *  —a,  r,  r  4- 1  —  *  —  «• 

By  obferving  the  rule,  the  dividers  for  the  other  forms 
may  be  written  down  without  trouble. 


QJJ  E  S  T  I  O  N  S 

PRODUCING  EaUATIONS  OP  THK  THIRD  ORDER. 

IN  the  folution  of  the  following  queftions,  all  the  divi- 
ders of  the  middle  term  c  are  not  fet  down;  as  from  a  fim- 
ple  view  of  the  equation,  it  will  appear  that  fome  cannot 
be  applied,;  and  by  taking  the  dividers  of  the  middle  term 
firft,  it  will  be  feen  what  may  be  taken  from  the  dividers 
of  the  other  terms. 

Some  officers  and  foldiers  were  travelling  together.  The 
officers  had  each  twice  as  many  guineas  as  there  were  fol- 
diers in  company,  and  for  each  officer  there  were  as  many 
foldiers  as  there  were  officers  in  the  company ;  and  their 
money  amounted  to  3456  guineas.  What  was  the  num> 
ber  of  officers  and  foldiers  ? 

Let  X  =  the  number  of  officers, 

then  a;*  =  the  number  of  foldiers  : 

.%  2x^  =  number  of  guineas  which  each  man  had, 

.•.  2\^  X  X  =^  2x^  =  number  of  guineas, 

.'.  2x^  =  3456. 
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.%x^  =  1728 

,-,  *^==  VTt2S 

.*.  X  =t  12* 

Thctc  were  12  officers  and  144  foldiers  in  company. 

By  dividing  fixteen  pounds  between  two  perfons,  the 
third  power  of  one*s  fhare  exceeded  the  third  power  of 
the  othet^s  by  386.    What  were  their  (hares  ? . 

Let  one  (hare  =  x 
then  the  other  fliarc  =  16  —  at 


.%  ;rs  —  16  -  x^  =  386 

/.  y3  ^  4096  +  763*-  —  48**  +  Af5  =  386 

••.  2x^  +  ^6ix  —  48jf*  =  386  +  4096  z=  4482 

.•.  x^  +  384Ar  -*-  24**  =  2241 

M41  +24  —  384—1  =  1880  'J  2  ,  4 ,  J  ,  8 , 

2241  [3>  9 249,747 

2241  +  24  +  384  +  I  =  2650  J  5  ,  10 


•  •  • 


9  is  the  divider,  having  a  number  above  and  below  dif- 
fering  from  it  by  unity  5  and  if  ;v  =  9,  Pf*  -+•  384  —  24X 
=  249. 

.*.  «  =  9,  and  16  —  jr  =  7. 

The  two  (hares  were  9  and  7  pounds. 

The  dividers  between  9  and  249  were  not  written 
down,  becaufe  it  was  evident  that  the  next  divider  to  9 
mult  be  greater  than  the  value  of  a-. 

L2     -  What 
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What  two  numbers  are  thofe,  the  fum  of  whofe  fquares 
is  58,  and  their  produdity  multiplied  by  the  greater,  I47  ? 

Let  X  be  one,  and  y  =  the  leaft  number : 

..,^»  +  /  =  58 
.-.  AT*  =  58  -  / 
and;fy  X  *  =  147 

y 

..58-/ =  11^ 

•••  y  X  5^^*  =  M7 

147  +  1-58=     9<^"v  i.>  2,  3,  5,  6.... 

147  ^i>  3>  7>  *ii  49f  H7 

147     —     1     +    58=       204-^1   ,     2,     3,4,6.    r.   . 

j>  cannot  be  a  whole  number  greater  than  7 ;  for  if  k 
were,  /  could  not  be  taken  firdm  58. 

3  lies  between  the  two  numbers  2  and  4,  to  be  Found  hi 
the  upper  and   lower  feries.     And   if  j>   =    3,    58  — 

V*  =  49- 

••.  ;^=3,andjf*=:-^  =  49. 

A,  B,  and  C  had  amongft  them  2000  {hillings,  of  which 
B  gave  to  A  a  number  of  fhillings  equal  to  the  fecond  root 
of  A's  fliare,  and  had  341  ihillings  left;  but  if  he  had 
glvefi  to  C  a  number  equal  to  the  third  root  of  Cs  (hare, 

he 


r 
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he  would  have  iad  362, killings  left.     What  was  each 
mxk*$  ihare  at  iirll  ? 

A's  fliare  =  x,    B>  =  y,    C's  =  z, 

/•  *  4-  ;?  +  z  =  2000^    .'.  y  =  2000  — .  ;r  —  z 

j^  -^  2^  =  362     /.  ;^  =  362  +  z^ 

•'•  341  +  ^    =  3^2  +  z^ 

.%  A?^  ;=  21  +  z^ 

1 
But  362  +  z^  ==  2000  ^  ;ir  —  z 

•'•  362  +  Z^  =   2000  —  441    —  422*^  —  z^  —  36 

2.  I  a 

•'.  Z^  +  422^  +  2^   +  Z  =   1197 

21 

.%  2  +.2^  +43*^  =  1197- 
Let  z  =  v^. 

.-.  V3    +   V*   +   43V   =    1197 

and.  V  muft  be  lefs  than  ^Tiyj  or  1 1. 
J197  -^  I  -  I  ^  43  =  ,152-.  1.2.  3.  4.  6.    8.  9 

'^97>i-  3.  7-  9. 

1197  +  1  —  I  +  43  =  1240J  I.  2.  4.  5.  8.  10 

V  :r  9   '  .•.  ^'  =  729  =  z 
.-.  729  =  C's  fliare 
371  =  B's  fliare 
9^)0  =  A's  fliare. 

L  3  A  bought 
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A  bought  fcvcn  fliecp  more  than.B  for  15/.  and  the 
number  of  B's  flicep,  raifed  to  the  fecond  power,  is  equal 
to  the  number  of  (hillings  that  A  paid  for  each  fheep. 
How  many  did  each  buy  ? 

Let  AT, =  "I  rB 

>  flicep  bought  by  < 

300J. 
•'•  ""X"  ^  Shillings  paid  by  A  for  each  (hccp 

100 

.-.  X^  =  -^2_ 
Ar  +  7 

300-7  — I  =  292^4, 

300  >4  5  5  >  ^  •  •  •  75  ?  <59  3  SO 
300  —  7  +  I  =  294J  6 

5  being  equal  to  x,  x*  H-  ^x  :=i  60 

.•.  5  ==  number  of  Iheep  bought  by  B 

.*.  jf  4.  7  =  12=  number  of  flieep  bought  by  A. 

How  is  35  to  be  divided  into  two  parts,  fo  that  the  fe* 
cond  power  of  the  fmaller  part,  multiplied  into  the  other, 
may  produce  750  ? 

Let  ^  =  the  leaft  part. 

,•,  3(5  —  ;ir  =  the  other  part 
•••   35—*  X  **  =  750' 
750  -  35  4-  i  =  716^  I  ;  a-,  4 

lSo>2\  Z\  S\  65 

750  — 35-  ^  =  714^3  J  6 

If 
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750 


If  *■  ^  5,  then  the  co-part  of  x*  =  —  =»  30 

but  35  -  jr  =  35  -  5  =  30 

.•.•*■=  5>  and  3S  — -^  =  30     ' 
The  two  parts  arc  5  and  30. 

What  two  numbers  are  as  three  to  two,  when  the  fum 
of  their  third  powers  is  280  ? 

Let  X  =  one  number. 

Q.X 

.•.3:2::*:  —  the  other  number 
3 


=  280 

...  35*'  = 

»7 

280 

=  8 

=  2 


,•,  X  =  6«  and  —  =  4 
The  two  numbers  are  6  and  4. 

Two  'mafons,  A  and  B,  jointly  perform  a  piece  of  work 
in  twelve  4ay8  \  ?ind  if  the  fum  of  the  d^ys  in  which  they 
could  each  have  feparately  performed  it  were  multiplied 
into  the  days  in  which  A,  the  beil  workman,  could  have 
done  it,  the  produ£t  would  be  looo.  In  what  time  could 
each  do  the  work  ? 


L4 


Let 


1 
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Letx 


'  Z 1  ***y*  *°  «*icb-{  _  {•cou^'i  "So  '»* 


12 


jr  :  X  ::  12  :  — 

X 

►  work  done  hj  , 

A 

y  :  I  : :  12:  — 

B 

12        12 

.".    J2y  +  llx  «  xy 
I2x  ^  xy  ^  12y  ^  yX  *  — l^ 

but^^  +  y  X  X  ^  1000 


Jir  +  l2Af 


X  X 


JOQO 


*— 12 

jtf*  X  ;c  =s  1000^  —  12000 


.-.  X  X    lOOO— Af*  =s  12000 
X2000  —  1000  +  I  =  IIOOI^J  19 

12000 

12000  +   1000  —  I  =    1 2999  J  21 


1^9 
12.16.20 


750.600 


X  evidently  cannot  be  equal  to^  or  lefs  than,  12  ;  apd 
20  has  a  number  in  each  feries,  difTering  ffom  it  by  unity, 
and  its  co-part  600  =  1000  —  x\ 


.*.  X  =  20,  and  y 


12  .  20 
20  —  12 


240. 


3P- 


EQUATIONS 
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EQUATIONS  OF  A  HIGHER  ORDfeR 
THAN  THE  THIRD. 

EQJJATfONS  of  ft  higher  order  than  the  third  tnay  %c 
folved  1>y  meatis  of  the  dividers  ^f  the  ktiown  term;  ^bot, 
from  the  greater  number  of  terms  on  one  fide  df  thceqm* 
lion,  the  procefs  will  be-often  very  tedious.  The  order  of 
the  equation  is  determined  by  the  higheft  power  of  the 
unknown  number ;  if  it  is  the  fourth  power,  the  equation 
Is  of  the  fourth  order ;  if  it  is  the  fifth  power,  the  equation 
IS  of  the  fifth  order ;  and  if  n  is  the  index  of  the  higheft 
power  of  the  unknown  number,  the  equation  is  of  the  a* 
order.  An  equation  of  the  rfi"  order  may  be  reprefcntcd 
generally  in  the  foUowfng  manner : 

r 

aad,  as  fome  of  thefe  terms,  inflead  of  being  added,  may 
be.  taken  away,  by  changing  the  mkrks  of  thofe  terms,  this 
equation  may  be  changed  into  any  of  the  form^  of  the  n^ 
order. 

SinceA?n-|-  ^jfo-i  V**"*  +  cx^'^ ntx^  I, 

X  X  ;r"-*  +  ax'"*  +  bx^-^  +  cx^'^ m  =s  /. 

Therefore,  among  the  dividers  of/  one  will  be  found  equal 
to  Xf  whofe  co-part  is  equal  to 

x«-'  +  flV*-*  +  A;r»-3  +  ri"-* m. 

To  fi^d  witSi-greater  eafe  the  divider 'which- fblvcs  the 
equation,  inflead  of  three  feries,  -five  may*  be  ufed  often 
with  great  advantage  5  and  as  the  upper  and  lower  feries 
were  before  made  by  fubflituting  the  'unkAo^ri  number 
for  two  others,  the  one  greater  ^  and  the  other  lefsby 

unity^ 
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unity,  the  two  additional  feries  are  made  by  fubftituting 
for  the  unknown  number  two  others,  the  one  greater  and 
the  other  lefs  by  two.  Confequcntly,  if  among  the  divi- 
ders of  the  known  fide  of  the  given  equation  one  is  found 
differing  from  fome  of  the  dividers  of  the  new  equations 
by  one  and  two,  the  number  thus  found  will  folve  the  given 
equation* 

Let  ;rn  -f.  fl*"  ■  *  +  *;r  =  A 

Make  x  z=  y  +  % 


\  y^  +  fty    *  2 


.  jD    -I-   ;jfya.l     2, 


+  2»       ^ 

+  hy  +  b.2   J 


If  xj=  ^  —  a. 


:.} 


+  hy 

Let^  +  14)^3  +  9/  =  1296. 

1296  — 2*-— 14.2' — 9.2*=  1132-%  1.2.4 
1296—1   —14     —9        =1272    1.2.3.4 

1296  >i. 2. 3.4. 
1296— f  +14  —9  =  1300  1.2.4.5 
1296  — 2*  +  14.2'  — 9.2*=    1356J  I. a. 3.^. 6. 

j^  is  lefs  than  \/ 1 296:  .*.  the   dividers  equal  to,  or 
above  6,  need  not  be  tried. 

There 


There  are  two  dividers  of  1 296,  differing  from  the  di- 
viders in  the  nearcft  feries  above  and  below  them  by  one, 
namely,  3  and  4.  Therefore,  if  we  had  no  other  data, 
thefe  two  numbers  muft  have  been  tried  in  the  co-part  of 
jp.  But  though  3  is  greater  than  a  divider  in  the  upper- 
moft  feries  by  two,  yet  there  is  no  divider  in  the  loweft  fc- 
jies  greater  than  it  by  two  :  and  confequently  three  cannot 
be  the  required  divider ;  4  is,  and  its  co-part  324  =.  y^  + 
M/  +  9J- 

If  the  unknown  number  Is  largp,  whiph  may  be  often 
feen  from  comparing  together  the  known  fide  with  a  few 
terms  on  the  other  fide  of  the  equation,  it  will  be  ufeful  to 
change  the  given  equation  into  one  in  which  the  unknowii 
number  fhall  be  a  given  part  of  the  unknown  number  in 
tlie  propofed  equation.     Thus,  in  the  equation. 


Let  y  =  ",     ••.  *  =  py. 
.'./"/  +  ^Z^" ■ '  /•  *  +  */° "*/  •  *  +  r/"  *  /-  ^ mpy  =/. 

Divide  both  fides  by  p\ 
„    .    fl/-'       ^v"-*         n?"-'  my  I 


Thus  the  knpwQ  fide  may  be  made  lefs,  and  the  num* 
fier  of  dividers  may  be  decreafed.  This  change  is  made  at 
once  by  dividing  the  Tecond  term  of  the  propofed  equation 
by  the  number  denoting  the  part  which  the  new  un- 
known number  is  of  the  other,  and  the  terms  in  fucceflSon 

by 


I 


1 
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This  change  is  of  ufe^  when  the  known  fide  of  the  equa- 
tion is  a  fraflion ;  as  it  may  be  made  a  whole  number  if  p 
is  made  large  enough. 

Let  *4  —  ^x^  +  8**  —  3^  =  ^; 
Make  x  ^t 


If  jrhad  been  made  equal  to  ^y  the  knowh  fide  wouW 

4 

Lave  been  4x4*=  1211-=:  5X4*=  80,  andv  wouM 
16  4* 

have  been  found  among  the  dividers  of  80^ 


When  in  the  propofed  equation  there  are  (everal  term* 
to  be  taken  away,  it  is  ufcful  to  find  fucha  value  for  thcf 
unknown  number,  as  fliali  make  the  difference  between  the 
terms  to  be  added  and  taken  away  equal  to  nothing,  and 
thus  a  limit  to  the  unknown  number  is  found* 

Let  A*  —  7x^  =  896. 

If  *5  —  2*3  =  o  :  *3  X  x^'-2  =  0,  and  x  =  i/5, 
Confequcntly  \r  muft  be  greater  than  ^/i.  Alfo,  fince 
x^  X  x^—2  =  896,  X  mull  be  lefs  than  the  third  root  of 
896,  or  lefs  than  lo. 


Let 


r 
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Letx5—  i2x'  =  256: 

.-.  x^  X  >  —  12  =  256 

.*.  X  muft  be  lefs  than  1/256  or  lefs  than   7,  and  if 

''*-*  12  =  0,  *  =y/i2.  •  Therefore  ^  muft  be  greater 
than  3. 

Let  x^  —  6^:4  +  ^x^  —  2^^  +  tix  =  24 : 


.'.  ;r  X  ^  +  9^*  +  12  —  ^  X  6**  +    2  =  24. 

If  *^4  +  pjr*  +  x2  =  6^:3  4-  2^,  one  fide  of  the  equation  is 
equal  to  o  j  and  in  that  cafe 

64:3  +  2x  —  x^  —  pA-*  r=  12  ; 


or  ^  X  6x^  +  2  ^  X  X  x^  -^  gx  =  iz 

.-.  ex"  +2<x^  +  gx. 

But  if  6Ar'  +  2  =  ^-3  +  9;r, 

then  6;r*  -i-  2  ^  ^  X  PHhp 

.•.  6*  -f  -  =  ;r  +  o 

••.  6-*  =  *  +  9  nearly 

,«.  <5^  _  jp  =9  nearly 

.'.  X  X  S—x  =  9  nearly 

.'.  A?  =  3  nearly. 

Hence  x  muft  be  lefs  than  three.  Let  x  be  made  equal 
to  two,  and  confequently  its  co-part  I2  =  x**  +  9^?*  +  12 
—  6x^  — .  2x : 

.•.^3  + QAT  =  (?**+•  2 

.-.  8  +  18  =6.4  +  2. 

Hence  2  is  a  value  of  the  unknown  number. 

Now, 
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Now,  If  X  is  made  laeccffively  greater  than  two,  itt 
ccvpart  diminifliesi  and  then  intreafes  ;  the  produ^  U 
firft  lefs,  and  aftertiirard  greater,  than  24,  and  confc- 
^uently  there  is  another  number  wjxiebf  bciqg  ftibftuuted 
for  :f,  will  folve  the  equation. 


If  x3  +  36  =  4**  +  5x> 


*   >^4«  +5  —  *'*  =  36.' 

X  mud  be  greater  thaii  ohe,  alfid  cohfe^uefttly  in  th^ 
propofed  equatLo^  x  muft  be  greater  than  one.    And  if  x 

were  equal  to  4,  36— 5^?  =  9.  But  36  —  5Ar,  in  that 
cafe,  is  greater  than  9*  .\  x  is  lefs  thajn  4.  There  are 
two  dividers  of  36  lying  between  the  Kmits  thus  found,- 
gamely,  2  and  3.  Gonfequently,  if  ;^  ==  2,  ^^3  —  4^*  -* 
jx  4-  36  =  18 : 


Or;rX4;c+5-Af*  =3=  18, 

which  it  does,  and  confequently  x  s^  2* 

,  Orif  Ar=3, 

then  AT'  -  4Ara  _  5;^  +  jg  --  ,2.  , 


.•.  X  X  4»:  +  S-Af*  =  24 

'••  4*  +5  -  ^*  ^  8, 

which  it  does,  and  confequently  ;c  =  3. 


Or 
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Or  this  might  hare  been  done  by  the  three  feries  of  di-* 
viders.  i. 


—  I  +4  +  5 —'36  =  8^  124  S 

36  ll  2  3  4  6  9  12  18  36 

—  I  —4  +  5  +  36  =72 J  I  a  3  4  6  8  9  12  18  24 


2,  and  3  are  the  only  numbers  which  can  folve  the  given 
equation. 

Let  *♦  +  3*3  —  7**  —  27/v  =  18 


.-.  M  X  x^  4-  3;^*  —  ^x  —  27  =  18* 
^   I{x3  +  3**  =  7iv  +  27, 


X  X  Af*+3^-7  =27. 
«*.  Af<2  and  a;>3  in  the  Kmiting,  equation. 

If  ^  =  3,  ;c3  +  3jv2  «  7**  —  27  =  6,  and  this  is  found 
to  fucceed  ;  .•.  ;r  =  3.  By  the  mode  of  dividers  the  fame 
will  be  found. 

18  —  1  —  3  +  7  +  27  =  48^  123468 

18^1  2369 

18  —  I  +  3  +  7  —  27  =    o) 

The  only  dividers  of  18,  which  have  a  number  lefs  by 
unity  in  the  upper  feries,  are  2, 3,  and  9,  and  confequently 
if  3,  4,  and  10  had  been  found  in  the  lower  feries,  the 
former  numbers  2,  3,  and  9  would  have  folved  the  equa- 
tion. But  on  attempting  to  take  dividers  of  the  lower  fe- 
ries, it  is  found,  that,  by  fubftituting  ^  —  i  for  x^  or  writing 
down  the  terms  to  be  taken  away  from   1 8,  there  is  no 

M  number 
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number  from  which  dividers  can  be  taken  in  that  form. 
But,on  examining  the  new  equation,  a  number  isfound,by 
which  the  value  of  the  unknown  number  may  be  difco- 
▼ered* 


/ 


Let  A?  =i=  >  —  I. 

/  —  4>5  +  6y*  —    4y  +     i 
+  3>'  — 9/  +    9y —    3 
—  7/  +  '4^—    7 
—  27y  +  27  J 


>=  i8 


.-.  j^  — jfS  —  loy*  —  8^  =  o^ 
.•.  y  — j^* —  loy  =  8 


.•.j>  X/  —  J  —  10  =   8 

And  4  is  greater  than  x  by  unity.  Confequently,  if  among 
the  dividers  of  1 8  there  is  a  number  lefs  than  4  by  unity, 
that  will  folve  the  propofed  equation,  and  no  other  num- 
ber can.  On  fcarching  among  the  dividers  of  18  three  is 
found,  which  therefore  folves  the  equation. 


Let  «♦  —  6«»  +  5pf»  +  2x  =10. 


ID— I  +6  — s  —  2  =  8'\i  234 

10  li  2  5 
10  — I— 6^— 5  +  2  =  oj 


Let 


'  I 
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Let  X  ^  y-^u 

*•.  ^3  —  10/  +  a9jr  =  30 


••.  j^  X  /-^  loj^  +  29  =  30 
•'•  J'  =  6. 

Among  the  dividers  of  10,  there  is  a  number  lefs  th^iii 
6  by  unity,  confcquently  j  folves  the  ptopofed  equation. 

Hence,  \t  in  attempting  to  folve  an  equation  by  mean^ 
of  three  feries  of  dividers,  it  fhould  appear  that  the  lowei^ 
Series  is  wanting,  the  equation  may  be  reduced  to  one  of 
dn  inferior  order  with  an  Unknown  number  greater  than 
the  unknown  number  in  the  given  equation  by  unit. 

In  the  higher  equations,  as  in  thdfeof  the  third  order, 
an  approximation  may  be  made  to  the  unknown  numbet 
by  changing  it  into  ano,ther,  greater  or  lefs  by  a  given 
difference. 

Let  X*  -h  I2JP  =  1^. 

K  is  evidently  greater  than  one,  and  lefs  than  2* 

Leti?  =  jr  +  I. 
•••  /  +  Af  +  6)r*  +    4J^  +     i^ 
i2y 


+  4j^  +   n  _ 

+  I2>  +  12/ 


M2 
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.'.  y^  +  Af  +  6/  +  i6j?  =  4 

.'.  y  X  y  +  4/  +  6y  +  i6  =  4 

,1  :  ,2  :  ,5*  :  ,4  :  ,5  :  ,6     T  Dividers. 

40  :  2o :  13  :  lo  :  8  :  6,j^  |.  Co-parts. 

);'  +  4j;*  ■+•  6);  +  16  is  greater  than  16,  and  lefs  than  20* 
Therefore  y  is  between  ,2  and  ,3. 

.•.  *=  1,3  +  2. 

Subftitute  1,3+2  for  ;i:,  and  fro©  the  new  equation 
another  figure  may  be  obtained,  and  fo*  on. 

Before  an  attempt  is  made  to  folve  an  equation 
of  a  very  high  order,  it  may  be  ufeful  to  examine^ 
■whether  it  may  not  be  deprefled  into  one  of  an  inferiour 
order  whofe  folution  is  eafier.  Thus,  let  x^  —  ax^  + 
hx^  =  /  be  propofed.  Then  by  making  y  z=  x*,  z  new 
equation  is  formed,  y^ — ay"^  -{■  by  =  I,  from  the  folution 
of  which  X  is  determined  by  finding  the  fecond  root  of  jr. 

U  x^—ax^  =  i. 

Let  y  =:  x^ 
.*.  y^'-^ay  =  / 

and  x  =  the  fourth  root  of  the  unknown  number  in  the 
laft  equation. 

In  general  an  equation  may  be  deprefled  to  one  of  a 

lower  order,   if  the  indexes  af  the  unknown  number  in 

the  given  equation  are  divifible  by  the  fame  number.     la 

the  equation  x^  —  ax^  +  bx*  =  /,  the  indexes  6, 4,  2  are 

"?;.  divifible 
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divlfiblc  by  2 ;  but  the  equation  x^ — ax^  +  bx*  cannot 
be  dcpreffed,  becaufe  5,  3,  2  are  not  divifible  by  the  fame 
number. 


ON  THE  MODE  OF  SUMMING  A  SERIES  OF  NUMBERS 

WHICH  FOLLOW  A  CERTAIN  ORD£R. 

IN  endeavouring  to  find  a  decimal  equal  to  a.  common 
fraftion,  jit  has  been  ftiewn  that  a  feries  of  figures  fomc- 
times  recurs^  and  that  any  given  number  of  ihefe  figures 
will  differ  from  the  common  fraftion.  The  divifion, 
which  produces  this  decimal,  may  be  continued  without 
end,  and  hence  the  c<".Irnalis  called  an  infinite  feries. 
The  fum  of  fuch  a  feries  cannot  be  found  j  but 
the  limit   to  which  it  is   continually  approaching,  may 

ic  afcertained.    r  =  j33333  ----or-2=  —  o.  -i-  4- 

-2-  4-  — A — , *  -    The  law  of  this  feries  is,  that 

1000        J  0000 

each  term  is  one-tenth  part  of  the  preceding  term.     In 

the  fame  manner  other  feries  are  formed ;   and  from  the 

hir  wbicii  is  fbUowed  in  ibe  formation  pi  them  diey  ac- 

.quiie  pecuUaur  names. 

If  in  a  feries  of  Yiumbeirs  each  term  diflers  from  the 
preceding  term  by  a  given  number,  the  terms  are  faid  to 
be  in  arithmetical  progreffion.  Thus,  i>  ^,  3,  4,  5  is  a 
teries  of  numbers  in  arithmetical  progreffion,  es^h  num- 
ber exceeding  the  preceding  number  by  unity.     8,  6, 4, 2 

M3  it 
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is  alfo  a  feties  in  a  fimilar  progrellion  but  dccreaCngy 
each  term  being  lefs  than  the  preceding  term  by  2, 

Let   A^CD- KL  reprcfent  any  fertes 

of  numbers  in  arithmetical  progreflion,  whofe  firft  term  19 
A  and  laft  term  L.  Let  «  =  the  number  of  terms,  and  * 
the  common  difierence.  If  the  numbers  increafe,  h  is  to 
be  added  to  any  term  to  make  the  fubfequent  term }  if  the 
numbers  decreafe,  3  is  to  be  taken  away  from  any  term  to 
make  the  fubfequent  term. 

Let  the  numbers  progreffively  increafe;  then,  fince  A  {s 
the  firft  term,  A  +  ^  is  the  fecond  term  =  B ;  and  the 
third  term  C  =  B  +  A  =  A  +  2* ;  the  fourth  term 
D  =  C  +  *  =  A  +  3^,  and  fo  on.  Confequently  fince 
3  is  added  to  A  for  the  fecond  term,  and  is  conftantly  add- 
ed for  each  term  afterwards,  any  term  in  the  feries  may 
be  found  without  knowing  the  preceding  term.  If  the 
fourth  term  is  required,  b  muft  have  been  added  three  times 
.  to  make  it.  Therefore  the  fourth  term  is  A  Hh  3*.  The 
fifth  term  is  A  +  4*.  The  fixth  A  +  5*  j  and  if  m  = 
any  number,  the  m^  term  =  A  +  iw— 1  •  b.  Confequently 
if»i  =  /i.L  =  A-(-  «— i.i- 

Hence,  if  of  the  four  things,  the  firft  term,  the  laft 
term,  the  number  of  terms,  and  the  common  difierenpe^ 
any  three  are  given,  the  fourth  may  be  found  by  means  of 
a.fimplc  equation.  Jf  the  Ifift  term,  the  number  of  terms^ 
jnd  the  pommon  di^erence  s|rc  given,  the  firft  term  A=L 
: —  b  X  n  —  i*    If  the  firft  term,  laft  term,  and  number  of 

L  —  A 

ffl^m^  are  given,  the  common  difference  b  s  ^ 1., 

/I  —  I 

'       If 


J 
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If  the  firft  term,  laft  term>  and  common  difference  are  gU 
ven,  the  number  of  teans  n  = 7 . 

What  is  the  laft  term  of  the  ferics  2, 4,  6,  8 * 

having  twenty  terms  ?  Here  A  =  2,  *  =  2,  and  «  =  20. 

L  =  A+«-I.i=2+20—  I,2  =  2  +  38  =  40, 

What  is  the  firft  terra  of  the  feries  ------  54>  57, 60 

having  10  terms,  and  60  being  the  laft  term  ?  There  are 
three  terms  of  this  feries  written  down,  confequently  the 
con^mon  difference  is  given,  for  it  is  equal  to  57  — -  54, 
or  3 ;  and 


A  =  L  — *  Xh^i  =  60  —  3  X  10— I  =  60  —  27  =  33. 

What  is  the  common  difference  in  the  feries  27  -  -  -  . 

. «  7 1,  the  firft  and  laft  terms  only  being  known, 

and  there  being  twelve  terms  i 


»  —  I  ra  —  I  II       ^ 


What  is  the  number  of  terms  in  the  feries  I2|  20,  28 
•-•^ 92? 


L  — A+*       92  —  12+8        88 
n J—  =  >i 3 =  —  =  II. 

In  a  feries  of  numbers  in  arithmetical  progreffion  the 
fum  of  any  two  numbers,  equally  diftant  from  the  ex- 
.^emes,  is  equal  to  the  fum  of  the  firft  and  laft  terms. 

M4  Let 
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Let  A  BCDE IKL  reprefent  a  feries  of 

numbers  in  arithmetical  progrcffion.  Then  A  +  L  = 
fum  of  iirft  and  laft  terms,  TheKond  term  Q  ^  A  •{-  i^ 
and  the  laft  term  but  one  K  =  L  —  ^, 

.%B  +  K=:A+*  +  L-^  =  A  +  L. 

The  third  term  C  =  A  +  ai,  and  the  laft  term  but  two, 
l  =  L  — ai. 

•%  C  +  I  =  A  +  2*  +  L  —  a*  =  A  +  Ji. 

In  the  fame  manner  it  will  appear,  that  any  other  two 
numbers  equally  diftant  from  the  extremes  =  A  4-  L. 

If  there  is  an  odd  «iumber  of  terms  in  the  iisries,  the 
middle  term  is  equal  to  half  the  fum  of  the  firft  and  laft 
terms. 

For  the  middle  term  is  the  term  denoted  by  -^  +  i 


«  4-  I                     — —             n  +  I         .     «  — I  . 
or  sz  fo.     .\  m  —  I  .  ^  = -^i.^= .*• 

2  Z  2        • 

Therefore    the    middle    term     =    A   +       *T    •  *  ^ 
2 

•—-V A .    But  A  +»^i.i=Ji.    .••the 

a  •      ."     •,      ^ 

mi4dk  term  =?  ^lii^ 


Thefum  of  a  feries  of  numbers  in  arithmetical  j)rogref« 
^on  i$  equal  to  the  fum  of  the  firft  and  laft  term$  multi^ 
plied  ^ito  half  ;the  niunber  vi  terms. 

Let 
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Let  the  number  of  terms  be  even  :  then  the  fum  of  the 
feries  is  equal  to  the  fum  of  the  firll  and  lad  terms,  and  of 
all  the  terms  equally  diftant  from  them  :  and  fince  every 
pair  of  terms  thus  taken  is  equal  to  A  +  L,  and  there  will 
be  as  many  pairs  as  units  in  half  the  number  of  terms,  the 

fum  muft  be  equal  to  A+L  X  ~- 


If  the  number  of  terms  is  odd,  the  fum  is  equal  to  the 
fum  of  the  middle  term,  and  all  the  pairs  of  terms  equally 

A  +  L 

diftant  from  it;  and  confequently  it  is  equal  to 1- 

n  —  I        .        .-.      A  +  L  +  «A— A+«L— L 

'   X  A  +  JL  =      '  =s 

2  2 

2  Z 


Hence,  if  15  =  the  fum  of  the  feries,  Cnce  A,  L  and  n 
may  be  found  in  terms  of  each  other,  of  the  five  things 
A>  L,  «,  h  and  S,  any  three  being  given,  the  other  two 
may  be  found. 


S=:A  +  LX-  =  L— ^   y^n-^i   +Lx-  = 
2  2 

aL  —  *  X  «^  ^ 

; X   «. 


,s=aTl  X  "-  =A+A+^=T.*  X  ^=*JLt£zZix». 


From  the  firft  equation 


2S       r      aS  — «L 

n  M 


Aod 


,       (      179     > 

And  from  the  fecond 


2A  5=  —  — ^«  -^i.i,  .-.  A  =  ■ ■. 

n  2.n 


From  the  firft  equation 

L  = A  = ;  and 

n  n 

aL  = -^  +  *  X TTTT.    ...L  =  l  +  *x"'~' 


»  »  2 


From  the  firft  equation 


n        »  —  I       «—  I  91 


And  from  the  fecond 


^1=  —  —  2  A  X =  — —  X » • 

*  »—  in  —  I  n 


From  the  firft  equation 

«  =  ___,  and 
2S  =  2«L  -  «**  +  nb. 


.\  »  X  2L  +  * —  nb  =  2S. 

If  the  terms  of  the  feries  decrcafc,  the  fame  equations 
may  be  ufed,  by  changing  only  A  for  L  and  L  for  A.  For 
by  making  the  laft  term  of  a  decreafing  feries  the  firft  terni 
of  the  fame  feries,  read  the  contrary  way,  a  feries  of 
^erms,  increafing  by  a  common  difference  is  formed* 
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«,  fl  +  2*,  tf  +  3*  -  -  *  -  fl  +  n  —  2,  tf  +  n — 1  Mstlie 
fame  as  fl  +    «  — li,  a  +  «  —  2*,  ii  +  «  — 3  .i 


tf  +  2*,  fl ;  in  the  latter  cafe  a  +  «  —  i  .  ^  being  the  firft 
term^  and  a  the  laft  term :  but  in  the  former  cafe  a  was  the 

6rft  term,  and  a  +  »  —  i  .  ^  the  laft  term. 

What  is  the  fum  and  number  of  terms  of  the  feries 
?,  12,  16 96! 

In  this  feries  A  =  8,  L  =  96,  and  i  =  4. 

JL.  =  A  +  n^i  •  *•     .'.  96  =  8  +  «  -  1 .  4  =  4  +  4J1 
96  —  4        92 

4  4  . 

••.S  =  AXLX  -  =  8^96x^=1195. 
%  ^         2  ^ 

What  arc  the  firjl  and  laft  terms  of  a  feries  in  arithme* 
^cal  progreiBon,  whofe  fum  is  1 19^,  common  diffiirenoe  4^ 
and  number  of  terms  23  ? 

.        S        n — I     ,        1 106  -, 

A  =  —  ~ .b  =  — ^—11.4=52 — 44=8. 

n  a  23  -T     ^        -TT 

L  =  A  +  /i-T-i.*  =  8  +  22.436=96. 

What  is  the  number  of  terms  in  a  feries  whofe  firft 
term  is  8,  fum  1 196,  and  common  diflFerence  4  ? 


S=  A  +  LX^ 
2 

*••  —  =s  A  +  A  +  »  —  I .  &  =  2A  +  n —  I .  h 
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.\  aS  =  zAn  +  «*A — fr*  =  *«*+«.  2A — k 

2S    _       ^  2A  — ^ 

a.  110(5       »  ,       ,i6  —  4         ^   .  ^^o 

4  4 


^        •'^  4  2  ^  2  •^ 


What  is  the  common  difference  in  a  feries  whofe  firft 
term  is  8^  fum  1 196,  and  number  of  terms  23  ? 


S  =  A  +  A +  «— i.^  X 

n 

2 

2 

• 

•.  1196  =  8+  8  +  22.^x 

^3 

.•.  iii  = 

1196       Q_^i9^ — 184  _ 
23                          ^3 

10,12 

s  ^A 

23 

■"  ^4 

.-.  *  =  4. 

, 

What    is 

the  fum  of  twenty  terms 

of  the 

feries 

50,46,42 

^ ? 

i  =  50  —  46  =  4 
A  =  50 

' 

K  L  ^  A 

—  *.«  -  I  =  50  —  4  X  19 

=  50- 

-76. 

;  queftion  involves  an  ^fbfurdity,  for  76  is  greater  than 
and  confequently  there  cannot  be  20  terms  in  this  fe« 

How 


1 
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How  many  terms  can  there  be  in  the  feries  5O9  4(5^ 

4»    -  - ? 

Sincethe  common  difierence  is  4,  and  the  terms  are  eren 
numbers,,  the  laft  term  muft  be  either  two  or  four,  if  four 
is  taken  for  the  laft  term. 

4  =50  —  4  .« —  I 
••.  fi  —  1 . 4  =  50  —  4  =  46 

.'.« —  I  =  -^  =  Hi 
4 

But  the  number  of  terms  muft  be  a  whole  numberj  there- 
fore b  is  not  equal  to  4,  but  to  2  ;  and 

2  =  50  —  2.«—  X 

50—2  48 

'  ,  2  2 

.*.  11    £=  25. 

If  in  a  feries  of  numbers  each  term  is  a  given  part  or 
multiple  of  the  preceding  term,  the  numbers  are  faid  to 
be  in  geometrical  progreflion. 

Let  A   B    C   D -    -    I,  K*  L 

reprefent  a  feries  of  numbers  in  geometrical  progreflion, 
and  let  r  denote  the  given  part  or  multiple.  Then,  if 
the  numbers  are  in  an  increafing  progreiSott,'B  s=  rA, 
C  =r  rB  ==  r*A,  D  ==  rC  =  r»A*  And  the  feries  may 
be  written  down  thus : 

A   X   I   r  r*   r»    - .-...-..,#*•*<'. 

The 
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The  lalttetm  is  r,  raifcd  to  tBc  index  «-*-!,  becaufe  it 
begins  with  the  fecond  term,  and  is  continually  mul* 
tlpHed  into  itfelf  to  produce  the  fubfequent  terms. 
**•  L  =  A  X  r" ' ' :  and  if  m  reprefents  the  number  of  any 
term  in  the  feries>  the  term  itfelf  is  equal  to  A  X  r" '  *  • 

In  a  geometrical  progreflion,  the  produd  of  any  two 
terms  equally  diftant  from  the  extremes  is  equal  to  the 
product  of  the  firft  and  lad  terms* 

B.=  AXf*  KsrAXr"* 

.\BxK:=  a  X  r  X  a  Xr""*=  a  X  Af'"'=  AxL 

C  =  AXr»  I   =  A  Xr"-3 

,%CXI=  A  X  r*X  A  X  r"^'=  AxAXr'"=AxL. 

If  the  number  of  terms  is  odd,  the  middle  term  is  equal 
to  the  fecond  root  of  the  produdl  of  the  firft  and  laft 
terms. 


Let  M  =r  middle  term,  then  m  =s 


M=Axr""  =  AXr»    "'=AXr» 
-•.  M*=  A*X  r»-'  =  A  X  A  X  r-'  =  A  X  L 

.-.  M  =  x/ aitl: 

In  finding  from  three  out  of  the  four  things  given 
A,  L^  r,  and  n  the  fourth,  not  only  equations  of  the 
higher  orders  are  fometimes  involved,  but  fome  which 
cannot  be  folved  by  any  principles  hitherto  explained.  If 
the  firft  term,  and  common  muttiplier,  and  number  of 

terms 
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terms  arc  given,  the  term  will  be  found  by  the  following' 
equation* 

L  =r  Ar-'. 

If  the  firft  term,  laft  term,  and  number  of  terms  arc 
given,  the  common  multiplier  may  be  found  by  the  equa- 
tion r"**  =  T>  which  is  an  equation  of  the  fecond  or 
higher  orders. 

A  =  -  „.,-,  confequently  L,  r,  and  n  being  given,  A 
may  be  fbund. 

r"^*  =  T"*  confequently  if  A,  L,  and  r  are  given  in 

this  equation,  the  index  of  r  is  unknown,  and  this  is  to  be 
difcovered  by  the  means  of  logarithms,  which  are  them- 
fehes  formed  from  the  indexes  of  a  feries  of  numbers  in 
geometrical  progreilion. 

Letlrr*r'      .------.--    r"'» 

reprefent  a  feries  of  numbers  in  geometrical  progrcflion, 
and  let  another  feries  of  numbers  be  fo  conftituted,  that 
each  term  may  correfpond  to  a  term  in  the  geometrical  fe- 
ries, and  be  equal  to  the  index  of  r  multiplied  into  fome 
given  number.  Thus,  let  the  index  of  the  terms  be 
multiplied  in  fucceffion  by  the  number  4,  and  the  two  fe- 
ries may  be  written  down,  the  laft  formed  feries  under  the 
other.    Thus, 

I    r    r*   r»     - r»  »   1^' 

048    12 4,«— 2  4/1-I. 

The 
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The  lower  feries  is  called  a  feries  6£  logarithms,  andl 
the  terms  in  the  lower  feries  are  called  the  logarithms  of 
the  terms  in  the  upper  feries,  to  which  thejf  correfpond. 

If  r  is  made  equal  to  ten  v  and  inftead  of  four  for  the 
multiple  of  the  indexes,  oiieis  ufed,  the  two  feries  become 

I     lO     ICO     lOOO     lOOOO 10""*    lo"** 

o     I       2         3  4 «  —  2«  —  r. 

Thus  I  is  the  logarithm  of  lo,  2  of  loo,  3  of  1000,  and 
fo  on.  Between  the  numbers  i  and  10,  10  and  100,  100 
and  1000,  a  feries  may  be  inferted  of  other  numbers  in 
geometrical  progreffion.     Thus, 

P  P^   P^  P^ /"' 

Whofe  lafl;  term/>"-*  =  lo. 

In  the  fame  manner  between  10  and  100  a  fimilar  feries 
4nay  be  inferted. 

J   ?*   q^   ^* S^^'i 

g""*  being  equal  to  100. 

Confcqucntly  a  feries  of  logarithms  may  be  fowttcd  for 
numbers  between  i  and  10,  10  and  100,  and  the  other 
numbers. 

Suppofe  that  there  was  only  one  term  betwosa  i  and  r% 
which  may  be  called  *•.  * 

.%!:*::*:  10.     .•.  **  =  10*    .*.  yt  =  10*. 

Between 
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Between  i  and  lo*,  in  the  fame  manttcf,  let  there  be 

1 
only  one  term;^.     ••.  i  : yx: y  :  lo** 

1  t 

^\  y^  ^  lo^.     *%  y  =5    10^* 


Between   i   and    lo^  another  term  may  be  infertcd, 

which  will  be  equal  to  lo^  ;   and  again  another  number 

may  be  in  like  manner  found  equal  to  i  o^^.  Thus  between 
I  and  lo  a  feries  of  numbers  will  be  formed. 

t  1  JL  X  1 

1,    I0'3"*^,     I0"r7,    loS    10%    10^,    I0| 

whofe  logarithms  will  be 
<^9  T»>  tV*  t>  it  ■*>  ^* 

Between  any  two  numbers  in  thefe  feries  may  be  Inferted 
'  other  numbers  without  end,  for  there  is  no  limit  to  the 

numbers  between  i  and  lo,  i  and  lo*,  or  io"5f*   and 

Hence,  if  the  logarithm  of  a  number  is  given,  the  num- 
ber may  be  found. 

Let  the  logarithm  tn  |. 
t  is  lefs  than  i.    .*.  the  number  is  lefs  than  to,  and  it 
equals  lo*  =»  3,1622  -  -  -  -  - 

Let  the  logarithm  ==  f  • 

Then  the  number  is  lO*,  or  >/3»i62a 

N  If 
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If  the  logarithm  is  hetHTeen  i  and  2,  the  number  is  h^^ 
tween  i  o  and  100.  And,  as  before,  it  is  found  by  making 
the  logarithm  the  index  of  the  power  of  10.  Let  the  loga* 

rithm   =  |,  then  the  number  it   10*,  ot  v/ioo6  = 
33»333 

If  the  logarithm  is  f ,  the  numbet  ts  gresfter  than  ico^ 
and  is  equal  to  lo^. 

Thus,  as  every  number  may  be  tcptefen ted  by  toraifed 
to  fome  power,  every  number  will  have  its  corrcfponding 
logarithm  j  and  tables  may  be  formed,  upon  thefe  princi- 
ples, of  numbers  and  their  log^tithms.  It  would  indeed 
be  a  laborious  work  to  find  every  number,  correfponding 
to  every  poflible  index  of  ten,  by  the  rules  given  for  find- 
ing the  roots  of  numbers  |  and  hence  many  methods  have 
hfiexk  devifed  to  render  the  procefs  more  eafy.  Thefe 
.may  be  found  in  the  books  treating  particularly  on  loga- 
rithms ;  but  It  is  fufEcient  for  the  prefent  purpofe,  that  the 
learner  fliould  underftand  a  mode  of  forming  a  feries  of 
numbers,  which  are  the  logarithms  of  another  feries  of 
numbers.  '  * 

Logarithms  are  of  great  ufe  in  all  problems  which  in- 
volve the  multiplication  or  divifion  of  large  numbers  $  as 
thefe  operations  may  be  performed  with  tables  ©f  loga* 
rithms,  by  means  of  addition  or  fubtraftion. 

Let  a  be  the  logarithm  of  10* 

'    •   .  *  10^ 

Thea 
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Then  lot  x  lo*  =  io»*^  and  the  logarithm  of  lo"*^ 
ha+bj  or  the  fum  of  the  logarithms  of  lo^  and  lo^.  Con* 
fequently,  if  two  numbers  are  to  he  multiplied  together^ 
by  taking  from  the  tables  their  logarithms  and  adding  them 
together,  the  fum  will  be  the  logarithm  of  the  produ£t  of 
thofe  numbers:  and  by  looking  into  the  tables  for  the  lo- 
garithm correfponding  to  the  fum  thus  found,  the  number 
oppofite  to  it  is  the  number  equal  to  the  product  of  the 
two  numbers  to  be  multiplied  together. 

If  a  number  is  to  be  divided  by  another  number,  the  rc- 
fult  may  be  found  by  looking  into  the  tables  for  the  nujp^ 
her  correfponding  to  a  logarithm,  which  is  equal  to  die 
diflircnce  of  the  logarithms  of  the  two  numbers.     . 

io»  -t- 10^  ==  Io*■^ 


.•.  The  log.  of  i^  =  log.  of  lo"**  =  a  -  *  =  the 

difference  of  the  logarithms  of  io»  and  lo^.  And  the 
number,  correfponding  to  a-^b  in  the  tables,  is  the  number 
which  would  arife  from  dividing  lo^  by  lo*. 

Let  10%  as  before,  reprefent  any  number  5  then  the  rti^ 
power  of  loa  =  low,  and  the  log.  of  loo*  =r  na,  ori» 
times  the  log.  of  lo^.  Hence  any  power  of  a  number  may 
be  eafily  found  by  the  logarithmic  tables,  by  multiplying 
the  logarithm  of  the  number  into  the  index  of  the  power 
to  which  it  is  to  be  raifed,  and  taking  the  number  corrc* 
fponding  to  the  logarithm  thus  found  out  of  the  tables. 

In  the  fame  manner  tlie  root  of  a  number  may  be  found 
by  the  tables.    Let  .jo»  reprefent  the  number,  and  n  the 

Na  iodejc 


(     »8o     ) 

index  of  the  root  required.    Then  ion  =  the  «*  root  of 

the  number  :  but  the  logarithm  of  ioT   =   —     Divide 

therefore  the  logarithm  of  the  given  number  by  the  inde'x 
of  the  root  required,  and  the  quotient  gives  a  logarithm 
whofe  correfponding  number  is  the  root  required. 

If  the  power  of  a  number  is  known,  though  the  index 
itfelf  is  an  unknown  number,  the  index  may  be  found. 
Let  a^  =  b.  Therefore  the  logarithm  of  a^  =  the  loga- 
rithm of  ^,  but  the  logarithm  oid*-  =  x  log.  of  «. 


X  = 


log.  o^B 
log.  of  a 


Hence  a  method  is  derived  of  difcovering  the  number 
of  terms  in  a  geometrical  progreffion,  when  the  firft  and 
laft  terms  and  the  common  multiplier  are  given.     For 

r"*-'  =;j  (fee  page  175). 

•'.  «— I .  log.  r  =  log.  L  —  log.  A 

—  log-    L  —  log.  A 
log.    r 

__'  log.  L  —  log.  A'  -I-  log^r 
log.r 

In  a  feries  of  numbers  in  geometrical  progreffion,  the 
firft  term  is  100,  the  laft  loooooooooooo,  and  the  com- 
mon multiplier  so.    What  is  the  number  of  terms  ? 


(    i8t    ) 

A  =r  100  =  lo*.     .•.  Log.  A  =  2 
L  =  loooooooooooo  =  lo'*.    ••.  Log.  L  =  12. 
r  =  10.    •%  Log.  r  =  I    > 


12  —  2  -4-  I 
n  =  — ' =  II. 


In  this  cafe  the  number  n  is  eafily  found,  but  in  general 
the  tables  jrnuft  be  confijlted  for  the  logarithms  of  A,  L, 
and  r.  '  ^ 

The  firft  term  of  a  geometrical  progreflion  is  four,  the 
common  multiplier  2,  and  th^  number  of  terms  10,  what 
is  the  lad  term  ? 

L  =  Ar"'*  =  4  X  2*^  =  4  X  512  =  2048, 

If  the  firft  term  had  been  1 2,  the  common  multiplier 
18,  and  the  number  of  terms  50,  the  laft  term  could  not 
have  been  found  without  great  trouble  by  the  above  me- 
thod, fince  "18  mult  have  been  raifed  to  the  49th  power. 
In  this  and  Gmilar  cafes,  therefore,  logaritl^njs  flioyld  be 

^fed. 

L  =  Ar»-' 

.-.  Log.  of  L  =  log.  of  Ar"'*, 

But  log.  of  Ar°"*  =  log.  of  A  +  log.  r" "  ^ 

And  log.  of  r"*'  =  «— I .  X  log.  of  r 

.-.  Log,  of  L.  =  log.  of  A  +  «—  I .  log.  of  r 

.•.  Log.  of  L  =  log.  of  12  +  49  X  log.  of  1 8. 

Find  in  the  tables  the  logarithms  of  12  and  18  ;  multi^ 
ply  the  latter  logarithm  by  49,  and  add  the  produft  to  the 

N  3  logarithni 


logarithm  of  1 2.  The  fum  is  equal  to  the  logarithm  of  L^ 
and  confequently  the  number  correfponding  to  this  loga- 
rithm in  th^  tables^  is  equal  to  L. 

What  is  the  middle  term  of  ii  numbers  in  geome- 
trical progreffion^  whofe  firft  term  is  looj  and  laft  term 
loooooooooooo  ? 

M  =  v^A  XL 
...  Log.  of  M  =  log-ofA  +  log.ofL 

.•.Log.ofM  =  i±i3  =  il  =  7 

.%  M  =  lo^  =  looooooo. 

What  is  the  middle  term  of  g  numbers,  in  geometrical 
progreffion>  whofe  firfl:  term  is  4  and  common  multiplier  3? 

L  =  Ar""'  =4.3^  =  4 .  6561  =  26244. 

M  =  V^A>5L  =  \/,4  X  26244  =  z  V^26244  =  ^ 
X  162  =  324. 

What  is  the  common  multipUer  in  a  progrcffion,  whofe 
firft  term  is  106,  laft  term  1 0000000,  and  number  of 
term?  61 

-       looooooo 

.%  r^  rs 1 =  lopooo 

100 

•*•  5  Ipg*  of  r  =  log.  of  lopooo  =  5 

••.  Log.  of  r  =  I 

••.  r  5=  io» 

What 


(     18?     ) 

What  is  the  common  multiplier  in  a  progreflion,  whofe 
fiift  term  is  9,  laftterm  9216,  and  number  of  terms  6  ? 


....       I* 

.•.  r^=  ^ —  =  1024 
9 


.■-t 


,%  r  =  \/io24  =  4. 

Let  S  =  futn  of  a  feries  of  numbers  in  geometrical 

progreffion  =  ^  +  arr  +  jr*  +  ar' -  ^r"-*  -far"-' 

.-.  S  —  /?  =  ^ir  4-  jr*  +  ^7H  -  ^ ar""'  +flr'" 

an4  S  -^  /7r»-'  =  ^    +  jr    +  flr^  +  Ar^T.  jr"'\+ jr"** 

Multiply  both  fides  of  the  latter  equation  by  r. 

.f.  rS  —  ar"^  =:  ar  -{^  ar^  +   ar^ /zr"*"* -f  <:7r"'* 

/.  rS  —  era  =  S  — a 
.*.  rS  —  S  =  tfr"  —  tf 
.%  S  X  r  —  I  =  /J  X  r"  -  I 
r"—  I 


a  =  tf  X 


r-? 


Since   ar  +  ar^  ^  ar^  ' .  ar""*  4-  ^r**"  is   equal 

to  both  S  ^  a,  and  b  ^  /ir""'  X  r ;  the  fumof  a  feries  in 
geometrical  progreffipn,  wanting  the  firft  term,  is  equal  to 
the  fum  of  all  but  the  laft  term  multiplied  into  th^  com- 
mon jnultiplicr. 


S  -.  A  =S^  Xr 
.-.  rS-rrS  =  rL— A 
rL  -  A 


.5  = 


N4  Hence, 


(    184    ) 

Hence,  of  the  five  things  S,  A,  L,  n  and  r,  any  three 
being  given,  the  other  two  may  be  found  :  but  as  the  equa- 
tions, from  which  they  are  to  be  deduced  by  the  common 
way,  would  be  of  a  very  high  order,  the  two  things  re- 
quired are  in  general  beft  difcovered  by  logarithms. 


Since  S  =  A  x  ""^ ^ 

r  —  I 


r  -   i.S  +  A 
r"  =  — 


•••  n  log.  of  r  =  log.  of 


A 
r-  I  .S*+ A 


,          -r — I  .  S  +  A         ,  - 

.•;  n  =  log.  ol  ^ f-  log.  of  r 

Since  S  -  A  =  S  -  t  X  r 
S  -  A 


r  = 


S  -L 


TO  FIND  THE  COMMON  MULTIPLIER,  WHEN 
THE  SUM,  FIRST  TERM,  AND  NUMBER  OF 
TERMS  ARE  GIVEN. 

S^  ^  a  +  ar  +  ar^  ^  ar^ +  at*^^ 


•  •  "  ■  ■  - 
a 


:-    r+    r*+    r» .--+    r"'^ 


Among  the  dividers  of will  be  found  one  equal  to 

r  .•  and,  if  r  is  made  equal  to  y^  i,  a  new  equation  arifes, 

in 


j 


(     185     ) 

in  which  the  known  term  will  be n — j,  or 

a 

S  —  d  —  na  ^  a        S  —  ^^    n^     r  i  t 
or  -.   Confequently,  among  the 

S  —  na 
dividers  of  • •  will  be  found  one  lefs  than  r  by  unity. 

If  r  is  made  equal  toy  —  I ,  an  equation  arifes,  in  which  the 

known  term  will  be or  — ,  according  as  n  is  an  odd 

or  an  even  number.   Confequently,  among  the  dividers  of 

n  Q 

— or  — ,  there  will  be  found  one  greater  than  r,  by 

unity.  Hence  three  feries  of  dividers  may  be  made ;  and 
in  the  middle  feries,  one  of  the  dividers,  which  has  a  num- 
ber in  each  of*  the  other  feries  differing  from  it  by  unity, 
willi)e  equal  to  r :  But  in  fome  cafes  there  may  be  feve- 
ral  dividers  in  the  middle  feries,  anfwering  to  this  pofition; 
and  to  ftrike  thofe  out,  which  will  not  anfwer  the  qucf- 
tion,  the  original  equation  may  be  referred  to; 


=  r  +  r*  +  »''  +  H- +  f^- 


a 
ar 


-  I  •{-  r^  -^  r*"  -^^  r^ +  r""*. 


If  r  is  an  even  number,  i+r+r*-|- 1-  r""*  is 

an  odd  number,  and  the  co-part  of  r,  in  the   dividers, 

mud  be  an  odd  number  \  if  r  is  an  odd  number,  and  the 

number  of  terms  is  even,   its  co-part  muft  be   an  odd 

number;  if  the  number  of  terms  is  odd,  its  co-part  muft  be 

an  even  number,  confequently  feveral  dividers  may  be  re- 

c 
jefted  at  the  firft  glance.     Again,  as  r  increafes, 

decreafes ; 


(    186    ) 


dccrcafes ;  and  by  examining  a  few  terms  only  of  the  co- 
part  of  r,  the  higher  dividers  may  be  rcjefted.  The  proof 
that  the  right  divider  is  taken^  is  eafy.  « 


ar 
S  -/x 


=  I  -h  r  4-  r* 


4-r" 


—  I  =  rX    l+r  +  r*. 


-jr  r" 


8  —  tf 

ar 


S  -a 


i-r-r— l=:rXi  +r+r*--*-4-r''' 


And  thus  continually,  by  taking  away  i  from  the  refult  of 
each  divifion,  the  laft  remainder  will  be  equal  to  r.     , 

Let  the  firft  term  of  the  feries  be  2i,  the  fum  2541,  the 
number  of  terms  5,  what  is  the  common  multiplier  ? 


h  2, 4, 


S  —  na _  2S4T  -  lOg _  2436  _  ^^^ 
a  21  21 

S  —  a       2541  —  21  '   2^20 
S   -   J 


=  120 


J 


29 
6 
ij  2,  3,  4,  S,  6. 


2  and  3  are  the  only  dividers  to  be  tried,  and  2  cannot 


120 


fucceed,  for  in  that  cafe fhould  be  an  odd  number  \ 

r 

therefore  the  common  multiplier  is  3,  Jts  co-pa^t  is  40| 
which  is  equal  to  i  4-  3  •+-  3*  +  3^ 


Lot 


(    i87    ) 

Let  the  firfl  term  of  the  feries  be  21,  the  Turn  7644, 
the  namber  of  terms  6.  What  is  the  common  multi- 
plicr  ?  •  '  ^ 


S^na  _  7644-126  _  7^18  _       g  ^    ^^^^ 

S  -  g  _  7644  —  21    _  762. '^   _ 

^  jj         —    ^j     -33         ^3--- 

i  =1^  =  364— ,a,4-- 

il  21 

Three  is  the  common  multiplier. 


Let  the  fum  of  the  feries  be  I596i44i3»  the  firft  term 
49,  and  the  number  of  terms  7.  What  is  the  common 
multiplier  ? 

S-na  159614413-343    i<o6i407o  •    , 

fl  49  49 

S-tf  159614413  — 49_  159614364  ^  ^ 

tf  49  49 

— =  •  =3*5743^-»>2,3,4>^>7>«2,ij 

2j  3»  6,  12  are  the  dividers  to  be  tried  of  which  2  and  3 
are  evidently  too  imall,  and  6  is  reje£ked  becaufe  its  co- 
part  fhould  be  an  odd  number;  12  therefore  is  the  re- 
quired multiplier,  and 


271453 


12 

315743^_ 


12 

271453 
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27M53  —  I  =  27145^  and •^  =  22621 

12 

22620 

22621  —  I  =  22620  and =  1 88  c 

12      -^ 

1885  —  I  =  1884  and  i  =  157 

157  -^  I  =156  and  ~-  =3  13 
And  13  —  I  =  12. 

The  knowledge  of  the  feries  both  arithmetical  and  geo- 
metrical is  necelfary  in  calculating  the  value  of  money  put 
out  to  intereft,  of  annuities^  and  of  difcounts. 

The  intereft  of  money  is  the  fum  paid  for  the  ufe  of  it» 
The  rate  of  intereft  is  the  fum  paid  for  the  ufe  of  a  cer- 
tain fum  for  a  certain  time,  as  five  pounds  for  the  ufe  of  a 
hundred  pounds  for  one  year. 

The  intereft  of  money  is  either  fimple  or  compound. 
When  the  intereft  alone  is  taken  at  the  given  rate,  it  is 
I  called  fimple  intereft :  but  when  the  intereft  is  fufFered  to 
be  joined  tt>  the  fum  lent,  and  intereft  is  taken  upon  both 
fums,  it  is  called  compound  intereft.  The  fu^  originally' 
lent  is  called  the  capital  or  principal  5  the  amount  is  the 
whole  fum  due  at  the  end  of  any  time  of  the  intereft  and 
principal  together,  • 

Let  P  =  principal,  r  the  intereft  of  one  pound  for  one 
year,  n  the  number  of  years  for  which  the  principal  is  lent, 
M  the  amount.  Then  i  :  r  ::  «  :  /»r  =  the  intereft  of 
one  pound  for  n  years.    Therefore  the  intereft  of  P  for  n 

vears 


{     I89    ) 

years  muft  be  P/ir,  and  the  amount  of  principal  and  inte*- 


reft  at  the  end  of  «  years ;  or  M  =  P  +  P//r  =  Px  i  +«r. 

Hence,  of  the  four  numbers  P,  «,  r  and  M,  any  three 
being  given,  the  fourth  may  be  found  by  a  (imple  equa« 
tion, 

M 


r   = 


I   +  nr 

M  — P 
M  — P 


Yn 


What  is  the  amount  of  340/.  in  eight  years  and  a  half 
at  5  per  cent,  fimple  intereft  ? 

100  :  5  ::  I  :  r 

.-.  r  =  -^  =  ,05 

100  ^ 

•••  nr  =  8,5  X  ,05  =  ,425 


M  =  P  X  I  +  /ir  =  340  X  1,425=484,5  =  484/,  10/. 

What  was  the  principal  lent,  which  in  8  years  and  a 
half  amounted  to  484/.  lox.  at  five  per  cent,  fimple  in- 
tereft ? 

P  =  -^  =1^  =  340/. 
I  +  nr        1,425        ^^ 


For 


(     19^    ) 

For  three  hundred  and  forty  pounds  lent  ait  the  rate  of 
five  per  cent,  fimple  intereft^  484/.  lO/.  was  paid.  How 
many  years  had  it  been  lent.? 

_  M— P  1  484.S  —  340  _  M4,5_Q  ,  _  ft.  ^^^^^ 
9  -r-      T>    "  ^^        ■  '  ^ ^         -  =  Pjs  =  *>i  years. 


Three  hundred  and  forty  pounds  in  eight  years  and  a 
half  amounted  to  484I.  lO/.  at  fimpIe  intereft.  What  was 
the  rate  of  intereft  ? 

^_M— P^484,;  — ?4o^       ^44^5      _    8,y    __^  ^^^ 
P»         340x8,5       20x17x8,5    20x8,5    20 

What  is  the  afnount  of  an  annuity  or  penfion  left  un- 
paid any  number  of  years,  allowing  (implc  intereft  upon 
each  fum  from  the  time  it  becomes  due  i 


Let  *  «=:  the  annuity,  whofe  intereft  at  the  end  of  the 
fecond  year  is  *r,  and  the  amount  of  the  intereft  at  the 
end  of  «  -—  I  year  is  //  —  j  •  br.  At  the  end  of  the  fe- 
cond year  b  is  again  due,  and  the  amount  of  the  intereft 
upon  this  fum,  at  the  end  of  »  —  2  years,  is  /i  —  a  ,h\ 
In  the  fame  manner  the  amount  of  the  intereft  upon  the 

Aird  fum  due  is  /i—  3  -^r,  and  the  amount  of  the  intereft 
on  all  thefums  due  is  hr  X  «  — i-f «  — 2  +  «— 3  ---  +  i^ 

or  br  X  n  >  — ^^-     The  fum  of  the  annuities  to  be  paid 
2  ' 

Is  nb*    Therefore  the  amount  of  the  annuities,  with  their 
rcfpeftive  interefts,  is  nb  +  br  X  n  ,  — — . 

2  What 


'  1 
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What  is  the  prefent  value  of  an  annuity,  to  continue  for 
a  cef tain  number  of  years  unpaid,  allowing  |impl6  inte- 
reft  for  the  money  each  year  when  it  becomes  due  ? 

-  Let  P  be  the  prefent  value  ;  then  if  P;  with  its  Intereft 
at  the  end  of  the  years  given,  amounts, to  the  fame  fum 
that  the  annuity  with  its  intereft  does,  they  are  of  equal 
value.  The  amount  of  P  in  »  years  is  P  X  i  +  wr ; 
and  the  amount  of  the  annuity  in  the  fame  time  is  by  the 

laft  propofition  ni  +  br  X  n  X  ' — • 


••.  P  =  «i  +  3r  X  « .  ^ 


1  4-  «r. 


What  is  the  prefent  value  of  an  annuity  of  one  pound 
a  year,  with  the  fimple  intereft  on  each  pound  as  it  became 
due,  to  be  paid  at  the  end  of  twenty  years,  the  intereft 
being  at  the  rate  of  five  per  cent  ? 


2 


P  =ss  ao  +  ,05  X 


I  4-  «r 

20  X  T9_  20  +^05X190     _ 


1    +  20  X  ,05 


Suppofc 


(      192      ) 

Suppofe  twenty  pounds  to  have  been  paid  down  for  an 
annuity  of  one  pound  ayear^  and  the  intereft  to  be  five 
per  cent,  after,  HoW  many  years  is  the  purchafer  to  receive 
the  amount  of  the  annuity  and  its  intereft,  and  what  fum 
will  he  receive  ?* 


P  =  «*+/rX«.^— i 


I  +  nr 

.•-   20 

=  «  +  ,05 

2 

1   +  « 

X,o5 

« 

HO  +  n 

=  n  + 

2 

,05       nx 

1 

fS: 

•' 

46   -«i. 
>o5 

—  « 

•.  n^  ^^  n  :s: 

800 
=  28,784  n 

.%  « 

-  v/Soo  4-1  +  1 

early. 

The  fum  which  the  purchafer  is  to  receive  is  the  art* 
nuity  for  28,784  years,  or  28/.  15/.  2d:  and  the  intereft 
of  each  pound  as  it  became  due,  or  ly/.  19/.  lod.  The 
amount  therefore  to  be  received  is  48/.  15J.  6J*  The 
intereft  of  20/.  for  28,784  years  is  28/.  i^s  Sd,  and  the 
fum  advanced  was  2c/.  The  amount  therefore  of  the 
money  he  was  out  of  pocket  is  48/.  15X.  8^.  The  dif- 
ference between  the  two  amounts  is  two  pence,  owing  to 
the  number  «  not  having  been  more  accurately  afcer* 
talned. 


B/ 


(   >i>3    ) 

fijr  the  fame   equation  P    =:    nb    +   ir   X-n 


h—t 


the  number  of  years  may  be  calculated,  at  the  end  of 
which  a  perfon  who  has  given  a  thoufand  pounds  for  an 
annuity  of  a  farthing  a  year  is  to  receive  the  amount  of  the 
annuity  and  its  intereft,  and  the  number  of  years  may  be' 
made  fo  great,  that  an  annuity  of  a  farthing  a  year,  with 
its  intereft,  fhall  ex^ceed  any  given  fum  whatever. 

To  calculate  the  amount  of  a  fum  of  money  lent  at 
compound  intereft,  let  a  =  the  amount  of  one  pound  at 
the  end  of  one  year.  Therefore,  fince  one  pound  with  its 
intereft  at  the  end  of  a  year  is  equal  to  a^  at  the  end  of  the 
2d  year  its  amount  is  equal  to  a*,  at  the  end  of  the  third 
to  a^,  at  the  end  of  the  «th  year  to  a\     For 

J  i  a  ::  a  :  d^  ::  a^  ia^  .  -  i  -  .  .  a"^'^  :  a"^ 

Hence  the  amount  of  P  pounds  at  the  end  of  n  years  is 
Pfl°  =  M  5  and  of  the  four  things  P,  ^ ,  /;,  M,  any  three 
being  given,  the  fourth  may  be  found. 


"/M 
«  ==  V    p- 

^^  log»  M  -  log.  P 
log.  a. 

When  If  is  a  high  number,  all  the  equations  will  be 
iblved  with  greater  eafe  by  mestns  of  logarithms. 

O  Log. 


(     1-94     ) 
Log.  P  =  log.  M  —  «  log.  a 
Log.  M=  log.  P   +  «  log.  a 

Log.  a  =  ^"^-  ^^  -  ^°g-  P 

To  calculate  the  value  of  an  annuity  at  compound  inte- 
rcft,  let  P  be  the  prcfent  value,  h  the  annuity,  a  the 
amount  of  one  pound  at  the  end  of  one  year,  and  n  the 
number  of  years  in  which  the  annuity  is  to  be  paid. 

The  amount  of  the  firft  payment  of  the  annuity  at  the 
end  of  the  n  years  is  ba^'^y  of  the  fecond  payment  is 
^fl""S  of  the  third  ^rt"'^  and  fo  on,  and  of  the  laft  is  b^ 
Hence  the  amount  of  all  the  payments  is 

fl"  — I 


*Xl-Hfl+«^-Hfl3 -H  fl"-S  or*  X 


a  ^  I 


Ptf°  is  the  amount  of  P  at  the  end  of  /ryears. 
.-.  Ptf»  =  *  X  t ? 


•.  P  =  *  X 


I 
a  — 1 


If  the  number  of  years  is  very  greats  P  =  *  X 

without  material  error. 

Hence  of  the  four  things  P,  a^  n  and  *,  any  three  thiigs 
being  given^-  the  fourth  may  be  found. 

Inftead 


(  m  ) 

Inftead  ojf  being  multiplied  by  a  given  numbct^,  huiii- 
ocrs  in  geometrical  progreffion  may  have  a  common  divi- 
der.   Let  ABCD  E I  K  L  be  a  feries  of  this 

kind,  and  let  r  be  the  common  divider.     Then,  if  the 
feries  is  in   a   progreffion  with  each  term  decreaGng, 

^  =  —,C=-  =  -,D=— =  -- and  the  laft 

r  r      r^  r       r^ 

A 
term  L  =  —^.     A  feries  therefore  of  this  kind  may  be 

thus  written  down :  ' 


The  produfl:  of  any  two  terms,  equally  diftant  from 
the  firft  and  laft  terms>  is  equal  to  the  prodii£t  of  the  firfl: 
and  laft  terms. 


B  =  :^  fc  =  ^ 

r  ^ 

.-.  B  xK'=^  ^xA=Ax  A  =  A  Xt 

.'.CXI  =4x^  =  Ax— .  =  A  xL. 


tf  the  number  of  terms  is  odd^  the  middle  term  is  equal 
to  the  fecond  toot  of  the  produf);  of  the  firft  and  laft 

terms. 

Oa  .  M== 


(     »96     ) 


n-1 

r  » 


.-.  M  x=  v/A  X  L. 


A 
From  the  equation  L  :=  ^-^ ,  if  thtcc  out  of  the  four 

things  L,  A,  r  and  n  arcgiven,  the  fourth  may  be  found. 

,         Let  S  be  the  fum  of  the  fcrics. 

r«,       ^        A        A       A       A  .A 

Then  S  =  A+-  +  -r+-j- +  -71T 

AAA  .A 

...S^A  =  ^  +  ~+- -^^^ 

s— Lxi-^+4+4 4    ■ 

.'.  S-A  =  S-LX- 
r 

...  rS  —  rA  =  S  —  L 

...  rS  —  S  =;  rA  —  j:- 

«       rA—L           .          A  Aw*        ^ 

^•,  S  =  '-^ — ^ =  rA— . '  =  r A  X  I  —• -r 

r— I  r— I. 


-    Hence  the  fum  of  any  number  of  terms  of  a  feries  of 

rA 

this  kind  cannot  be  greater  than »  and  the  greater  the 

number  of  terms  is,  the  nearer  does  the  fum  approach  to 

of 


.    For  the  difference  between and  the  real  fum 
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I        of  the  ferics  is  -^  X  ,  and  this  latter  number  may  be 

!        made  fmaller  than  any  number  affigned,  by  increafing  the 

r .  A 

number  of  terms-    The  number  — ^ — >  is  called  the  limit 

of  the  feries. 

What  is  the   limit  of  the  ferie*  i    +   ^  +  i  +  i 
+  tV ? 

In  this  cafe  A  =  i  and  r  =  2,  therefore  the  limit  is 

2X1 

=  2. 

2^1 


What  is  the  difference  between  the  fum  of  five  termt 
of  the  above  feries  and  its  limit  ? 


The  difference  is  --;;ri'X  =—-•=«-. 

2"  2  —  1         2         16 


"^his  is  feen  alfo  from  finding  the  fum  of  five  terms. 


S  =  2XiXi -  =  2XI = ^  =  i^=i-^. 

2^  32  32  16  16 

The  difference  between  i^ls^nd  the  limit  2  is  tV    ' 

What  is   the  limit   of  the  feries  i   +  i:  4-  j-  +  tV 
+  A  + -? 

The  limit  is  5"^  =  ^  =  ii. 

O  3  ^hat 


[   . 
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What  it  the  limit  of  the  fcrics  ^  +  t^^  + 

ThclimitislV  ^  '^^'>      . 
9  9 

Various  laws  may  be  laid  down  for  the  progrcfEvc  terms 
of  a  feries ;  and  to  find  the  funi  of  any  niimber  of  terms, 
various  methods  have  been*  invented.  To  enumerate 
them  all  would  carry  us  beyond  the  bounds  of  the  prefent 
undertaking  ;  and  it  will  be  fufficient,by  a'fewinftances, 
to  give  a  general  idea  of  methods,  and  to  guard  the 
learner  againft  fome  miflakes,into  which,  from  many  books 
on  this  fubje£t^  he  is  in  danger  pf  falling. 


terms  in  the  feries \-  —  +  ^ 1 

1.2^  2.3      3.4      4,5 


Let  it  be  required  to  find  the  fum  of  any  number  of 

I  I  I  I 

> —  +  —  +  —  + — T 

1.2^  2.3      3.4      4,5 

+  — — ==.    This  feries  may  be  derived  from  fub- 
«.  «  +   I 

trafting  one  feries  from  another.    Thus, 

Subtrafl:  the  lower  feries  from  the  upper. 

.\  S  r-  S  +  I  = ^  + +"r"  + -  +=— +  - 

1.2     2.3     3-4     4-5  n^iM     « 


»        !•*        2.3        3.4  n-i.n 

Let  m  =  number  of  terms  in  this  laft  feries.    Theq 
m  =  «—  I.     .-.  n  =z  m  +  i. 


I             I           I           I 

'  •    ■  ~  »lf  I    ■"  1.2     '    2.3    ^   3.4" 

■   m 

'       . 

rn.tn  +  i 

♦  * 

Since 
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Since  — --  may  be  made  lefs  than  any  affignablc  number, 
the  limit  of  this  feries  is  i . 

Let  it  be  required  to  find  the  fum  of  any  number  of 

terms  of  the  feries 1 1 h~-4 *- — - 

1.3     2.4     3-S     4.6+       ^n.TTi 


S^i+l  +  l  +  1 +    _!_.£ 

.    c ,         ^  —  l^I.i.l  I 

...X    +£  =  -i-  +  -l-  +  -i-— +-.4=:  +  -i-  +  I 
2         1.3         2.4         3.5  ^«.«_^^«-I^» 

"2       «-i       «       1.3        2.4'*"3-5""  "^«.«-Zi 
...  3  __  ^f_^i_  _  _£_,_£_      _£_       ___        __i__ 

4    2«.>rrr    1.3    2.+    3.5       "   „.^i:^* 


Let  m  =  the  number  of  terms  in  this  lower  feries,  and  as 
there  are  more  terms  by  two  in  the  firft  than  the  laft  fe- 
ries,  «  =  «  -  2,  and  2 .  '"'  +  1_^  =  —  + 

4         2.m  +  2,m  -t-  I        1-3 

JL  +  ^ ^ 

2.4       3-5  m.m  +  z 


The  limit  of  this  feries  is  -• 
4 


O4  ^  In 
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m 

In   general  the    fum   of  any   number   of  terms  of 

I  .  I 


7L  feries  under  this  form 

+ 


a  >  a  +  b        a    +   b  ,  a    +   lb 
I 


tf  +  2^.^1  +  3^  a  +  n^ib  .a  -{-n^b 

may  be  found  by  a  (Imilar  procefs. 


s=i+^  +  ^  + 


a       a-{-b        a  +  2b  fl-}-«  — 1.4 


a        a  +  b^  af2b^  a  +  '^b  a  +  n—i.'li 

I b_     ^ b _^ 

^'^a.a-i-b     oTb^T^b  a-^n-^'i.b.a-i-n  —  ift 

I 


a-^-n —  I  •b 
I  I 


r+ 


Let  iw  =  the  number  of  terms  in  the  laft  feries. 
.'.  «  =  f»  +  I. 


I       I       _i L—  .   .       L- 

b    '    a       a-i-mb  ""  a.a-i-b  a  +  m-^i  .b  .a  +  mb 

mb  in 


abmo  -{•  mb       a  •  a  -{-  mb 


The  greater  the  number  of  terms^  the  nearer  will 
-- — :  approach  to  7  ;   therefore    the   limit  of  a  feric« 


of  this  form  is  -7 


ON 


ON  THE  APPLICATION  OF  ALGEBRA 
TO  GEOMETRY, 

SINCE  algebra  is  the  fcicRce  of  numbers,  it  can  be  ap- 
plied to  thofe  parts  only  of  other  arts  and  faiences  in  whick 
numbers  are  concerned ;  and  it  cannot  produce  any  condu- 
fionbut  what  relates  tonumbers.  If  itis  applied  to  geometry^ 
thepofition  of  lines,  furfaces  and  folids  cannot  be  confidered,: 
but,  if  a  queftion  involves  the  numbering  of  lines,  furfaces 
and  folids  or  of  their  parts,  the  queftion,  inafmuch  as  thp 
numbers  merely  are  concerned,  may  be  a  queftion  of  alge- 
bra. Thus,  let  a  point  moving  up  and  down  the  line 
AB,  fig.  I,  at'  the  fame  time  that  the  line  is  carried  along 
another  line  CD,  defcribe  the  curve  AKEFGHj  and  let  the 
two  motions  be  fuch,  that  the  line-KI,  drawn  perpendicu- 
larly to  the^xis  CD,  (hall  always  bear  fome  relation  to  CI^ 
which  may  be  determined  by  an  equation.  Thus,  let  KI, 
called  yt  be  meafured  by  feet,  and  CI,  called  ^,  be  mea« 
fured  in  feet  alfo  :  and  let  a,  b,  c,  d,  &c.  reprefent  knowa 

i^umbers.    If  ;^"*  =  apt^  ±  ^a?"-  *  ^  cx'"'^  ±:  rfA?""^ &c 

it  is  the  part  of  algebra  to  find  out  the  value  of  jp  in  termt 
of  X  and  the  known  quantities,  and  to  find  out  x  in  terms 
pf  y  and  the  known  quantities.  In  other  words,  it  is  the 
part  of  algebra  to  folve  the  equation,  y  or  x  being  given. 
But  algebra  has  nothing  to  do  with  the  pofition  of  KI, 
whether  it  ii  above  or  below  the  line  CD  ;  whether  it  i« 
to  the  right  or  left  of  the  point C ;  whether  it  makes  a  right 
or  oblique  angle  to  any  line,  or,  in  fliort,  whether  it  meets 
any  other  line  or  not. 

When  thjft  relation  between  CI  and  KI  can  be  deter- 
mined 
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mined  by  an  equation,  the  line  defcribed  by  the  point  may 
be  called  an  algebraical  line  or  curve.  If  the  equation  is 
a  fimple  equation,  the  line  is  of  the  firft  order  :  if  it  is  an 
equation  of  the  fecond  order,  the  line  is  faid  to  be  of  the 
fccond  order :  if  it  is  an  equation  of  the  nth  order,  the 
line  is  faid  to  be  of  the  nth  order.  CI  is  in  general  called 
the  abfcifs,  or  fegment  of  the  axis  ;  IK  is  called  the  ordi- 
nate. The  ordinate  may  make  an  oblique  angle  with  the 
a^is,  and  when  the  angle  is  determined  and  at  the  point  I 
a  line  is  drawn  to  an  indefinite  length,  making  the  given 
angle  with  the  axis  CI ;  the  part  IK,  to  be  cut  off,  may  be 
determined  by  algebra,  if  the  equation  is  given* 

Let  a  point  in  the  line  HI,  fig.  2,  moving  upon  the  line 
CD,  and  preferving  the  given  angle  HID,  defcribe  another 
line,  and  let  the  equation  between  CI  and  IK  be  of  thij 
form,  ay  =  bx'^  c\  then,  for  each  pofition  of  I  and  K, 
the  lines  IK  and  CI  may  be  determined. 

Firft,  let  IK  =  o. 

.*\  bx  —  ^  =  o 
.*.  bx  ^=>  c 
c 

Q 


luct  CL  =  r  feet.  Therefore  when  I  is  at  L,  K,  L  ami 

0 

J  muft  coincide.  As  I  moves  from  L  towards  D,  CI  is 
conftantly  increafing ;  therefore  IK  muft  conftantly  in- 
jcreafe  :  for  x  increafing,  bx  —  c  increafes  \  that  is,  ay  in- 
preafes  ;  that  is,  y  increafes.  If  IH  is  between  L  and  C,  IK 
V^ill  have  no  number  correfponding  to  it :  that  is,  there 

can 
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can  be  no  fuch  line  as  IK  upon  the  things  given  in  the 
equation.   For  in  this  cafe  ay=sbjc-^c\  but  x  is  now  left 

than  -J-.     .•.  ix  >  r.     Therefore  c  cannot  be  taken  awaf 
o 

from  6x,  and  confequently  ay  has  no  number  correfpond-» 

ing  to  it.     Hence  the  line  defcribed  by  the  point  K  be<- 

gins  at  L,  and  the  diftance  between  any  point  in  the  line 

LK  and  the  line  LDy  meafured  in  the  diredion  KI>  coi^ 

ftantly  increafes. 

LI=CI-CL 

.  T  r        bx  —  c 

•  •.    LI  ==   X   —   -p  =  7 — 

V  ^  it 

bx'^  c        .,, 
.-.«  — =IK 

^  a 

Tw     T  T       bx  ^^  c    bx  ^  c      , 
f*.  IK  :  LI : :  ;  — r — : :  i  :  a. 

a  b 


Therefore  IK  is  to  LI  in  a  conftant  ratio,  and  confe- 
quently  the  line  defcribed  by  the  point  K  muft  be  a 
ftraight  line. 

Let  the  line  defcribed  by  tlie  motion  of  a  point  in  a  line 
perpendicular  to  the  axis'be  fuch,  that  jr*  =*  ax.  Hence  if 
y  =  o.  Af  =  o.  As  X  increalSI,  y  increafes  \  and  there  t| 
no  limit  to  their  increafe. 

y  sss  V^jA?,  and  when  x  ^=  a^  y  =  V'?=  a^ 
3uppofe  C£|  fig.  3,  to  be  equal  to  a,  then  EH  ==<  CE. 


Thi 
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Tliis  is  a  line  of  die  fecoad  order,  and  it  is  a  femi-para- 

bola. 


c 


Let  the  equation  be/  =  -^  X  2/iAr  — x\    If  «  =  o, 

jf  =  o.  And  if  J?^  =2  2J,  %ax  —  ap*  =  o.  ,-.  jp  =  o. 
And  confequently  in  two  fituations  of  I,  IK  will  be  equal 
to  nothing.  As  m  increafes,  %ax  ^—  **  muft  firft  in- 
creafe  and  then  decreafe,  and  it  will  be  greateft  when 
x=  ai  confequently  y  firft  increafes,  and  then  decreafes \ 
and  is  greateft  when  at  =  a . 

The  line  will  therefore  be  of  the  kind  feen  in  fig.  4. 
CD  =  zoy  CM  =  a. 

At  C  and  D,  IK  vaniffies,  at  M  it  is  gfcateft  ;  in  moving 
from  C  to  M  the  line  IK  conftantly .  increafes  ;  in  moving 
from  M  to  D  it  conftantly  decreafes.  The  line  is  of  the  fc- 
cond  order,  and  is  a  femi-ellipfe. 

Let/  =  fl»-;t», 

If  Af  =  o,  /  =  <?*.     .'.  y  =  a. 
If  ^  =  0,  a*  —  X*  =  o«     /•  X  s=  a, 

X  cannot  be  greater  than  a,  for  then  **  could  not  be 
taken  from  it  ^  confequently  there  will  be  no  IK,  if  x  i^ 
made  greater  than  a. 

Let  IK,  fig.  5,moveperpendicularly  upon  the  line  CD  from 
C  to  D,  and  let  CD  =  a.  When  lis  at  C,  ;f  ==  o.  .-.  IK  be- 
comes CH  =  CD.  As  IK  moves  from  C  toD,it  conftantly 
4ecreafes;  and  when  lisat  D,j;  —  o.  Therefore  the  line 

dcfcribed 
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dcfcribed  by  K  muft  lie  within  H  and  D,  and  is  of  the  fc- 
cond  order.     It  is  the  quadrant  of  a  circle. 

Let  the  equation  be  a?*  —  al^x^  +  a^f  =  o. 

.-.  flV  -  A^  =s  a^f, 

If  X  =  o,  ^  =  o  J  and  if  j^  =  o,  x  may  be  nothing  ; 
or  fince  a^x^  —  ;if4  =  x*"  Y.  a^  —  x^  \  when  x  =^  a^ 
a^  —  «*  =  o.  Therefore  IK  vanilhes  in  two  fituations, 
firft  when  I  is  at  C  and  when  CI  :=  a,  x  cannot  be  greater 
than  fl,  bccaufe  then  a^-^x^  would  not  be  a  number.  As  x 
increafes  from  nothing,  a^  —  x^  decreafes:  therefore 
**  X  a^  —  ^x^  firft  increafes  and  then  decreafes. 

Let  CD,  fig.  6,  =<7,  and  the  curve  may  be  formed  upon 
the  line  CD,  by  finding  KI  for  every  point  I  from  the  equa- 

tion  y  =   • 


'Lttax—x'^  ==/. 
j^  =  o,  when  x  =  o  or«. 

An  equation  of  the  fecond  order  in  this  form  may  ad- 
mit of  two  values  for  the  unknown  number  x  :  but  there 
cannot  on  this  account  be  two  lengths  of  IK  ;  for  either 

X,   or  ^ may  be  equal  to  ^  ^ y*  :    and 

when  Cl  is  lefs  than  -,  then  only x-can  be  equal  to 


J 


/;  and  when  CI  is  greater  than  ^jonly*  — 


^  can  be  equal  to 


yp 


From 
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From  the  equation  to  a  curve  it  may  be  delineated,  an^ 
alfo  many  of  its  properties  may  te  difcovercd.  Thus  it 
may  be  proved  algebraically,  that  the  diftance  of  a  point 
in  the  parabola  from  the  focus  is  equal  to  its  perpendicular 
diftance  from  the  direftrix. 

The  equation  is  y^  s=  ax. 

Let  AS,  fig.  7,  =  hy  then  /  s=  Ajbx 
and  SE  =  x — h 

ButSP*=^SE^+ EP» 

.%  SF*  =r    X  —  h  +  /  =  ;r'  -  %hx  +  i*  -V/^hx 

.'.  SP^  =  ^*  +  2bx  +  P 

.-.  SP  =  ;f  +  i  =  AE  +  AS  =  EH  =  PM- 

In  the  fame  manner  the  chief  properties  of  the  conic 
fcftions  and  the  curves  of  higher  orders  have  been  invef- 
tigated  by  various  writers,  whofe  works  may  be  read  with 
profit,  if  the  learner  keeps  in  mind  only  what  has  been  be- 
fore advanced,  that  an  algebraical  folutibn  can  refer  only 
to  number,  and  that  the  pofition  of  the  lipes  with  refpe£k 
to  each  other  does  not  lie  within  the  province  of  algebra. 

In  geometry,  furfaces  are  compared  with  each  other  by 
means  of  reftangles,  and  the  number  of  fquare  feet  in  a 
te£langle  depends  on  the  length  of  the  fides  containing  the 
tight  angle.  Thefe  may  be  determined  in  numbers  by 
meafuring  the  length  of  each  fide,  and  multiplying  the 
numbers  together ;  for  the  number  of  fquare  feet  in  the 
5  rc^anglc 
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reftangle  will  be  equal  to  the  produd  of  the  multiplier- 
tion  of  the  number  of  feet  in  one  fide  into  the  number  of 
feet  in  the  other.'  Let  a  =  number  of  feet  in  one  fide, 
and^  =  number  of  feet  in  the  other,  then  ab  =  the  num- 
ber of  fquare  feet  in  the  reaangle.  In  the  fame  manner 
ale  =  number  of  cubical  feet  in  a  folld  equal  to  a  cube 
whofe  fides  are  a,  b,  and  c  feet  in  length. 

Hence,  if  the  number  of  fquare  feet  in  a  furface,  or  of 
folid  feet  in  a  cube,  is  given,  and  the  number  of  feet  in 
the  lines  forming  thefe  furfaces  and  folids  is  reprefented 
by  algebraical  terms,  the  lines  compofing  thefe  furfaces  and 
folids  may  be  frequently  found.  If  the  number  of  fquare 
feet  in  a  redangle  is  eqaal  to  a,  then  ^  X  <r  =  a ;  and  if  r 
one  fide  is  given,  then  the  other  fide  b  will  be  found  by  di- 
Tiding  a  by  c.  In  the  fame  manner,  if  the  number  of  cubi- 
cal feet  =  a,  and  two  of  the  fides  of  the  cube  are  given,  the 
third  is  found  by  dividing  ahj  b  X  c. 

If  the  fide  of  a  fquare  is  required  to  be  found  when  the 
fquare  itfelf  is  equal  to  a,  make   x   X  x,  or  >c*  ^  „^ 

•■•  *  =  Va.     Find  the  fecond  root  of  a,   and  the  refult 
IS  the  number  of  feet  in  the  line  *. 


Let  a  cube  whofe  fide  is  required  =  a,  then  xX  xXx 
OTx^^a.     ...  *  ==  yr.     Find   the  .third  root  of  « 
and  the  refult  is  the  number  of  feet  in  the  line  X  * 

Hence  in  geometrical  problems  where  fquares  and  cubes 
are  the  fubjeds,  the  problem  may  be  oftentimes  refolved 
algebraically,  by  confidcring  the  number  of  fquare  and 


(  iog  > 

ibild  ftet  III  the  geometrical  figure^  and  making  that  the 
bafis  of  tl\e  algebraical  problem* 


Let  it  be  required  to  divide  a  line  into  two  jJarts,  fuch 
that  the  re£langle  under  the  two  parts  (hall  be  equal  to  the 
fquare  on'another  line. 

Let  AB,  GD,  fig.  8,  lie  the  given  lines,  of  which  AB  is  to 
be  divided  in  fuch  a  manner,  that  the  refkangle  under  AE 
and  BE  (hall  be  equal  to  the  fquare  on  GD* 


Let  AB  •=  a^ 

BE  =  *^feet. 
GD  = 


X 


Then  x  Xa-x  =  b* 
.-.  «*  —  **  =  b* 

»• ax   +  «*  = i* 

4  4 

...  Aj:_«c  +  *»- J-^b^ 

4  4 

2  2         V      4 

a      ^     4  »     ^    4 


*  = 


(      209     ) 

r  =  BE,  or  B^  fcgments  of  the  diameter  of  a  circle, 
efznA  EF  being  equal  to  GD }  for  then  C  being  the  centre, 

CE  will  be  equal  to  ^—  -  b\  and  BE,  B^  =  BC  ±  CE, 

If  a  ftraight  line  is  divided  into  two  parts,  the  fquare  of 
the  whole  line  is  equal  to  the  fquares  of  the  two  parts  to- 
gether with  twice  the  rc£langle  under  the  two  parts. 

Let  a  and  b  be  the  number  of  feet  in  the  two  parts. 
Then  «  +  i  is  the  number  of  feet  in  the  whole  line. 


.\  a    +   b  is  the  number  of  fquare  feet  in  the  whole 
line. 


But  a  -{-  b   =:  a^  +  2ab  •\'  i*. 

a*  is  the  number  of  fquare  feet  in  a  fquare  made  upon  b 
line  A  feet  in  length. 

b^  is  the  number  of  fquare  feet  in  a  fquare  made  upon  a 
linc^  feet  in  length. 

And  2ab  is  the  number  of  feet  in  two  re£t angles  made 
with  lines  refpedively  a  and  b  feet  in  length. 

The  learner  may  find  feveral  fimilar  inftances  in  the  fe- 
cond  book  of  Euclid,  which  will  afford  him  ufeful  pra£lice ; 
and  from  an  inveftigation  of  the  mode  purfued  with  them, 
he  will  find  it  very  eafy  to  underftand  the  writers  who 
have  applied  algebra  to  deeper  geometrical  problems. 
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^rfflcaciui  reddatur*  *  * 
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(  a^    ) 

CKP  THE  SOLUTION  OF  CERTAIN  CU- 
BICK  EQUATIONS,  OR  EQUATIONS 
OF  THE  THIRD  ORDER,  BY  CAR-r 
DAN'S  RULES. 

Article  I.  TWO  rules  were  publiflicd  by  Cardan^  a 
learned  phyfician  and  mathematician  at  Milan  in  Italy^  in 
the  year  1545,  for  refolvtng  cubick  equatioHsof  the  two 
follawiag  -forms,  to  wit,  *'  +  ix-  =  r  and  a? '  —  i^p  =  Cm 
The  former  of  thefe  rules,  which  relates  to  the  equatton* 
k^  -f.  bx  =  r,  is  always  fuflBcient  torefoive  it,  whatever  be 
the  magnitu^s  of  *,  the  cb-efficiem  of  x^  and  of  r,  the  ab- 
folute  term  of  the  equation  :  but  the  fecond  rule,  which 
relates  to  the  equation  x^  —  bx  ^  r,  will  rcfohre  it  only 

when  the  abfolute  term  c  U  sreater  than  /      , 

•        4^ty        cc    .  ,         «\ 

or  cc  19  greater  than  -^ — 1  or is  .greater  than  — V 

Neither  of  thefe  rules  was  invented  hj  Cardan  ;  but  the 
former  of  them  bad  been  invented  about  30  years  before 
Cardan  publiflied  it,  that  is,  about  the  year  1515,  by  Scipio 
Ftrreus^  of  Bomnia^  or  B^togn/iy  in  Itafyf  as  Cardan  himfelf 
informs  us  j  and  the  latter  rule  had  been  lately  invented 
and  communicated  to  Cardan  by  Nicholas  TattaliOy  tr 
Tartaglia^  a  learned  Italian,  who  was  Profeflbr  of  Mathe- 
maticks  at  Venice.  See  upon  this  fubje£k  Mohtadd^s  Hifi 
trire  dis  Mathimatiquesj  vol.  i.  pages  462,  and  479,  48O9 
and  4819  aqidjDr.  Htttton'«  Mathematical  Pldlionary. 

P  a  Art.  n. 


(    "4    ) 


CARDAN'S  FIRST  RULE- 

Art.  IL    The  former  of  thcfe  rules,  or  that  which 
relates  to  the  equation  x^  +  hx  =s  c^  is  as  follows ;  xa  wit. 


or,  if,  for  the  fake  of  abridging  this  complicated  expreffion,. 
we  fubftitutc  the  letter  e  inftead  of  -1,  and  //  inftead  of 

2  I 


— .  +  — ,  and  confcqucntly  x  inftead  of  v^lt,  +  fL^ 
a;         4  ^7        4 

we  (hall  have  x  =  V^t?  +  i  —  — ^^^  or  ;r  sr 


3^'(r+T' 


^'^'-tf^tt: 


Arid  thcte  arc  likewife  two  other  cxpreflions  for  the 
value  of  X  in  this  equation  *^  +  *;t  =  r,  which  may  be 
derived  from  the  fame  inveftigation,  by  means  of  which 

we  obuin  the  foregoing  cxpreffion  ^A-^  +^[_ u.  ,f£^ 


=s.>  or  i/^[e  +  /  ^  . 


»  a?  4 

or  v/'l^+7  -  ;   .3—=^-    Thefe  expreffions  arc  • 

or 


(    415    ) 


-77===-  —  V     1 —  »  T  *«  wi  ,.,r—=- —    - 


^3(r— 7,  and  -•*)—+ v^    ay 


^r  V^/^  +  ^  —  -v/'P  —  ^-  All  thcfc  tBrcc  different 
cxpreiTions  will  be  equal  t<^  x^  or  the  roqt  of  the  equattM 
^^  ^  bM  ^  c,  as  will  eafiljr  appear  from  the  inyefl^g^tiw 
of  them>  which  will  be  given  in  the  following  article»f 


cardan^s  second  rule. 

Art  in.  Th£  latter  rfde^  dr  that  l^hidh  telatet  to 
the  equation  x^  '^  he  si  c,  and  which  wae^  invented 
by  Nicholas  Tartaleat  is  as  follows.    If  r  be  greater  than 

—21- ,  or  cc  be  greater  than  -^— ,  of  -!^  be  greater 

than  - — i  *,  or  the  root  of  the  equation  x'— J*'=f,  will  bo 
27 

equal  to  either  of  the  three  fbllowing  expreflions  ^  to  wit» 

.3  4  >7 


oradly,3v^'i / '  ' 

a  4  a?  ^ 

or. 3aiy»  V'l^  +•  1-^  — ^  +  ^'7--'^T''*T 

P4  or, 


<  ?'^  ) 

otj^if,  for  the  fake  of  bievitf ,  we  fubftitutc  i  inftead  of 
—  ai!d~T/  nnfttfad  of  — _- ,  and  confcquehtiy  x 

, /  ^^  -^  ■     ' 

inftead  of  v//-** — r*  in  the  faid  rtcpreffions,  weThsrtl 

4  27       .  - 

l^ave  X  egVial  tQ  ^it&e^  of  the  three  following  /expreflionSt 

*  *  r  h  h 

to  wit^.ift,  J^UA^s  + ::==i  and  adiy,  - — 7= — , 

4Wif Sfciir  prt)teed  to  'give  the  klvcftigations  of  thdc » tw# 

ccldJrareti^iihs:'"*'^'*^"'''  *' '" 


THE  INVESTIGATION  OF  CARDAN'S  FIRST 
oaWl!fi,:W«IGH::RfiLATES  TO  THE  JtESOLU- 
i  rWJON  OE/THElQlJATiON  j^^  -h  *«  «  r. 

^^^r/.  IV»  -»Iig^ord^r  to  jnycftigate  the  firft  rule  of  Car^ 
dan,  which  felatcs  td  the  equation  ^e^  +  ^;c  =  f,  we  miift 
gjepui/B  .|he  folJUwing  very  evident  rprraciplc;  to  wit^ 
that,  if  there  be  taken  any  two  numbers  whatJoercr,  or 
aJtf'lhlff  anffTcainfgle  whatfoever,  denoted  by  the  letteMl 
iLandy»  it  is'^ofllhle  fnr  two  other  nunibers,  or  twojines, 
td«xift,  (\i^icKwe  irilLcall  g  ?XiA  A,  whereof  let^^  be  the 
gtoiter,)  which  are  of  fuch  magnitudes  that  their  difFer- 
cnce  g  —  A'' (Hall  be  ^equal  to  i^  and  their  jjrpduS^or  xtGt^ 
ingle,  ghy  ;Qiall  be  equal  io  IT 

'  -  J. 

'  Foi:  Itt  2  ai}3  v  be  two  variable. lines,  or  numbers,  of 
#hich  ^  is  thelgreater,  aad  of  which:  the  difference  z  —  ^ 

:*  -   i  is 


(   a»7    ) 

is  equal  to  the  given  quantity  *.  .  It. is  evident  that  v^.the 
lefler  of  thefe  quantities^  may  be  as  fmall,  or  as  nearly  equal 
to  nothings  as  we  pleafe,  and  yet  may  differ  from  the 
greater  quantity  b  by  the  given  quantity  k  g  and  it  is  evi*' 
dent  likewife  that  it  may  be  as.  great  as  we  pleafe^  and  yet 
may  differ  from  the  greater  quantity  z  by  the  fame  differ* 
cnce  i.  Theirefore.thc  re£langle,  or  produft,  zv.,  (the 
magnitude  of  which  evidently  depends  upon  the  magni-^ 
tude  of  V  as  well  as  of  2)  may  be  .as-fmall  or  as  great  as  we 
pleafe,  and  yet  the  i}uantity  z  and  v  may  have  the  fame 
given  difference  L  Therefore  zv  may  be  equal  to  the 
given  quantity  /  *at  the  fame  time  that  z  —  v  is  equal  to 
i;  OX  z  and  v  may  be  taken .  of  fuch  magnitudes  (which 
we  win  call  j:  and  A,)  that  their  difference  a  —  v,  o'r^  —  ^, 
(hall  be  equal  to  k^  and  their  rectangle,  orprodiidt,  %vyor 
gh^  fliall  be  equal  to  /. 

This  being  premifed^  the  firft  rule  of  Cardan  above- 
dcfcribed  tnay  be  idvcftigated;  6t  the  problem  of  refolving 
the  equation  *'  +  i^r  2=  c  may  be  folved,  in  the  following 
manner. 


PROBLEM  L 
Art,  V,    To  refolve  the  equation  x^  •{■  bx,^  c. 


SOLUTION. 


'  Let  g  and  h  be  two  quantities  of  fuch  magnitudes  4:hat , 
their  differences?-*  b  ihall.be  iiqunlto  .Ti  and  their  re^l*^ 

angle. 


(  «I«  ) 

angle,  or  produS,  gh,  {^lall  be  equal  to  — ^  it  KaVing 

been  proved  in  the  laft  article  that  it  is  poffiUe  for  two  fucb 
quantities  to  extft*  Then  it  is  evident  that  \vc  ihall  havo 
3gh^i,  and^=  g^TSi'  =  ^^  —  3g"^  +  3^**  —  i'=  g^ 
—  2ghXj^h  —  *'=  ^  —  i»  —  c^AX  g'-tf  and  ^x  = 
*  X  g-^hf  and  confequenrly  **  +  J;^  s=  ^*  — .  A*  —  2g^ 
X ^— A  +  ^X  i:  —  A,  or  {bccaufc  2g^  is  —  ^, and  confc- 
quently  3^*  X^  —  Ais=3X  g  — ^  h)  x^  +  ix  =z 
g^^P  —  b  xJ^=^+*-X^  ^  br=g^^hK  But 
AT^  -h  bx  is  ==  r.    Therefore  ^*  — -  A*  will  alfo  be  =  c. 

But,  becaufe  3^*  is  =:  i,  it  follows  that  h  wiU  be   =? 

*                                                                  b^ 
— -,  and  confequcntly  that  i*  will  be  =a  -i- .     \ 

Therefore  f'  —  P  will  be  =  jr* . 

But  it  has  been  fecn  that  g^  —  A^  is  =  r. 
Therefore  g^ will  alfo  be  =  r. 

Therefore  (multiplying  all  the  terms  into  g^,)  we  (hall 
ha,ve  g*  -^  —  =  cg^j  and  (adding  —  to  both  fides,)  g^  =s 

cg^  +  — ,  and  (fubtraiJiing  4:^^  from  botfi  fides,)  g^  —  ^;f * 

5?:  —  J  which  equation,  though  it  rifes  to  die  6th  power 

of  the  unknown  quantity  g^  is  of  a  Cmilar  form  to  a  qua* 
dratick  equatioUi  and  is  therefore  capable  of  being  refblved 
in  the  fame  manner  9s  a  quadratick  fo  far  ;is  to  obtain  the 

value 


(     2X$     > 

taluc  of  g',  or  the  cube  of  the  unknown  quantity  f*    Wc 

trill  therefore  add  — ,  or  the  fquare  of  — ^,or  of  half  the 
4  a 

€0«efficient  of  g^y  to  both  fides  of  this  equation ;  and  we 

(hall  then  have  ^*  —  fg:%+  —  =  -r  +  —  •    There- 

4  27  4 

fore  the  fquare-root  of  g^  —  cg^  +  —  will  be  equal  to 

4 

h  cc  c 

the  fquare-root  of  —  +  — %  that  is,  ^ will  be 

^  27  4  ^  z 

»7  4 

Therefore,  if  we  add  —  to  both  fides,  we  (hall  have 

c  r^3         ^^ 

r*  =  —  +  4/* —  +  — ;  and  confequently  g  will  be 

2^         27  4_^  4-#Q 

z  .   27  4 

But  we  have  feen  that  h  is  =  — • 

Therefore  h  will  be  =  ^        ^      _  ,     ^l^^  and 

confequently  ^—  i  will  be  =  -v/4—  -f-  J^^  +  iL 

2  27        4 

. ,  that  is,  X,  or  the  root  of  the 


3^3l4.+  ^ri^+     - 


2  a;  4  ^ 

propofed  equation  x^  +  bx  ?=  c,  will  be  9 

Q;,E.    I. 


(  a»  ) 

.         ^  *7        4 

cxprcffion  will  1>c  =  •*[  ^  4-  /  —        ^         ^ 

And  thus  \re  have  found  the  firftt>f  tht  three  exprcr- 
fions  that  were  fet  down  in  Att«  2.  as  being  equal  to  x,  or 
therobt^of  the  equation  x*  +  tx  =  c.  '' 


THE  SECOND  EXPRESSION  OF  THE  ROOT OFTHfi 

,    EQUATION iP»  -f  *:r  =  ^.. 

j^r/.  VI.  The  fecond  of  the  faid  three  ezpreilions  majf 
be  found  a^'f^Howd.  .        ^ 

Since  3^A  is  =:  *,  j^  will  be  a=  — - ,  ai\d  qpnfeqttcatly 
g^  will  be  =  T-4i  •      Therefore  ^*  —  A*  will  be   =» 

But  ^'  —  iMs  =:  r 

Therefore  — rr  *^  ^^  '^^1  alfo  be  =  c.    And  confe- 

2  7*3' 

quently  ,— ^  »—  b^  will  be  =  ^A',  and  —  ,  will  be  ^a 
A6  ^  ch\  therefore  h^  +  irA^  +  ~  will  be  =  ~  + 
-^ ,  and  confequently  h^  +  -^  will  be  =  V.W  +  —  • 
and  h^   will  be  ^=t    a/I-^  '+'  —  —  ~ ,  or  —  ~  + 

vCL+^    Therefore  h  will  be  =  V^/— ^+v£3 

and 


jmd^,  or^ will  be  = 


*        ay     4     . 
^       


^Iicrcforc  g  —  A,  or    — r—  i,  will  be  =s 


3A 


Therefore  a?,  which  is  =  |f  —  i,  will  alfo  be  = 


was  the  lecofl4  e;icpreifion  for  the  value  of  x  fet  down  above 
in  Arit.  2* 

Q^E.  I. 

If  ^  hjB  fubftituted  inftead  of  —  and  ss  inftcad  of — +* 

•~',  and confequently  /inftead  of  vl—  +  ~>  *» 
die  laft  cxpreffion,  it  will  be  thereby  converted  into 

—  .,  -^  V  — ^+x,or ;==—  VHs  —  e. 

Therefore  x,  or  the  root  of  the  equation  x^  +  ix  =:  c, 
win  be  = —-;i====  •- ^3(7^7 


THE  THIRD  EXPRESSION  OF  THE  ROOT  OF  THE 
EQUATION  *» +  *x  =  ^. 

-^rf,  VIL  The  third.  Or  laft,  of  the  faid  three  expref- 
fionsof  the  value  of  ir,  or  of  the  root  of  the  equation 
**  +  ix  =  c,  fet  down  in  Art.  2,  to  wit,  the  cxprcffion 


(  ««  ) 


fonnd  as  follows. 

#t  " 

Since;  is  (hewn  in  Art.  5  to  be  =5  ^-f-  +  v'l — h— , 

2  '27      4 

and  A  is  {hewn  in  Art.  6  to  be  s=  ^^/—  —  +  >v/J — H  — . 

it  follows  that;  —  *  will  be  =  v4— +  v'—  +  -^^^^ 

[     c        (^         TT 

—  V* +  v^'t^  +   — ;  that  is,  fCy  or  the  root  of  the 

a  a;  4  ' 

*  ■ 

equation  x»  +  *jr  =  r,  will  be  a=  ^»  —  +  '^j — +-^ 

And,  if  e  be  fubftituted  inftcad  of  — ,  and  s  inftead  of 
a 

V  TZ"  +  — I  in  this  exprcflion,  it  will  be  thereby  con- 

verted  into  v^'/T+T  —  ^sfHT+Tf,  or  v^'lT+T — 
v^*./  — ^.  Therefore  x,  or  the  root  of  the  equation 
*'  +  iar  =  f,  will  be  s=  \/^C^+  ^  —  V^jx  — ^. 


We  will  now  proceed  to  dcmonftrate  the  truth  of  thcfc 
three  exprcffions  of  the  value  of  x  fynthctically,  by  fub-^ 
ftituting  each  of  them  inftead  of  x  in  the  blnomid  quan- 
tity x^  +  bxy  and  fhewing  that  the  value  of  the  faid  bi- 
nomial quantity  refulting  from  the  faid  fiibftitution  will 
be  equal  to  o  o^  the  abfolute  term  of  the  equation 

;b^  4.  *Jf   =  tf. 

7  A  SYN. 


(  **3  y 


A  SYNTHETICK  DEMONSTRATION" 


TBAT  THE  EXFBE8SI0N 


+  * 


,  OSTAIS- 


ED  BT  THE  INVESTIOATIOK   IN   AKT.  5>   IS   BaUAX  TO  TBI 
JLOOt  OF   THE  BaUATION  X^  +  hx  =:  C, 


Art.  Vnl.  IF  Af  is  «  v'^lTTT 


3^^'GT7' 


or 


T?t- 


3  x(r+7]t 

3  X  fx  +  r!|  X 


3  xTTTlj. 


,  wc  fliall  have  ^r^  (=  j  +  ^  — 
+    3    X    /  4-^f    X 


9X/  -h 


27X/  +  e 


==.  +  .,,.(ijtlI.^*  + 


int 


.-4~l> ==)=  -^  +  ^— (T-K^l 

33  ^3 


V  +  fli  X  hi 

3  X 


X3-^ 


3XJ/  +  ^'^       27X/  +  tf 


;  and  we  Ihall  have  bx  {=  t 


Therefore  a?^  +  6x  will  be  = 

'x  +  <-*x(rT7j.  +  — ?^L=— - gf — ' 

3  X   Ijr   +  <^j.         a7X/+^ 

3  x(7+7)t 


=  /  +  ^ 


•    «    _ 


t    aa4    > 


27  X  /  4-  ^  27  X  /  +  r 

37  X   jlr  ^  2U  '^ef  -^l^  ^  27^1  +  54/tf   +  37  <y  —  |> 
27  X  /  +  ^  ""  27/  +  27  / 


BuU  bccaufc  e  is . — »  we  fliall  have  ee  =  — 1  and  con* 
2  4 


^^. 


fequcntly /J  (which  is  = +  — >J  will  be  = 1- 

Therefore  —  will  be  =  //  —  ee^  and  P  will  be  =  ar  X: 
27  '  ' 

//  —  ^  =  27//  —  27^^. 

Therefore  the  fraftion  '^"  "^  ^^V^  '^"  "  ^'  wiU 

27X  +  2je 

27/  +  27^ 
Tjss  4-  $4/^  4-  27^^  —  2^ss  +  t'jee.  _  54/^  -f*    ;4^g 
375  +  2-^  ""     37/  +  274? 

!fL±^' =  fULiSi  =  ,.  =  2  X  —  =  f. 

'  Therefore  ;t*  4-  bx  (which  has  been  fhewn  to  be  equal 

to  the  fraftion  27XX  +  54^.  +  27.^  -  ^^N   ^jii  ^e  ^  ,^ 

-    .     ,  27j:4-a7tf  /        •     •     .     / 

or  the  abfolute  term  of  the  ecjuation  x '  4-  bx  ^  c : 

and  confequcntly  T+^j- /  ,  or  v'  -f  +  ^  — 

3  X  i  4-  <?it     , 

—        I   ■  .J  willbe  cfflalto  at,  or  the  root  of  the  faid 


A  SYN. 


(    »a5   ,) 


-    1 


A  JYNTHETIQLDSMpNSfRATION   - 


THAT  TBB  EXFKESSIOK 


i      .    -      _. 


3VHs—e 


■^-^i<r^ 


OBTAINSD 


ZN    ART.   VI,    IS   EaUAL   TO   THE    BOOT   OF  THE   EttUATIOir 

v^r/.lXr  IP  X  Is  equ  j  to  ~ 


—  Vy —  ^5  or  to 
^3 


3v^3|,_^ 


27  X  /  —  ^  3  X  /  —  e\y 

i     X     s  ,r-  e\ f    —   (s.--~e,    ani     iAf     (  =    *     X 


{ 


J» 


Therefore  x^  +  bx  will  be  == 


2T  X  s  —  e       i  X  s  —  e\i 
3  X  s—'e^r 


(     326     ) 

a7X/  —  #  27  X/— r  "^ 

^3  —  27/j  4-  5»f#  —  a7y 

27/  —  27f 

But. beeauft//  «•  =  —-+  -r-«  tz  +  ee,  wc  Hull  have 
»  17         4      17 

- —  ss  //«-  i€^  and  confequently  **  =s  17//—  27/^* 

•  Therefore  the  fraaion  ^'  ""  ^yj^'  "^  ^^""will  be 

27#i  —  27<»  -  27/f  4-  ^^i  —  27gg  _   54<f  ->  y^    ^ 

1/^  —  a«^       ^         *w'— ^     » 
.  as2/532X---=«^-      < 

•  V  —  /  ^        a 

Therefore  «*  4-  ^»  ( vhkh  hat  been  fliemi  to  be  equal 
to  the  ftaaion*'-*;^^^^-"'^  ^  I«  =  '»  "d 
confequently  —— -ssasr-T-'—V— #)^,or         ."T-^Tg  — 

^jjf  -.  ^^  yfiXL  be  equal  to  ^r^  or  the  root  of  the  equatioa 


ASTN. 


{    «7    ) 


A  SYNTHETICK  DEMONSTRATION 


THAT  THE  BXPIBMIOK    V^K  +  *—  ^'"0  — 7?,  OBTAIWD 

IH  ART.  VII,  IS  BOUAX.  TO  TtfB  ROOT   OP   TBB  BAUATIOH 

S^  +  bx  =s  €. 

Art.  X.     IF  «  is  =   V'fx  +  ^—  >/^ I  — ^f,   or 
r"+7|j^  —  (x^^^^^^  we  fliall  have  ftr»r=/+^—  jx 

r+^j.  X  /"^i  +  3  X  /T^j.  X  X— 4f — F--^ 

and  *^  (=  *  X|/  +  ^^— V— VlJ-)  =  *  xTTl}  —  * 


X/- 


■Wf. 


Therefore  *»+  *jrwillbc  =  /  +  ^  —  3X  x+7lj  X 
^^^r+  SX/'+Tlj.  xx"=^.|  — (7^^+*  x/T^J^ 


But,  becaufe  ss  w  =  - —  +  — ^  or  —  +/owc  fliall 

.  *'  — 

«*▼€  —  =  XX  — ^^,andconfcqucntly**  =  27  X  xx^—  et 

=  27  X  x+^  X  7^. 
Therefore  i  will  be  =  3  X  x"+^|  X  7— ll};   and 

*  xxirp;wiiibe  =  3  xxTl^xT^fxT+Tjf 

=  3  XX  4^;]*  xT^j-j  and*  xT^fwiUbe  = 
3  X  ^M^J-  X  x^f  X  x^.f  :=3   xT+^-^X 

Qj8  Therefore 


1 


(  **«  ) 

Therefore  /  +  r—  3  x  7+7\f  X/—  ^If  +  3  X/  +At 
X  /^^T  —  (7  -  ^,  +  fX  /  +^|— •  *  X  T^T^j.  will 
bc==:/  +  ^-3X  *j'+^  J  X  /  —  V I  +  3  X  TTP  J- 

^•^  -  >1r  — F-^^3  X^Vlj'X/  —  ?lj-  — 3  X 


=  2  X  —  =  r, 

2 


Thcrcfprc  x^  +  b^  (\ybic^i  bus.hifcn  {[icwn  to  b^  e^ual 
jp  /  +  if  --  3  X  /  +^1-  X  /  -^  e]i  +  J  X  r+^f  .X. 
i^}  -  f^  +  ^  X.ijli\  —  }  X  /— 1;^  wiU 
be  =  r;  and  confequently  the  exprcflion  ^  4- «^ -ji^ 
X— f!y,  or  -v/^jT+T  —  >v/^  J-  —  ^i  will  be  equal  to  x,  or  the 
root  of  the  equation  x^  -h  bx  ^  cw 


THE    INVESTIGATION    OF 

CARDAN'S    SECOND    RULE, 

WHICH  RELATE*  TO    THE    I^ESOLUTION    OF  THE    EttUATIOM 

•    .  ^'  A^  —  ^  sr  r.: 

Jrt.'Xl,  PreviouI^ly  to  the  invdligation  of  this  cdc- 
brat^d  Rule,  it  will  be  proper  to  make  the  following  obf<»r- 
^tiojis.,.  X   _  ,^x   •;'.       :--•'." 

Obfervation  i.  In  the  cubick  equation  x^  —  hx'rs:  r, 
(which  is  a  propofition  affirming  that  x'i^  or  the  cube  of 

the 


I  the  untcnown  q^uantity  i*,  is  greater  than  bxy  or  thfe  produdi' 

!  of  the  multiplication  of  x  by  tlie  known  co- efficient  ^, 

and  that  the  excers,  or  difFerenfce,  is  equal  to  the  known 

quantity  r,|  it  is  evident  that,  fince  x^  is  greater  than  bx^ 

gfi                                                            hx 
•  —  ,  or  xx^  muft  be  greater  than ,   or  b^   and  confe* 

I  J?  X 

I  quently  that  x  muft  be  greater  than  ^b. 

I  Obfervatton  1.  While,;f,increafes  from  V^  aiit^nitutn^ 

*'  will  increafe  continually  from  b^  X  ^/^  ad  infinitum^  and 

I  bx  will  alfo  increafe  continually  from  the  fame  quantity , 

i  X ^/b adinfinitarfi. 

ObferuAtlon  3.     And,  white  x  iftcreafes  ftoth  >/3  ad  ikfi» ' 
I  ftitum,  the  excefs  of*'  above  ^i  will  inci^^afe  continually, 

or  without  ever  decreafinjg,  from  (^  ^b  -^*iV^i*or)  a  ad^ 
I  infiniHm*  '    '        '     ^  .  j      .  • 

For,  if  we  put  *i  (or  the  le5t«ii*JwiUi  ft  powt  .tila0td  over 

I  it,),to,d/epote:the  increment  3!rhjcl|..ir;  recfeiv^  in  any  giv.en 

I  portion  of  tioie^  eitheir  fmaJUl.  <s^  gre^t y  dur Ifvg  its  -increafe 

I  from  ^b  ad  infimtinn^  b^  vftill  be  xUt  •iilcrefo&n.t  which  fctf 

I  will  Tcceiveinjthe  f^nicju^i^icb \W^  3*»t*r-h.  9*^*  i>'  <*»*  will 

I  be  the  i|icrf ^fii»t  whif^bt^^f  will  recoivt.  ibitht  fame  time ) 

j  bccaufe,«yhea A?irf \f(pj|eafei tp  ^^  +-'j^,  bxrWi]il Boiticreafefl to 

*-X  »  +  ^^94  to  bx' ^'bx^whA^i^'^iYiWintH^tcito  x-^^K' 
orto  M^  ^  3A:*jf  "f  3^^  +  ^^     i^^r^i  fiikc  x^  fs  always* 
greater  than  i-diiriTig  th^  <irhdlc  iftdreafe'  tif  'x  *fr6&i  fteing* 
equal  t»  ^ifoit  itf^Hif^,  tt^f^Ucw^rs^Aat  j^-k^J^,  6f  x% 
wifl'be^alwriys  greateiithttti;*  X-*,<fr'*%dttri«g  tha\  Wlidld 
iMVcafex  d  Aiiv^^x^ h  -^cztir  thad'  *^*',  and  3a?'S' ^  3/^^* ' 
+'i^h£d\i  gpiztttliiik^''^*-i^.    Thewfore,   i  Jbrtfori^ 
^x  f^  3api*  +  ;f'  muft  be  greater  than  bx  during  the 

0^3  whole 


'    (    ajo    ) 

whole  increafc  of*}  that  it,  the  increment  of  jp>  will  be 
greater  than  the  contemporary  increment  of  ht  during  the 
whole  incrcafe  of  x.  Therefore  the  refidual  quantity 
*»  —  **,  or  the  excefs  of  i'  above  bx^  will  increafe  from  o 
conrinually,  or  without  ever  decrcafing,  while  *  increafcs 
from  V*  to  any  greater  magnitude. 

•  Further,  fince  3***  +  3«**  +  *'  «ttc  increment  of  *S 
and  bx  is  the  contemporary  increment  of  bx,  and  xV  is 
greater  than  bx,  it  follows  Aat  the  excefs  of  the  increment 
of  **  above  the  contemporary  increment  of  bx  will  be 
greater  than  the  excefs  of  the  increment  of  «r»  above  «*^, 
or  than  the  excefs  of  3***  +  3;px»  +  *'  above  «*jt,  or 

than  the  quantity  {3***  +  3*^  +  **  -  ***»  «^')  ^** 
+  jy*»  +  xK  But  the  excefs  of  the  increment  of  *^>  above 
the  contemporary  increment  of  bx  is  the  increment  of  the 
refidual  quantity  x^  —  bx.  Therefore  the  increment  of 
the  refidual  quantity  x^^^bxh  greater  than  the  quantity 
2x*x  +  ytJi*  4-  xK  But  it  is  evident  that  the  quantity 
2x*^  4*  2KX*  +  ifl  will  increafe  continually  ad  infiminm^ 
while  X  incieafes  ad  injinitum  $  fo  that  no  quantity  can  be 
affigned,  how  great  foever,  which  the  faid  quantity  2**^  + 
yex"-  +  jr^  or  either  of  its  two  firft  members  2x*x  and 
^xx\  (in  which  x  is  involved,)  may  not,  by  increafing  the 
quantity  x  coatianaUy,  be  nuide  to  exceed*  Therefore  the^ 
increment  of  the  reTidual  quantity  «•  —  i/r  (which  inere» 
mentis  greater  than  die  quantity  a***  +  3^**  +  *^,)  will 
increafe  continually  «</  it^mium^  or  fo  as  to  become  greater 
than  any  finite  quantity,  how  grestfoever.  And  confer 
quently  the  refidual  quantity  x^-^bx  itfdf  (which  recdvea . 
the  (aid  cQntinually*in$;reafing  and  iafiniteiy-increafingin^. 

crementy/ 


(    23«    ) 

cfement,)  wiU  increafe  continually  from  Oaiinfimtumy  or 
fb  as  to  become  greater  than  any  finite  quantity^  how  great 
fpever* 

^  Q^E.  D. 

Oifirvation  4.    Since  the  compound  quantity  x*  -*  ts^ 
increafea  continually  at  the  fame  time  as  x  increafeS|  and, 

when  X  is  =  ^^  the  faid  compound  quantity  isfs       ^  ■ 

a/3   *"  3^/3  3 a/3       ^   d%/j         3^3'    ^ 

— ^  I  it  follows  that,  if  x  is  greater  than     ■     <i  » 
3^3  .  *  1/3    • 

the  compound  quantity  ;r'  — »  ^x*  wiU  be  greater  than 

-'— 7  ;  and)  if  ;r  is  lefs  than  ^^9  the  faid  compound 
3vS  VI 

^antity  will  belcfs  thaa!^-^l  and,  i  cQnverfo^  if  the 

/-compound  quantity  x^  -^  hx^  or,  it's  equals  die  abfolute 

term  r»  is  greater  than  -«^9  the  Ya(ii$  of  ;r  will  be 

greater  than  ~^|  andt  if «'  -^  i'^y  or  pf  is  lefs  than 
vi 

\         2Ht^  the  valueof  ;r  wU)  U  lefs  than  ?^  ^  or,  if  il 
i  3V3  V^3  4 

I  ijs  greater  than  — >  *  will  h^  greater  than  ~-  5   ands  if 

*/  ir  3 

-^  is  left  than —  #•  will  be  left  than ---^. 

4  ^7  Vi 

!  Obfervaim  5.    When  ^  is  greater  than  ^^  or  ~ 

3^3  4 

3' 

U  greater  than  — *9  and  coniequently  (by  the  lad  obfer- 

Qjl  vatton) 


\ 


C    2St      )) 

vation)  AT  13  greater  than  r— ^  .vitf/will  be  greater  thaV 

-i-,  and  confcqucntljr  —  will  be  greater  than  ~.  But' 

3.      .         '  4  '3 

—  is  the  fquare  of  — .  Therefore,  when  c  is  crcater 
than  ^ — p ,.  Pt  — *.  Ut. greater  .  than  —  ^  Ihe  iqyare  ot 
-*-,„  or  of 'half  the  unknown  quantity  y,  will  be  greater 

tlian  ^ — ,    Eut,  ^by^EucKcTs^lement^,  Book  II,  Prop.  5,) 

iti  ie-alwftys-pdflibir  to  divide  a  Hne^asK,  into  two  ui^ual 
parts  of  fuch  magnitudes  that  the  r6(^angle  under  the  faid 
parts  fhall  be  equal  to  apy  quantity  that  is  lefs  than  the 
l^tiweiof  its*  half;    'Thcrefotn^'when  c  is*  greater  than 

^,  .iV  -|0r.4t--^s.gyatgi:^hjin\w-^^,it  is  poljibk  to  divide 

the  line  AT,  qr  the  rpptpf  .jj^e  equatio?  *'  —  ijf  =  c,  into,. 
two  unequal  parts  of  fuch  n9,agi;iitude8  that  their  reftangle, 

or  produ£i,  ihall  be  equal  ta  ..^. 

<:.:,.•:>,'-—  *A  ll  ,I«.iir   ,  *     •         '. 

This  laR  obftrvjation  is  the  foundation  of  Cardan's  Se*- 

cond  Rule,  ^hic^  rMittIs  to  the  rdftlutidn^df  the  equation, 

pc^  4.  i«  =  <?  19  fhe  firft  cafe  of  itj^  or  when^  is  gtcater  than 

— y-,  or  —^  fs  greater  than — .  5    the  Jnveftigation    of 

which  Rule  Iftsjl  now  proceeS  to  explaUvby  the  Solution 
of  the  following  Problem. 


PRO- 


(  ^n  > 


PROBLEM  II. 

Ari»  XII.  To  refolvc  the  cubick  equation  x^  -^bx  zs  r, 
when  the  abfolute  term  c  is  greater  than ,  or  — ^ 

IS  greater  than   — . 


•4. 

^SOLUTION. 


Since  c  is  fuppofed  to  be  greater  than  — ^,  and  con- 

fequently  (by  Obfervation  5)-—  is  greater  than  — ,it  is 

4  3 

foSbXt  fbr>iRdriie  divkied  into  two  unequal  patt^  of  fuck 
magtiitadeft  tkani  dipif  cfl&angle,  orprodndl:,  (ball  be  eqttal 

to  •     Now  let  it  be  conceived  to  be  fo  divided  5  and 

3  ' 

let  the  greater  of  it's  two  parts  be  called  v,  and  the  lefler 

be  called^  z.      Then  will  vz  be   =  ,     and    confe- 

qucfitly  3^2  will  be  ==  i,  and  3^^  X  t;   +   2J  wiH  be  ^ 

*  X  V  4-  z.  V 


Now  Cncc  V  +  z  is  =  x,.  we  (hall  have  ji?*  =  v  +  zj* 
^  v'  +  3v*z  +  3V2*  +  2^  =  V*  +  a;'  +  3^*2  +  3vz* 

:;=  v'  -i-«'  -f  3v«  X  V  +  2  5  and  we  fliftU  fcivc  ^a?  ==  *  X 

V  +  2,   Therefore  y'  —  i;^  will  be  =  v^  +  a*  +  3t;z  X 


v«4-z  —  ^Xv  +  z;  that  is>  (becaufe  3^2  X  v  +  2  is 

equal 


eqaaTto^  X  v  +  z)  *'  —  *jr  will  be  =  v'  +  z\  There* 
fore  the  abfolute  term  c  (which  n  equal  to  jr'  —  ix)  will  be 
=  v»  +  z\ 

Bat,  fince  3vs  is  =  ^,  we  Ihall  have  z  a  — j  and  con- 

fequcntly  «'  = j.  Thereforev'  +  »*  willbc  =s  v*  + 

— J  ;  and  confequently  r  (which  has  been  (hewn  to  be 

equal  to  v'  +  «»,)  will  be  s  t^  4- r  •     Therefore 

(multiplying  both  fides  of  the  equation  by  v')  we  fludlluTe 
cv^  =  v*  +  — ,  and  (fubtraAing  v*  from  both  fideSj) 

^1  —  v*  =  — . 

But  ev^  -^v^h  the  product  of  the  mvltiirftcation  of 
c  ^  v^  into  v\  which  £&£kors  are  together  equal  to  c. 
Therefore  (by  Euclid's  Elements,  Book  II,  Prop.  5)  cv\ 
—  v^  muft  be  lefs  than  the  fquare  of  half  of  r,  that  is,  than 

— i  and  confequently  may  be  fubtra£led  from  — .  Let  it 
4  4 

be  (0  fubtradcd ;  and  let  it's  equal,  —  >  be  alfo  fub* 

27 

tracked  from  the  fame  quantity  — .  And  the  remainders 


will  be  equal  to  each  other  5  that  is,  —  .-pv^Z^^  ^ 

Si. rp»    +    v^,    will  be  equal  to    iL   •—  -^, 

4  4  27 

Therefore   the  fquare-root  of  the    trinomial    quantity 

/  cc 

4 


(    ass    ) 

^  —  cv^  +ifi  wUI  be  equal  to  the  fquare  root  of  —  — 
4,  ^  ^  4 

— ^,  But  the  fquare-root  of  the  trinomial  quantity  — -* 
27  4- 

•*-  rv'  +  ti^  it  the  difierence  of  the  fimple  qttaatftiea> 

-^  and  vK  that  iS|  either  -^  —  t^*  or  v^^— ^according 
2  a  a 

as  —  or  v^  i$  the  greater  quantity.    But  it  has  been  al« 

2 

ready  fliewn  that  v'  an^  z^  are  together  equal  to  r ;  and  v 
is  foppo(ed  IP  be  greater  than  s^  and  oonfequently  v*  is 
greater  than  xK  Therefore  v^  mutt  be  greater  than  the 
half  of  V*  +  x\  and  conlequently  than  the  half  of  c^  or 

than  -— •    Therefore  the  difierence  of  —  and  v^  mud 
a  1 

l,e  v'  —  — ^  and  not  —  —  v*  j  and  confequently  v'— 
-^  nittft  be  the  fquare  root  of  the  trinonual  quantity 
^'  +  i^.     We  (hall  therefore  have  v^  — 


^=^f 


,  .  —  —  —  ;  and  confequently  (adding  — — 

tp  both  fides.)  «»  win  be  =   -^  +y^lZ-Z^.  and 
therefore  (extrading  the  cube-roots  of  both  fideSi)  v  will  be 

»  4      >7 

Bat  s  has  been  (hewn  tobe  = — . 

3' 

Therefore  v  +  s  wiUbe  (=  v  +  — )  = 


.^ 


t    i3«    ) 


'^.UT^ET^  4.     '  '  .    and 

'  2         ^     4         27  . 
confetjuently   Xy  or  the  '^oot    of  the   cixBick   equation 
«'  —  ^;v  =  r,  X^hich  is^.jequal  to  v  +  »,)  will  be  =t . 


^.i£.+^UL^JL  + 


.-  •  •  '  (^E.  I.  ** 

^r/-  XIII. '  This  ^xptefficm  ti  the'Tsib>e  of  a;  in  the 
equation  »^  —  bx.z=i  c  may  be  rendered  more  Gntple  by 

fubftituting  in  it  the  fingle  letter  e  inftead  of—,  and  the 

...  -         '        *  '• 

fingle  letter  /  inftead  of  4/ .    For  then  it  will  be 

•  •.     .  '  '::-^    '    ^1 .   \        . 

0/^\e  -f  J"  H r7>.  Therefore,  if  e  be  put  for  hatf 

:3<<^  +  I  .  .  ^      ■ 

the  abfolute  term  ^  of  the  cubick  .equation  x^  —  bx  =  f, 
.3  •  ^ 

and  ss  be  put  fdr  —  •*-  — 1  or  i  b«  put  forthe  fqiiare-root 
4         27  '  * 

of  ~ ^^^—^  the  root  X  of  the  fold  equation  ^kiW  be 

4      •    a;  » 

equal  to  ^*(r+   /  + — =.  ,    or    lox* ^-^'^^^^    4- 

3^^(^  V:.        ., 

^ ♦• 

3  X  r+Tit " . 


A  SYN- 


(  m  ) 


A  SYNTHETICK  DEMONSTRATION   OF  TJtlE 
TRUTH  OF  THE  FOREGOING  SOLUTION.- 

^it.    XIV..      Since    this    cxpreffion    e  4-  j^'f   + 

B  ,  ^     ■'- 
rr- — it=— -  1$  equal  to  the  root  x  of  the  equation  x*^ 

hx  =  Cy  it  is  evident  that,  if  it  were  fubftituted  inftead  of 
X  in  the  -compound  quantity  x^'-^bx^  (which  forms  the  left- 
hand  Gde  of  that  cquationi)  it  ought  to  make  the  (aid  com* 
pound  quantity  be  equal  to  the  abfolutc  term  r.  And  fo 
we  (hall  find  it  will,  if  we  make  tlie  faid  fubftitution '; 
which  may  be  done  in  the  manner  following. 


*  '  .  h 

If  we  fuppofe  ;tf  to  be  =  ^  +  j'f  H = j  ^,  wc 

3  X  ^  +  Jr    , 

-V  b 

(hall  have  x^  {=re   +  x  +  3  K^  +  .Ij  X   ==^=rr 

h  X  If  -t-  Jlj^  +    =^=T7   +  =,and*Ar{=: 

3  X^  +?IT        %TX  e^s    ' 


— — --■■■■■       ■■     ■'    f    -^     » ,        ■  - 

■  Vi\\  +        -i-=—)  =  *  X  *T^i  + 

%  K  it  +  s\r  .    .    , 

—  .     ,  and  coQfequentIf  x'  ^-ix  —  e  +  x  +  * 

X  '  +^^  + =rr  -^  — 

3  X  * +1>      27X*  + 


=,+,+  -4=,^2Ji^:2li+iL 


ajx^  +  z  ayx^+z  a7Xr  +  x 

^7  xT+T  27  X  tf  +  !f ""      a;  x  t  ^  s 

Bttt^  bccaufc  //  U  =  —  —  -^  =  « —^  we 

fliall  hire  //  +  *—  =  //•  and  —  =  /^  —  //,  and  confc- 
quentiy  i^  5=  27/f  —  27//. 


Therefore  the  fraaion  ^7^  +  S4^^  ^  -1-  -^  *^   ^u, 

aj  X  e  +  s 

27  X  /  +  X       

54^^  +  54^'<'  -.    ^^  +  ^*  -   ^^  y^-^  s  _  -^  _  ^  ^ 
g    — 

Therefore  the  compound  quantity  *^  —  ix  (which  has 
been  (hewn  to  be  equal  to  the  faid  fradionj  will  alfo  be 

equal  to  ^.  And  confequeatly  ^  -I-  j||4- — >.—>,-,  muft  be 

S  Xe  +  sf 

equal  to  a*,  or  the  root  of  the  equation  ^'  «—  ^at  =  c. 

<^E.  D. 

ANO- 


r 


ANOTHER  EXPRESSION  FOR  THE  ROOT  OF 
THE  FOREGOING  EQIJATION  **— **  =  c, 

Art^  XV.  Br  refmniag'  tbe  Solntion  of  the  fore- 
going ProUem  w6  may  iin4  another  expreffion  for  the 
root  X  of  thi  equation  «?»  — .  ^*  =  c^  to  wit,  the  ex- 

■    ■ •  b 

preffion  V^  !^ -v4^  -  Jl^  j^H^-^ifff-ii, 
^  I 

This  expreffion  may  be  found  in  the  following  manner. 


THE  INVESTIGATION  OF  THE  SAID  SECOND 
EXPRESSION  EOR  THE*  VALUE  OF  TH£ 
ROOT  X  OF  THE  CXJBICK  EQIJATION  ;r»-*;r«A 

Art.  XVL  In  Art.  la,  we  fnppofed  the  line  x  to  be 
divided  into  two  unequal  parts^  v  and  %^  of  which  v  was 
f  appofed  to  be  the  greater  $  and  we  firft  found  the  value  of 
the  greater  part  v^  and  then  determined  the  ralue  of  the 
lefler  part  %  bjr  its  relation  to  v,  which  is  ezprefled  by  the 
equation  yj%  s  h^  But  we  riiay  with  the  fame  eafe  firft 
determine  the  ralue  of  the  lefler  part  x^  and  then  derive 
from  the  (aid  value  of  z  the  value  of  the  greater  part  uby 

meant 


1 


i     UO      ) 

means  of  the  fame  equation  3t«  as  i,  virhich  expre(Ie9 
their  relation  to  each  other  }  whereby  we  fliould  obtain 
the  feconj  ixfif^on  of 'the  value  of  -v  H-*fe,  or  z  +  f, 
or  x^  which  was  fc(  forth  In  the  HDregotngWicle^  ia  wit, 

==,or 

3V--   -V 


4  a? 


This  may  bQ.$lon^ia  the  manner  CoQowiag*         <  -    ' 

Since  ^vz  Is  ^  I,  and  coftfcqucbtly  r  iS  =  — ^ »   anA 
v'  is  =  — -  J  and  it  has  been  (hewn  in  Art*  1 2,  page  234, 


thatc  is=::v'+^' ;  it  ffiUQ\ys.tluti' .vilihe  = h    %*. 

27*' 

Therefore,  «*  will  be  = +  «*,  andrz'— a*  will  be  = 

.   .     ,  ,  .  .     ,  .^7  ,,.. 

, — r«  T|xef eforc^  if  W;e  fuhtr^  bot}iiid^j  pf  tbi^^qv^on 

{torn  ■'-^^  (^hWJins  fu^pofed  to  be  greater  ii^A  *^--^  and 
4  27 

confequcntlymuft  alfpbegrca.ter  thapjit's  f  qual^<^s(^  ^-^**) 

the   reno^ipxlers  will   be  equal  to  each  otherj  .  that  iS| 

Si^^^Zp,,ox  ~  — «'  +  »%  yittbe.*vX  ^^. 

4  4  ...'*.  *r 

Therefore    the-  fquarc-robt   of   die    trinomial    quantity 
^^  ''   '     •        .   .    I-     » 

— r;  —  ^;bV  4-  ^^  w^U-.J^ft.  equal  to  the  /quarc^root  of 

4'  ^  ^     ,     , 

-r -7-.     But  tjic  fquare-roOt  of  the  trinomial  quantity 

» 

cc 


(    Mt    ) 

^  —  rjs'  4-  2*  is  the  difference  of  the  fimple  quantities 
4 

/•  c  c 

and  z%  that  is,  either z%  or  z^ ,  accord- 

ing  as  —-  or  z3  is  the  greater  quantity.     But,  becaufe  c  is 

==  v^  +  z',  and  v^  is  greater  than  z^,  it  follows  that  z' 
muft  be  lefs  than  one-half  of  v^  +  z%  or  than  one-half  of 

O  or  than  — ;  and  confequently  the  difference  between 

—  and  z^  will  be-^ 2^  and  not  z^ ■.  There- 

fore  —  _  «3  will  be  the  fquare-root  of  the  trinomial 

if ^3  +   2*  and  confequently  will   be  equal   to 

4 

thefquare-rootof-^-^,  ^^  ~  -  ^'  ^^1  ^^  = 

.ifL  —  il.    Therefore  (adding  z'  to  both  fides,)  — 
V  4  27 


wiU  be   =   2'  +     ^^1-^^^ ,  TT*  *°*^  (fubtraaing 


4-27 
^iii_iLfrom  both  fides,)   z»  wiU  be   =   -J 


»7 


v'lii.  -  -,    and    confequently  (cxtraaing    the    cube- 
4        27  , 

roots  of  both  fides,)  «  vyiU  be   =  ^i—-^~^-—- 

Therefore  z  +  v  will  be  =   V'ij  "  ^Ij— ^  +  *  " 
rT  Iff  ,       *3  *         ,3/21      ,ffc     ~i' 

R  + 


(    »4»    ) 

+  — -r    '    '       ......    ,  Therefore  tc  (wMch  is  equal 

Cc       ITT     F 

to  z  +  *)  wiH  alfo  be  «  V^*r^v4^ ~  + 

'a  '  4  17 

— .  L-  }  that  is,  the  root  of  the  equatioti 

ATI  —   ix    =  e   will   be   =  V'l— v'l^ + 

«  4       »7 

— ,  or    V^'<f  —  /  + 


G~Z/^Zii.""  "■ '    '  "  ^^"^^^^^ 


^       t  4  »7 


or* 


-THh 


^ 


Q^E.  I. 


A  SYNTHETICS  DEMONSTRATION  OF  THE 
TRUTH  OF  THE  FOREGOING  EXPRESSION. 

■^rt.  XVH.    Here  again  we  may  demonftrate  fyn- 
thetically,  that  this  expreffionT-^^j.  +   ==rr    *® 


3  xT-j\^ 

equal  to  the  true  value  of  x  in  the  propofed  equation 
#*  —  *«  =  *>  by  fubftituting  the  faid  cxpreffion  for  *  in 
the  compound  quantity  x^  —  bxy  which  forilts  the  left-hand 
fide  of  the  faid  equation.    Vot^  if  we  txake  this  fubftitti- 

tion, 


r 


(    243    ) 

iibn,  wc  fiiail  find  that  the  value  of  a?3  ^ix  thence  arifing 
will  be  equal  to  the  abfolute  term  c.  This  may  be  fhewn 
in  the  manner  follbwingi 


If  X  is  fuppofed  to  be  c^ual  to  e  — .  M  + 


We    fhall   have    x^    ^  e 

b 


3  X  ^^;^^x' 


/   +  3    X   r  ~7|:  X 
^ .  bb  b^ 

^  +3x7-r7)^x— ^^±=e  +  — - 


3X^  — /It 
=     ^  —  X    +  *   X    ^  —  J^     + 


pXe  — /\t       a7xU-^ 


3  X  f  —  x)^ 


'     ; \  and  bx  (==  b  X  *  —  /y  +  =a=«rx)= 

67  xfr=^  '3  xv— TIt 


ixT-TTli*  + 


M 


=r7  ,andconfc(juetttly^*— *Ap 


3  xT^i-      rjXe  —  sl 


ss  e  -^  s 


3  X  f  — /*^T 

♦       + 


27  X  ^  — J 


^27  X  e-^sXt^f 
27  X  /—J 

^3 


b^ 


27   X  ^g  —  igj  +  jx 

27 X 737  *"       27  X  ^—  / 


27gg «-  {4ff  4.  27// 


i» 


27  X  ^  —  x^  2T  Xe  —  s 

z7  X  mr 


27  X  /  —  X 


But  it  has  been  flicwn  in  Art.  14,  that**  is  =»  27^* 

—  27A- 


R^ 


Therefore 


1 


(    5t44    ) 


Therefore  the  fradiion 


I'jee    -^    $4/?/    4-    ^'/Ss    +    J* 


27   X  ^  —  J 
18    =     _^7^g   —  54^-<'  +    ^7-^J   +     27ifg  —  2yss 

27   X  tf  —  X 

<4^^  —  54^-f .  ^     2gg  —   2rt  __    »^  X  ^  —  J 


27  x^—  X  <r—  X  ^— X 

2 


=  2^  =  2  X 


— .  =  r.     And  confequently  the  compound  quantity  *' 

—  hx  (which  has  been  fhewn  to  be  equal  to  the  faid  frac- 
tion,) will  alfo  be  equal  to  c ;  that  is,  the  value  of  the  com- 
pound quantity  x^^ —  bx  arifing  from  the  fubftitution  of 

^  b 

^  — s\i  A .,       .,      in   it's  terms  inftead   of  Xy   is 

equal  to  the  abfolute  term  c  of  the  cubick  equation  x^  — 

bx  =  r.     Therefore  e  —A i  -h  — -—  muft  be  c- 

qual  to  the  value  oix  in  the  faid  equation. 


A  THIRD  EXPRESSION  FOR  THE  ROOT  OF 
THE  FOREGOING  EQUATION  x'  —  ix^c. 

Art.  XVIII.  We  may  alfo,  by  refuming  the  Solution 
of  the  foregoing  Problem  contdnedin  Art.  I2,  find  a 
third  expreffion  for  the  root  of  this  equation  x^  — r  hx 


='  f,  to  wit,  the  expreffion  V'il  +  v^'-fL  — 

2  4  ^        27 


V* 


r 


(    MS    ) 


I  ■. 

I  V' -  —  V'-^^ —  or   ^/'U  +  s  +  V'iT^^or 

^  +  J  -J  +  « — ^y .     This  exprelTion  may  be  found  in 


*t-JsL-£:  or  ^'fT"/ 

2  -  4  r- 

the  followiQg  iQanoer. 


THE  INVESTIGATION  OF  THE  SAID  THIRD 
EXPRESSION  FOR  THE  VALUE  OF  THE 
ROOT  *  OF  THE  CUBICK  EQUATION  x^^h=c. 

Art-XiX^  Since  v'  +  z^  is  =  c,  it  follows  that  z*  will 

be  =  ^  —  v^     But  v3  is  fhcwn,  in  Art.  12,  to  be  =  f— 

2 


— -i-.  Therefore  f-v^  will  be  ^- 1-  +  V|^^ — — 


fcqueritly  z^  (which  is  ==  ^  ~  vS)  will  be  = 
—  a/-^ 7"  >   a^d  therefore  z  will  be    = 


^     2  "■  ^    4         27 ' 


But   v^  has  been   Ihewn   in  Art.  12,  to  be   — 


c 


'    C ' >^3  '  .  'c  fee         P 

+  ^yl^  —  ^,  and  confcquently  v  is=  -/*.—  +  v^T"-  If* 

-  4  27 

R3  Therefore 


(    ^46    ) 

Therefore  ^  +   2  will  be  =  v^'I—  +\/ 


4     ^7 


But  4f  is  =  ti  +  2, 
Therefore  ar,  or  the  root  of  the  equation  x^  -^  hx  ^  Cf 
will  DC  s=  ^*J—  +  a/U~--  —  4,v^^— ^v^^ >or 

SI  V^'C^  +  V^/^,  or  =  7+/H  +  <  r-  x>7. 

Qi^E.  I. 


A  SYtJTHETiCK  DEMONSTRATION  QF  THE 
TRUTH  QF  THE  FOREQOlNG  EXPRESSION, 

Art.  XXf    Here  again  we  may  demonftrate  fyntheti** 

cally,  that  this  fxpreffion  e  4-  s\\  +  '  --j^I'  is  equal  to 
the  true  value  of  x  in  the  propofed  equation  at^—  i^  =s  r^ 
by  fubftituting  it  for  x  in  the  compound  quantity  x^  r^hx^ 
'which  forms  the  firft^  or  the  left-hand^  fide  of  the  faid 
equation.  For,  if  we  mal^e  this  fubftitution,  we  (hall  find 
that  the  value  of  x^  —  hx  thence  arifing  will  be  equal  tq 
the  abfolute  term  c  of  the  faid  equation.  This  may  be 
ihewn  in  the  following  manner  :     ~ 


If 


(    «47    > 

If  jr  is  fuppofcd  to  be  ==  e  +  7|f  +  r— /]  p  we  Ihall 

have  A?»  =  ^  +  /  +  3  X  e  +  Aj   X  ^— /)  t  +  3  X 

*  +^1-  X  ^— j]*  +  #  — i  =ar  2<f>  3  X  MTfi}  X  r+^f 

X  r^ir^l}  +  3  X  ^IQ}  X  e—s\\  X  /^l  =  2f  .+ 

3  X  mT?].  X  /+1|  xT^}  +  3  x/-~j]  j.  X 

^^+^T  xT^f  =  a^  +  3  X  /+7I]-  xC+Tx7^t4- 
3  xTlT^j.  xp  +  j^xri^f=2^  +  3  xV4-  ilf 
X  ^^-J  f +3  X^  — ilfX^f— j/)t  5  and  we  ihall  have  bx^ 

i  X  ir'+^J-  +7^\flr  =  4  X^"lM)i+  *  xTTTTlf; 
and  confcqucntly  x*  — *  fap  will  be  g:  2r  +  3  X 
r+^t  X  eip^::^^  +  3   X  ^"^ j-  X  ee  —  //It  —  *  X 


^  +/lj.  — *  X  ^  — /1|-. 

But  it  has  been  fliewn  in  Art.  14,  that  h^  is  =  27/r 
—  27//  =  27  X  ee^ssi  Therefore  b  will  be  =  3  X 
/^— /j)]-.  And  confequently  *  X  ^  + /\j-  will  be  =  3  X 
^f— //It  X  ^  +r?l|-  ^  3  X  e+Af  X  f^— /j|^ ;   and  ^  X 


>^^t  will  be  =  3  X  ^<r  —//It  X  ^— /'t  ==  3  X  tf  •— i'j 
X  ee  —  //Ij-. 

Therefore  acJ  ^  A«  (which  is  equal  to  2#  +3  X  e  +  /] j. 
X/^-//lj   +  3   X  ^^^j   X  tf?^3^  -  i   X  i  +  ^r 

^b  X  e  -^f ,)  will  be  = 
r2^  +  3  X  ^  4  /y  X  ^tf— .//If  +  3  X  r^^t  X  tf^-'/z'tl 
1—3  X^  +  fH  xTTI^f  —  3  X  ^"^t  X  «-//!t/ 


=  2tf 


R4 


But 


I 


(248    ) 

But  f  18  =  — ,  and  confcqucntly  2e  is  =:  <. 

Therefore  xi  —  hx  will  be  =  ^  5  that  is,  the  value  of 
the  compound  quantity  x^  —  i^f  arifing  from  the  fubftitu* 

tion  of  the  expreflion  e  +  s^f  +  «  —  sf  inftead  of  x^  is, 
equal  to  the  abfolute  term  c  of  the  cubick  equation  x^  — 
tx  =  c.  And  confequently  the  faid  expreflion  ^+  A}  -h 
e  ^^^^  muft  be  equal  to  the  rqot  x  of  the  feid  equation. 

yfrt.  XXI.  I  do  not  remember  to  have  fccn  thefe  fub- 
ftitutions,  or  fynthetick  demonftrations  of  the  truth  of  the 
cxpreflions  given  by  thp  foregoing  rule  of  Cardan  for  the 
root  of  the  cubick  equation  x^  —  Bx  =  r,  nor  the  former 
fubftitutions,  or  fynthetick  demonftrations  of  the  truth  of 
the  three  former  expreflions  given  by  the  f  rft  rulp  of  Car- 
dan for  the  root  of  the  cubick  equation  x^  +  bx  ==  r,  in 
any  former  book  of  Algebra. 

Art.  XXII.  I  will  noWf  by  way  of  illuftration  of  the 
cxpreflions  that  have  been  above  inveftigated,  fubjoin  aq 
example  of  the  refolution  of  a  numeral  equation  of  the 
foregoing  form,  x^'-^bx—  c^  by  each  of  the  three  expref- 
fions  above-mentioned  \  by  which  it  will  appear  that  they 
will,  all  jhree,  bripg  out  the  fame  number  for  the  root 
of  the  propofed  equation. 


AN 


I 


I 


(    M9    ) 


AN  EXAMPLE  OF  THE  RESOLUTION  OF  A 
CUBICK  EQUATION  OF  THE  FOREGOING 
FORM,  x'  —  bx  =  c,  BY  MEANS  OF  EACH  OF 
THE  THREE  FOREGOING  EXPRESSIONS. 

Jrt.  XXIII.    Let  it  be  required  to  find  the  value  of  x 
Jn  the  equation  ^^  —  3Af  =  i8.  ' 

In  this  equation  i  is  =  3,  and  <:  is  =  i8t    Therefore 

V^  IS  =  V3j  and  — r—  is  =  — »    '^^  *:  2  ;  which  is 
3v^3  3a/3 

inuch  lefs  than  1 8,  or  c.  Therefore  this  equation  comes 
under  the  firft  cafe  of  the  general  equation  x*  — 'bx?=:Cf 
and  confequently  may  be  refolved  by  Cardan's  fecond  rule, 
XX  the  rule  difcovered  by  Nicholas  Tartaglia,  or  by  com- 
puting either  of  the  three  foregoing  expreiOons. 


THE  RESOLUTION  OF  THE  EQUATION  «» — 
3*  ;=:  18  BY  MEANS  OF  THE  FIRST  OF  THE 
THEIEE  FOREGOING  EXPRESSIONS,  TO  WIT, 

b 


THE  EXPRESSION  ^^ie  +  s  + 


SV'T+l 


^rt.  XXiy.    Now,  fince  *  is  =  3,  —  will  be  =; 

—  =  I,  and  confequently  — ,  or  the  cube  of  — , 

wiU 


(      2J0      ) 

will  alfo  be  s=  X.    And,  fince  r  is  =  iS,  we  (hill  hare 
~,  ox  ii  ===9i  and  — ,  or^/,  =8i;  andconfcqucndy 

=5  So.    Therefore  /  will  be  (=  VSo  =  ^{ib  X  5  = 
V16  X  iv/5)  =  4  X  V5,  and  ^  +  J  will  be   =9  +  4 

-  7'  +  :^'  X  ->^'?  _  27  +  ^7  X-/5  +  45  +  5  x-^5 

■  _"i'  +  3  X  9  X   a/5  -tr  3X3X5  +  SX    vs 

""  '8 

!»'  +  3  hTs^*  Xv^5  +  3X3X5t5?<^5\ 
______  .  ^  J 

_  3,^^  J.'..  J  and  confeqt|ently  ^*(e  +  s  will  be   = 
3  +  VS^     Therefore  3   5<   -/*  +  /  vill  be  =  3  >? 


2 


3+_j£i,  and J==r  wUl  be  = 


3X^^(7+7  3x2JL£5 


(  = 


I  2        \  2  ~ 

— — - —  =    I    X  — ■ )  =  — ■ —  J  and  coflfc- 

+  VS  3+^/5/3+^/5 


z 


quenUy  V''f+~^  +  ^-=^  will  be  =  ^  "*"  ^^  + 

3+^/5         2  X  (3  +  vs         3X3+^/>      aXJa+Vs 
4  U  +  fe-v/i  4         _l8+6^/5 


=  LtKi)  ^  32111^^  =f  3.      Therefore  3  is  the 

value 


(    25«    ) 

irabte  o£x  ia  the  equation  x'  — >  3«  =:  1 8  obtained  hj  means 
(of  the  exprcffion  V*V+^  +  ==;». 

Qi,E.  I- 

jfrt.  XXV.  And,  upon  trial,  we  (hall  find  3  to-be  the 
true  value  of  *  in  the  ftid  equation  jp'  —  3;c  =s  18.  For, 
if  *  be  fuppofed  to  be  =5  3^  wc  ihaU  have  «»  =:  27,  and 
3^  =s  3  X  3  =  9,  arid  confeqnently  ;^*  —  3;^  ss  a;  —  ^ 
=  18.  Therefore  3  is  the  true  v^lue  of  x  in  the  faid 
^uatio4« 

<^5.  D. 

Aipd  thu«  wc  fee  that  the  firft  of  the  three  foregoing  ex* 

preffions,  to  wit,  the  expreffion  ^"1*  +  J  +  — — 

has|[ivcn  u»the  true  value  of  «  ip  the  propofed  equation 


THE  RESOLUTION  OF  THE  SAME  EQUATION 
«»  — 3*=  18  BY  MEANS  OP  THE  SECOND 
OF  THE  FOREGOING  EXPRESSIONS,  TO  WIT, 

THE  EXPRESSION  V'lT^  +  * 


2V*\r— 


Art,  XXVI.    Now,.  Cnce  cis  =18,  and  confequentlj 
c 
^ ,  or  f,  Is  =  9,  and  /  has  been  Ihewn  to  be  =  v'80,  or 

4V5. 


(     252     ) 

4^5,  we  ihall  have  ^  —  j  =  9  —  4^5  =    '- f-^^ 

^a7-a7^/S +  45-5^/5^  and  confcquently  V^^T^ 

iH^.     Therefore i=rwmbe  = 

.2  •        ^       3V"(^V7 


3X 


s-ys 


I  2                         2 

(=r    ■  ,     =:  I   X ::-—  =  7- 

3  — l/S  3— /S        3— i^? 

2 


;    and    confe- 


quently   V^C^— ^  + 


i=.wiUbe=Lr^  + 


3  —  a/S  ^ 


_^  -  VS  X  3— v'S 


2  X  3— -v^S 


—  + 


?  X  3  -  V5 


9-VS+J    .  4 -  U  — 6a/5^ 4. 


^^3-  Vs      ■  aX3-^/5        2X3-^5     aX3-v'j 
^  U  — ^.x/-;  +  4_  1^-6/S^  9:i3y5\ _3X3->/y 
-      2X3^^5         »X3-Vs     3— /S'       3^4^> 
=  3.    Therefore,  according  to  this  fecond  expreffion 

/JCII7  + ~ — ,  the  root  of  the  cubick  equation 


^3  _  o*  =  18  is  3  v  as  it  was  found  to  be  by  the  firft  ex- 
preffion  n/i\e  +  /  + 


3V^(e+  ' 


Q^E.  I. 


THE 


r 


(    m    ) 


THE  RESOLUTION  OF  THE  SAME  EQUATION 
x3  _  3^  =  i8  BY  MEANS  OF  THE  THIRD,  OR 
LAST,  OF  THE  THREE  FOREGOING  EXPRES- 
SIONS, TO  WIT,  THE  EXPRESSION  V'fT+l  + 


Jrt.  XXVII.    SiNCB   j/^e  +  s  has  been  fliewn,  la 
Art.    24,   to    be    =    — - — -,  and  V^e —  s  has  been 

(hewn,    in   Art.    26,    to  be    = — ,    it    follows 

a  a 

=:  3.   Therefore  by  diis 


that  a/^  e+s  +  a/3  e^s  muft  be  = ^   + 

_  3  +  VS  +  3  -  Vs  _  3  +  3 
2  ""2 

cxpreflion,  as  well  by  both  the  former,  the  value  of  x  in 

the  equation  .r^  —  3^^  —  13  comes  out  to  be  3. 


A  SCHOLIUM. 


Jrt.  XXVIII.  I  HAVE  dwelt  the  longer  on  the  fore- 
going explanation  of  Cardan's  rule  for  refolving  the  cu- 
bick  equation  x^  ^^  ix  =3=  r  in  the  firft  cafe  of  the   faid 

,         .  ,       2bVh         cc  . 

equation,  or  when  c  is  greater  than  — -j ,  or  —  js  greater 

than  — ,  becaufe  I  have  obferved  that  it  has  been  delivered 

by 


(      2^4     J 

by  niariy  writers  of  Algebra,  even  of  the  greaieft  etril- 
nence,  with  an  uncommon  degree  of  obfcurity,  and  hais 
been  made  the  fubjedi  of  itiUch  myfterious  and  fantaftick 
teafoning,  (or,  perhaps,  I  ought  rather  to  fay,  difcouijingi 
fince  it  deferves  not  to  be  called  reafaning^  coriceriiing  ne- 
gative and  impoflible  quantities  *.  But  now,  I  hope,  if 
will  be  found  intelHgible,  and  even  eafy,  by  every  reader 
who  is  acquainted  with  the  firft  rudiments  of  Algebra. 

Art.  XXIX.    This  method  of  refolving  tubick  cqiia-^ 
tioits  of  this  form  .v'  -^  &»  =  r^  in  the  firft  cafe  of  it^  ot 

when 

•  Sec  Newton's  Ariibmetica  lfni<terfidiit  the  and  Edition j  in  the  year 
t*]XZy  pages  i79i  aSo,  281 ;  and  Mac  Laforin'i  AlgebrOy  Part  11,  Chap- 
ter viii.  pages  223,  %z/^^  and  ^t^^  and  Part  I,  Chap;  xiv,  the  Supple* 
ment,  {>3ges  127,  ia8,  129,  and  1305  and  ClaJraai's  Elements  d" Alge- 
trtj  pages  282,   283,  &c.     ------    29  7;  ^Xi^  Saunderjon^  s 

Algebra^  Vol.  II,  pages  692,  693,  694,  6951  &Ci  -  -  -  i  707 j 
AU  thefe  writers  have,  in  the  ptaccs  hfcre  referred-to,  treated  this  fub- 
je6t  with  an  aftonifliing  degree  of  obfcurity,  and  almoft  as  if  they  had 
l>een  contending  with  each  other  which  fliould  treat  it  m()ft  obfctircly,  . 
wivhoat^  at  the  fame  time,  advancing  any  abforutely-falfe  pofttioh,  or  any 
thing  that  was  intirely  unintelligible.  And,  if  they  had  been  etigaged 
in  a  contention  of  this  fbrt,  I  think  (ftrange  as  it  may  feem  to  many  per- 
Ions,)  that  the  three  pages  hfcre  referred-to  in  Sir  Ifaac  Ne^ton'a 
Aritbmeiica  Umverfalis  would  have  intitled  him  to  the  prize  due  to 
the  higheft  degree  of  obfcurity.  How  much  is  it  to  be  lamented  that 
men  of  fuch  exalted  abilities  fhduld,  by  the  manner  in  which  they  treat 
thefe  difficult  fubjefts,  fo  much  increafe  their  difficulty  as  to  exclude 
the  generality  of  dl^en  the  ftudious  part  of  mankind,  who  are  fond  of 
cultivating  thefe  fcienccs,  from  the  pleafure  of  underftanding  their 
ivritings  I  When  Sir  Ifaac  Newton  firft  publilhed  his  great  work  called 
The  Prind^'a,  in  the  year  1 68  7,  I  believe  there  were  not  a  dozen  per- 

Tons 


wUfii  —  isfijreater  than — ,  or  ^  Is  greater  tihan  i-^ . 

9nd  the  method^  above  explained  in  the  firft  part  of  this 
Appendix,  of  refolving  cubick  equations  of  the  form  x^  -f 
^Af  =  r  in  all  poffiWe  cafes  of  that  form,  or  \Aateyet  bt  die 
relative  magnitudes  of  tlie  co-efficient  b  and  the  abfolttte 
term  c^  are  ufually  known  by  the  name  of  Cardan^i  rtdes^ 
becaufe  they  were  firft  pttbliihed  by  Cardan  in  his  treatiie 
of  Algebra  intitled,  Ars  magna  qttam  vuigh  COSSAM 
vocant,  feu  REGULAS  ALGEBRAIC  AS,  in  A.  D.  1545, 
and  not  becaufe  thejr  were  of  his  invention.  For  the  rule 
for  refolving  cubicle  equations  of  the  form  x^  *^  ix  =  c 
was  firft  difcovered  (as  Cardan  himfelf  informs  11s,)  by  one 
Scipio  Ferreus,  or  Ferr^Oy  of  Bononia,  or  Bologna,  in  Italy, 
about  30  years  before  the  publication  of  Cardan's  treatife 
above-mentioned  5  and  the  other  rule  for  refolving  cubick 
equations  of  the  fe^ond  form  a?'  —  i^p  =  r,  in  the  firft  cafe 

Tons  in  all  Europe  who  even  pretended  to  underftand  it.  He  lived  for- 
ty years  after  this  edition  :  ahd  furely  it  would  have  been  no  improper 
employment  of  four  or  five  of  thefc  forty  years,  if  he  had  devoted  them, 
to  the  writing  that  profound  treatife,  or  at  leaft  fome  of  the  mcft  im- 
portant parts  of  itj  over  again,  fo  as  to  make  it  intelligible  to  a  greater 
number  of  readers,  by  adopting  the  accurate  and  perfpicuous  ftyle  in 
which  the  celebrated  Mr.  Huygens  had  written  his  excellent  treatife  on 
Pendulum*Clocks,  called  Horologiu^  Ofi iilaiori urn,  which  wzs  publiflied 
in  the  year  1673,  only  14  years  before  the  firft  edition  of  the  Principiatf 
That  work  was  written  on  a  fubje6t  of  rational  mechanics  that  bore 
a  great  refemblance  to  forae  of  the  fubjef^  trcated^of  in  the  Prmcipia^ 
and  it  was  intelligible  to  all  the  mathematicians  of  the  time,  and  wt$ 
generally  approved  and  admired  by  them,  and  has  been  mentioned 
by  Sir  Ifaac  Newton  himfelf  by  the  appellation  of  eximium  libelluniy 
which  it  highly  d^ferves,  being,  in  truth,  a  model  of  good  writing  upoft 
fubjefls  of  Mathematical  Philofophy. 

of 


(    i56    ) 

ot  thofc  equations,  or  when  —  is  greater  than  — ,  ot  e 

is  greater  than  ,  (and  which  has  been  the  fubjeft  of 

the  latter  part  of  the  ptefent  difcourfe,)  was  invented  by 
another  Italian  named  NicholaiTartaglia^  or  Tartalea^  yrho 
was  Profeilbr  of  Mathematicks  at  Venice,  and  diftinguiflied 
himfelf  very  much  by  his  ingenious  difcoveries.  He  was 
a  co-temporary  and  a  friend  of  Cardan,  and  communi^i* 
Gated  this  invention  to  him  under  a  ftrid  promife  that  he 
would  keep  it  fecret :  and,  when  Cardan  afterwards  pub- 
li(hed  it  in  the  treatife  above-mentioned,  Tartalea  com- 
plained bitterly  of  his  breach  of  promife,  and  would  nper 
aftprwards  be  reconciled  to  him.  Tartalea  died  in  the  year 
*557*  *^^^  MontuMs  Hifioire  des  Mathematiques^  Vol.  I, 
pages  462,  and  479, 480,  and  481,  and  Dr.  Button's  Ma* 
thematical  Didionary* 


END  of  the   Inveftigation  and  Illuftration  of  Cardan*! 

Rules  for  refolvipg  the  cubick  equation  x'  +  bx  =  C 

in  all  poffthle  cafesy  or  in  all pojjible  magnitudes 

of  the  known  quantities  b  and  c,  and  far 

refolving  the  cubicl  equation  x^  —  bi 

=  c  in  the  firfl  cafe  of  it,  or 

nvhen    c   //   greater    than 

zb^h  cc 

■     /'  ,  or  xs 

3a/3  4 

greater  than 

OF 


(    ^47    ) 

Ot   THE   SECOND  CASE  OF   THE  CUBICK: 
EQUATION  *»  —  &c  =   o  IN  WHICH  THE 

ABSOLUTS  TERM  c  IS  LESS  THAN  !Llj£f, 
OR  ^  IS  LESS  THAN —.    . 

4  a? 

Art.  X^lt.    We  will  now  proceed,  to  confidcf  xht 
other  cafe  of  the  cubick  equation  at' — ^;r  =  r,  in  which  c  is  - 

lefs  than  -4^,  or  —  is  Icfs  than  -r— .    This  cafe  (as  we 

have  already  fecn),  cannot  be  refoW ed  by  the  aforcfaid  fe- 
cond  rule  of  Cardan,  ^^  which  was  invert  ted  by  Tartaglia,) 
becaufe  it  is  impoflfible  in  this  cafe  to  divide  the  line,  or 
foot,  X  into  two  fuch  parts,  v  and  2,  chat  the  produft  or 
red):angl6,  under  the  faid  parts,  to  wit,  the  produfl  vz, 

fiiallbe.equalto  — •  and  confequently  that  3vz  (hall  be 

equal  to  h,  and  that  jvz  X  v  -^  :s  (hall  be  equal  to  ^  >C 

V  +  j2J  ;  which  is  a  fundamental  ftcp  in  the  folution  of 
Problem  II.  given  above  in  Art.  1 2*  And  on  this  ac- 
count this  cafe  of  the  equation  x^  ^^  hx  =^  c  has  obtained 
amongft  Algebraifts  the  name  of  the  irreducible  cafe  i 
and  particularty  amongft  the  French  writets  of  Algebra. 
Monfieur  Montucla  in  his  Hifloire  des  MathematiqueSj 
Tom.  I,  page  48 ',  fpeaks  of  it  in  thefe  words*:  On  doit 
h  Cardan  la  remarque  de  la  limitation  d'un  cas  des  equation/ 
cubiques,  ott  il  arrive  que  PextraSlion  de  la  racine  quarres 
qui  entre  dans  laformule^  n^eji  pas  pojftble.  C^eft  ce  que  nous 
appellons  le  cas  irreduftible  \  dont  la  difficulii  a  donne,  et  donm 

S  encoTip 


(  ^«  ) 

encorey  la  torture  aux  Analyfies.  It  Ihay^  howerer^  6c 
always  rcfolved  by  means  of  ^  trjinfccndcntal  *  exptef" 
fion,  which  may  be  derived  from  one  or  other  of  Car- 
dan's  two  rules,  above-explained,  by  the  help  of  Sir 
Ifaac  Newton's  binomial  and  reGdual  theorems.  But 
the.  teatonings  neceflary  to  be  ufed  in  order  to  obtain 
thefe  tranfcendental  expreffions  are  extremely  fubtle  ,and 
difficult ;  as  may  be  feen  from  the  two  long  difcoutfes 
in  which  they  are  fet  forth  and  explained  in  the  fe- 
cond  volume  of  die  Scriptores  Logarithmici^  which  begin 
in  page  381,  and  extend  to  page  575,  and  yet,  I  will  ven- 
tu-re  to  ijiy,  are  incapable  of  .beiagmade  ihorter  byu  (ingle 
'  page  without  incrcafing  the  difficulty  of  underftanding 
them.  And  further,  when  thofe  tranfcendental  expref- 
fions have  been  juftly  obtained,  gnd  the  manner  of  ob- 
taining them  has  been  perfedjly  underAood,  the  applica-. 
tion  of  them  to  the  refolution  of  the  cubick  equatioji^ 
x^  —  ^AT  =  r  in  this  fecotid  cafe  of  it  will  be  found  to  be 
very  tedi6u3..arrd  laborious.  I  therefote  coniidcrthofe  cx- 
{M^^ons  as  mattjcrs  of  curloCty,  fit  ibr  the  co^tenqilatioiij 
of  learned  and  fcientifick  Algebraifts.,  rather  than  ,a3  a  con- 
venient, practical  method  of  refolving  the  faid  equatiqa 
x^  —  bx  =  c^  or  computing  the  vjtlue  of  its  root  ^,  in  nu-, 
meral  equations  of  this  form  that  occur  in  th^  courfe  of 
any  jnathematical  refearchee.  But  it  fortunately  happen& 
that  in  this-cafe  of  the  faid  cubick  equation  the  value  of  it» 
root  AT  lies  within  narrow  limits,  and  confequently  may  al- 

*  By  this  phrafe  we  are  to  underiland  an  expreffion  contamiog  aa 
infinite  fcriesof  decreafuig  terms,  and  which  therefore  goes  beyond  the 
bounds  of  common^  or  finite,  geometry,  and  has,  froth  thatcircumftance, 
been  called  by  the  ItarncdMr.  Lcibnitx  and  his  followers  a /r^»/^i?/?^^;f/tf/ 
ekprefiioii. 

wavs 


t    aS9    ) 

%ii]^^t>e  6btatne(i  with  veiy  little  difficulty  by  Mr.ltapli- 
fon's  method  of  approximation.  The  manner  of  doing 
this  win  ^  Ae  fttbjeft  of  the  f (blowing  l^cpblem* 


PROBLEM    nt 


Art.  X^CXt.  TO  refolvc  the  cubick  equation  »^  — • 
bx  =  r  by  apptoximation,  in  the  fecpnd  cafe  of  the  faid 
equation,   or  when   the   abfolute   term  c   is  lef«  thaiv 

— 7-,  Of  T—  IS  Icfs  than  •^— *. 


SOLirtlON* 


In  this  cafe  of  the  equation  a?^  -^  fo?  =  r  the  value  of 
the  root  X 18  always  greater  thaii  v'i,  but  lefs  than  ^^  , 

^*.    Now  the  difference  of  thefe  two  limits  is  ^^  X  V* 

^hich  it  l^fs  than  a  ,fixth  part  of  the  l<«rcr  Kmit  ^k^ 

€nd  h  kfs  than  a  iei^oth  part  of  the  greasier  Umit^^ 

*    ■  173* 

Sa  XV*> 


(      ^O     .') 

*  xJbi  for  6  times  ^-^^ — ^X  Jhis  only  equal  to. X^^t 

which  iflrtrf&than  il^:x .  v^i;  '^r  Aan  V*  I  andry.  tiirits 

1732        ^ 

-^  X  •*  is  only  equal  to  ^-^  X  Vby  which  is  Icfs  than 

i73i  ^_1 173^ 

X  Vb,    Therefore,   if  wc  were  to  begin  our  ap- 

nil  ° 

proximation  from  ^kher-^f  tj^fe  limits,  by  (denoting  the 
faid  limit  by  the  letter  a^  and  the  unknown  difference  be- 
tween <^.?nd  Xipx.  the  ropt  of,  tlie  eau^tion-^^^  mi^  bpc  ^  (y 
, by  the  ictte*t,.?vand  fiibftituting  a^^z^ infiead  of  x^  if  a 

tJenoted  the  lefler  limit  ^a/^,  or  a, —  z  inftead  of  at,  if  a 

r:    '         .    i     '.    .'.:7V*    '*,  ::•'«.      ;        .  '    -      , 

2Q00  2  iJh     »      '  , 

denoted  the   greater  limit  -^-*—  X  v^^yor    -r-,  m  the 

terms  of  the  equation  a-^  —  bx  :=^  c^  and  then  refolving  the 
new  equation  thence  arifing,  in  the  fame  manner  as  if 
it  were  a  mere  flmple^,cq^atii^iu  by  negledling  all  the 
terms  of  it  that  involve  in  them  either  the  cube  or  the 
fquare  of  z,  agreeably  to  Mr.  Raphfon's  direftions,  w© 
fliould  obtain  a  tolerably'neirl^alue  of  z,  and  confcquently 
of  a  +  z,  or  a  —  s,  or  ;v,  even  by  this  firft  procefs  of  the 
^ppT05cimttCirtn.'  'Arir  coniequently,  if,  in (teaH  of  tilting 
one  (if;tj^fe.l|mit^  for  <j,  ^r  ^ui^fifft  near  value  of  *,  or  tKc 
b^ii^  of  our  approximation,  we  were  to  take  fome  inter- 

ihadialeAuatltity  bctwteh  ^^.and  i^,  6\^—  yi^hCi^ 

.fl,  or  Sar.lirft  near  vs^ueof^r,. (which  it  wiU..»Ways.b/p 
cafy  to  do  to  great  advantage  by  a  conjefture  founded  on 
a  pomparrifofl  bctw:ecn)die  magnkode  of  r,  or  thcabfelotc 

.t|pr;n.of.the^^ou^tion  J^l-^jfaf55=<,  zvA%-r^i  whibiii^s 

ihir  highelUljIfnit  of  JJE^  i^9gmtu(ki.)  wA  jy^ficft ti^  txl  Cofai* 

';  '  ^  .,  ftitutc 

<  *V  X  *  - 
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ftitute  the  fald  quantity  a^  fo  taken  by  conjefture,  inftead 
(si  X  in  the.compound  quantity,  ^l-^ix,  in  order  to.difcover 
whether  the  value  qF  the  faid  compound  quantity  refulting 
from  fuch  fuBftitution  isgreatev,  6r  lefs,  than  the'abfolute 
term  r,'-  a^d  conJequcntly  iiAiithti  the  faid  quantity'  a  is 
greater  oif  lefs  thai^  the  trpe  ya^ie  if  x^  and,; having  xxt^de 
this  difcovery,  we  were  to  fubftitutc  a +z  or  «  —  z,  accoi;ding 
as  a  is  lefs  or  greater  titan  .vy  inftead  of  Arinihectju^tioa 
x^  —  bx  =  c,  and,  omitting  (according  to  Mr.  Raphfon's 
dire£lion^,y  aH  the  terrti's-^tMr  liiieive'ckh^r 'A^  <*Ube-^ 
the  fquare  of  z,  we  were  then  to  refolve  the  new  equation, 
refulting  from  fucKTubftitufioni'  as  if  it  were  a  mere  Am- 
ple equation,  the  value  of,z  tfae^reby  obtained  would  be 
nearer  to  the  truth  than  in  the  former  cafe,  when  we  be- 
gjin  our  apprcKimation  only  from  one  jof  thetw^-^^t^/^ 

and -^  X  V*5  arid  confet;|aenj:Iy  the  value  ^ftr  4^2?;  dt 

In  —  z,  or  X,  obtained  by  this  way  of  proceeding,  would  ht 
nearer  to  the  true  value  of  it  than  in  the  former  .cafe.  And 
then,  a  fecgnd  oc  a  third  approximatiafn,*  grounded  orithe 
fame  principles,  and  conduced  in  the  fame  manner,  as  the 
firft,  would  give  us  the  value  of  Xj  or  the  Yoot  of  tlie  pro- 
pofed  equation  x^  ^  bx  ^  c^  tor  wgr^at  a  dcgtec  of  cxaiftn 
nefe  as  wre  need  defirc*  .     .  •''."• 

A  few  examples  of  this  method  of  refolving  equations  of 
this  kind  will  eafily  fhew  the  ufe  of  it. 


S  3  EXAMPLES 
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EXAMPLES  OF  THE  RESOLUTION  OF  A  CU* 
BICK  EQUATION  OF  THE  SECOND  FORM 
,» — *jr  =  r,  IN  THE  SECOND  CASE  QF  THS 
SAID  FORM,   OR  WHEN  c  |S  LE$S  THAN 

2ii^,  OR  ^  IS  LESS  THAN  Jl, 
By  U^.  RAPHSOTt  14PTHQD  Qr  APPROXIMATION^ 

EXAMPJJSL 

jift,  X?t7CIL  lEt  it  be  requited  to  refolre  the  equa* 
tion  «'  *—  50^  =7  I  ao  by  the  foregoing  methdd  of  ^ 
proxima^ion. 


Here  b  i$ 


50  ;  ^  IS  ss  120 ;  — 18  s=  60 ;  -^—  is  == 
*  4 

3600  J  i«  18  s=  125,000}  and  —  18  =  — — r  = 
4629 .  699^  62^  629f  fte.  which  is  greafer  thaii  36)00,  or 
— .  Therefore  this  equation  cann6t  be  rcfq|i^cd  by  Car- 
dan's fecond  rule,  (that  vf^,%  invented  by  Tartaglia^)  but 
may  be  refolved  I^  ^pproximatipa  by  proceeding  as  fol- 
lows. 

Since  *  is  sc=  50,  4/^  will  be  =  4/50  =  7.07  &c. 
Therefore  x  (which  is  greater  than  ^>,  or  4/5^)  ^^^  ^ 
greater  than  7.07  &c« 

And^ 


i 


r 
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Ani,  fiace  ^k  U  ojual  to  7*7  &&  it  follows  th»t 

~~,  or  8.16  tie.     Thofefori*  «•  (which  ts  kfs  than 

-~,)  will  be  left  than  8.16  &c*    We  therefore  may 

now  conclude  that  x  is  greater  than  7.07  &c.  but  lefs 
than  8.16  &c. 

Further,  when  *  is  »  v'i,  or  ^^50,  or  7.07  &c. 
^^  —  i^  18  (=  b^/i  —  b^/l^)  =  o  5  and  when  a;  is  ~ 
2^/*  -3        ,     .  7.by/b  ,        2    X   CO    X    i/co 

1/3  3^j  ^  3  X  1.7326:0. 

icx)  X  ^750        100  X  7.07  &c.  707       .  . 

5.196  &c.  5.196  &c.  5.i9e)  dec.  '       ^ 

&c.  Therefore  in  the  prefent  equation  x^  —  50;^  ==  lao, 
in  which  x^  —  50^*  is  equal  to  lao,  whkh  is  not  a  great 
deal  lefs  than  X36  &c.  it  feems  reafonable  to  fuppofe  that 
*  will  approach  nearer  to  it's  higheft  limit  8.16  than  to 
it*8  loweft  limit  7.07  &c.  We  will  therefore  fuppofe  it  to 
be  nearly  equal  to  8,  and  will  fubftitute  8  inllead  of  it  in 
the  compound  quantity  *^  —  50^?,  in  order  to  difcover 
whether  it  be  greater  or  lefs  than  8# 

Art.  XXXIIL  If  ;r  is  fupp^^d  to  be  r:  8,  we  fhall 
have  *'  (=;^^)  «=  5111,  and  50*  (=«  50  X  8)  »  400^ 
and  confeqitently  x^  -t  jo/if  (=  51a  —  400)  =  112  5 
which  is  Ibmewhat  lefs  than  the  abfoiute  term  1  ao.  Thi?re« 
fore  S  mud  b6  fomewhat  lefs  than  the  true  valise  of  n  xxk 
ifcho  propofed  equation  at'  —  ^x  =  1 20.  We  will  thcrf  <4 
fore  take  8  fov  the  iitft  lAear  value  of  the  roet  %i  daiifr  w^'k^ 

S  4  tion, 
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tioiii  and  the  btfis  of  our  further  approximation  to  it's  true 
yalue,  and  will  fubftttute  8+2  inftcad  of  x  in  the  terms 
of  the  faid  equation,  but  with  an  omilTion  of  all  the  terms 
of  the  cube  and  fquareof  z^  agreeably  to  Mr.  Raphfon's 
direAions. 

If ow,  if  *  is  =  8  +  a,  wc  {hall  have  jf^  =  8  +%)  ^ 

(=    11^  +  3  x'Tl*  X2  +  &c 

=  512     +  3  X  64    X  z  +  &c 

=:  51a    +  192  X  2  4-  &c, 

and  SOX  =  50  X  W  +  a  (=  50  X  8  +  50  X  2)  =  40a 
+  502- 

Therefore  x^  --,  50^  will  be  =?  512  4-  1922  4-  &c  ^- 

400  —  502=1124-  1422. 

But  x^  —  ^ox  is  =120. 

Therefore  1 12  4-  1472  will  alfo  he  ==  I20  j 
and  confequently  1422  will  be  (=  120  —  1 12)  =t  8,  and 
2  will  be  =  —  =  o.os6*  Therefore  8  +  ?P,or  A:,willb^ 
nearly  ==  8  +  0.056,00:  8.056. 

Jrt.  XXXrV.  We  muft  now  fubftitute  8.056  inftcad 
of  «  in  the  compound  quantity  x^  •—  50^^,  which  forma 
the  left-hand  fide  of  the  propofed  equation  x^  ^  ^ox  =3 
120,  that  we  may  difcover  whether  the  value  of  the  faid 
compound  quantity  refulting  from  that  fubftitution  wil| 
be  greater  or  lefs  than  126,  or  the  abfolute  term  of  the 
fiud  equatioRj  and  confequently  whether  the  faid  number 

8.056 
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8.056  IS  greater  ot  left  than  the  true  value  of  x  in  the  lai4 
equation.    This  may  be  done  as  follows. 

If  X  is  =  8.056,  we  Ihall  have  x^  (=  8.051^)  ^ 
522.827,439,616,  and  SOjv(=:  ^o  x  8.056)  =  402.80Q, 
and  confequently  x^  —  50^  (=  522.827^139,616  — 
402.800)  =  1 20.027,439,61 6y  which  is  greater  thaii 
J 20.  Therefore  8.056  is  fomewhat  greater  than  the  true 
value  of  X  in  the  equation  x^  —  50^?  =  120* 

<^E.  L 

We  will  therefore,  in  the  next  place,  fuppofe  .a?  to 
be  =  8.056  —  z,  and  fubftitute  the  refidual  quantity 
S.056  —  a  inftead  of  x  in  the  terms  of  the  propofed 
equation  x^  —  5OA;  =  J20. 

Then,    fince   ^  is   =  8.056   —   s,    we   fliall  have 
x^  =  8^^^^  (=  8.056^^  —  3  X  8.056!^  X  z  +  &c 
=  522.827,439,616  —  3  X  64«899,i36    X  z  +  &c) 
=  522.827,439,616 —        194.697,408    X  z  +  &c, 


I  and  5o;v  =  50  X  8.056  — .  z  (=  50  X  8.056—50  X  z) 

j  =  402.800  —  50Z, 

!  And  confcqucjntly 

I  x^  —  50Ar=:  522.827,439,616—  194.697,408  X  z  +  8rc 

I  ^522.827,439,616- 194.697,408  x»+&c^ 

I  ■^f402.8oo— 502=  <  V 

j  L— 402,800  +50.000,000x3         J 

=:i20.027,439,6i6— i44.697,4o8,X2+&c. 

But 
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But  9t^  <—  50X  is  ss  120. 

Therefore  i^o.027,43g,<5r6  —  144,697,408 *  X  2:  will 
alfo  be  =  120  i  and  confequently  (adding  144.697140^X2 
to  both  fides,)  120.0^7,439,616  will  be  =  120  +  i44« 
697,408  X  Zi  and  (fubtraAing  120  from  both  fides,) 
144.697,408  X  z  will  be  =  0.027,439,616.    Therefore  2; 

will  be  ::?:^^ — -*7 ^      r>     =  0.000,180,6^,  and   a-,   or 

8,056  -^  2,  will  be  (=r  8.056  —  0.000,189,63)  =~ 
3.0^5,810,37  J  that  is,  the  root  of  the  propofed  equation 
x^  r-  ^ox  f=  120  will  be  =  8,o55,8io,37, 

Q^E.  I. 

Art.  XXXV.  The  eight  firft  figures  of  thia  value  of  x, 
(which  has  been  obtained  by  only  two  proceffcs  of  ap- 
proximation,) to  wit,  the  figures  8.055,81013,  are  exz&i 
the  more  acct^rate  value  of  x  being  8.055,810,345,  as 
w.ill  be  found  by  carrying  the  approximation  one  ftep 
further. 

N.  B.  This  equation  x^  -^  50^  =  ^20  exprefles  the 
relation  between  the  diameter  of  a  circle  and  three  chords 
in  it  that  lie  contiguous  to  each  other,  and,  together,  take 
up  the  arch  of  a  femicircle,  and  form  a  trapezium  of  which 
the  diameter  is  the  fourth  fid*.  For,  if  the  three  chords 
are  called  b,  i,  and  t,  and  the  diameter  is  called  x^  the  rela- 
tion between  them  will  be  expreffed  by  the  cubic  equation 

2bki  \  which,  if  ifac  numbers  3, 4,  and  5 


—  hk\  X  A?  =  2* 


are  fubftituted  inftcad  of  the  letters  *,  i,  and  ^,  will  become 


-id 

—  25^ 
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X  Af  =:  2  ^  J  X  4  X  5,  or  at'  —  50:1?  (=  6  K 


^)  =  I20«    See  Sir  Ifaac  Newton's  Arkhnutica  Univer^ 
falls f  .edition  24>  A*  P*  1 7 2iy  pag^  10 1. 


EXAMPLE  II. 


Art.  XlpI^VI,    J.RT  the  equation  to  be  rcfolved  be 


^^  —  xr=i 


In  this  equation  31$  ==  i,  and  ^  is  s  ^—  ;  and  confe*^ 

5 

,      ^,     ^    •    /        I  I   %        I  ,     ^r  .  I 

and  : —  is  =  — ^  and  — is  =  — ,  which  isgreatcrtlian 
3  3^         27  27 

I  cc 

— 7-,  or  - — .  Therefore  this  equation  cannot  be  refolved 

by  Cardan's  fecond  rule  above-explained^  but  falls  under 
the  fecond  cafe  of  the  general  equation  x>  —  ix  =  r,  and 
muff  be  refolved  by  approximation.  This  may  be  done 
in  the  ro^ner  following. 

Art.  XXXVIf.  Since  *  is  =  i,  we  (hall  have  ^h  alfo 
=  I ;  and  confcquently  ap  (which  is  greater  than  ^/b)  muft 
be  greater  than  I. 

And, 
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And,  fmcc  ^h  is  =  i,  wcihall  have  -^  =.     ^    - 
2.000  X  I    ^    ^oooxi  ^  £?£2)  ;=:    ,.15+ 'Sc. 

Therefore.^  (which  is  always  left  than  ^~^  ^M  be  Icfs 

than  1. 1 54.  Wc  arc  therefore  certain  that  Jf  is  greater 
than  I,  but  lefs  than  1.154. 

Further,  when  *  is  =  v^*,  or  V'lj  or  i,  x^  —  **  is 

(=  htjh  —  *\/i)  =  05  and,  when  a;  is  =  — y  %  or  i.xS4> 

*  -**  is  =— y  (=  3  ^  ,.^3,  ace  =  Pi6=^'^'^' 
Therefore  in. the  prefent  cafe,  in  which  at*— ifl?  is  = 

- — ,  or  0.333,  &c,  which  is  not  very  much  lefs  than 

0.384,  it  feems  reafonable  to  fuppofe  thatx  will  be  nearer 

to  it's  higher  limit  i .  1 54  than  to  it*s  lower  limit  i,  and  con- 

fequently  that  it  will  be  greater  than  half  the  fum  of  thofe 

«    •              1        I  +  r.i<4.  2.154.  ___       .,, 

hmits-,  or  than ^,  or   "7-^  ,  or  1.077.    Wc  will 

therefore  fuppofe  it  to  be  =  x.i,.  and  will  fubllitute  i.i 
in  it's  ftead  in  the  compound  quantity  x^  -^  Xy  in  order  to 
difcover  whether  the  value  of  the  faid  compound  quantity 
refulting  from  that  fubftitution  will  be  greater  or  lefs  than 

- — ,  or  0.333,  &c>  or  the  abfolutc  term  of  the  propofed 

equation  x'  —  »  = ,    or  *'  —  ;r  =  O.333,    &c,  and 

3 
Gonfequently  whether  i.i  is  greater  or  lefs  than  the  true 

value  of  X  in  the  faid  equation.  . .  . 

Now,  if  *be  =  i.i,  we  (hall  have  ;v^  =  i.33i>  and 

confequently 
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confequcndy ^ar?^— •  A?  (=  1.331—  i.i)  «  0*231  ;'whicli  ^ 
is  kfs  than  0.333^  &c,  or  tbe.abfolutc  term  of  the  eqtisl- 
tion  *'-*-'«  «  0.333,  &c.    Therefore  i.i  muft  belefs 
.  thaa  the  tiiic -value  of  x  in  thefaid  equation.  •? 

jirt.  XXXyill.    Let  us  therefore  .fuppdfe  3?  t6  be  ==: 

-  1.1  •+•  2,  and  left  this  biriomial  quantity  i.i'^+'  z-'be-ftiS- 

ftituted  inftcad^of  m-  in  thep^opkrfed  equatidn  x^^'^^  4r.t±  . 

0.333,  &c,  but  with  an  omiffion  of  all  the  terms  that^in- 

volve  either  the  cube  or'f^^atfc  of  i,  agreeably  to  Mr. 

.  Rapl^cn's  dir^fftiohs.^  , :  :   ,    ^  «  ' 

llieny  finds  *^is  «  .1^1  +  «>  we  (hall  have 
•     ;r»  =  i.i+2|»  (=77?!^  +  '3  X  m]*'x  z  +  &d  = 

1 3f3i  +  3  X  1. 21  X  2  +  &c)  = 

»'33«  +  3-^3  X  »  +  &c, 
-  andconfeqaenlly  x^  -.  x  =  if.33i  +3.63  'x'  %  '~ 
-fl^I+Kfsit  1.331  +  3.63  X  2f'-^  lil  —  2)  ^  0;^Jl  + 

.  2,63  X  a.      •     *         -  •         •        '  •-';'• 

But  x^  —  ^  is  =  O'SSSj  &c. 

^  Theref9):e  c.23 1  +  2.63  X^^zr-wiU  alfoTb?  ==ij).gt33f 

5cc ;  an3  confequently  (fubtra£Hng  0.231  from  both  fides) 

2.63  X '2 -Will  be  1=  o.io3?,^33,'^  &c,  and  2  wilfbe  = 

0.102,333,  SKcj  «.    -,,      V*     •  '  -  ...*'*' 

^ ^^^^^ =  0.038.     Therefore  .r,  or  l.i  +  z,  will 

t-£  ==  I.I  +  0.038  =  1. 1 38;   that  is,   the  fecond  near 
.value  of 'fhe  root  of  the  propofed  equationnSt!I^2.v   :i= 

-— ,  oxjc^  —  x  =  0.333,333,  &c,  will  be  1,138. 


inftead  of  x  in  the  cotmpQitml  quantity  ^-r-^  jr^  in  or^ 
^or  tp  .^icoycr  wbedier  Jthe  valiie  of  die  iaicf  impound 
quantity  tefultiug  fr^m  fUch  fubftitution  .wiU  jie  gseater  or 
Icfs  than  0*333,333,  &d,  or  the  ibfolure  tetm  of  tfec  equa- 
tion »>  r^x  :=z  0.333,333,  &Cj  and  con^rc^nently  v^bcthef 
X.138  is  gteatier  o^  left  t^sin  the  true  ^^h^  of  f^  j^4iieisiid 
cqHatioD.    Tim  lubftiti^ow  \i^  be  as  foUovs. 

Now^  if  ^cis  f^pppfqd  to  he  =7  1. 138:1^  fballjiate 

x^  (=t  1.138^)  =  1*473,7609072,  andcoafequeniff^i''^ 
X  (=  1.47^,760,072 —  1.138)  =  0.335,760,0725  which 
is  greater  ili^n  Q.333,333>  fcc^  cur  ^c(  d^fiolute  iexm  of  thcf 
cquaticm  ^*  —  a  =  0.333,333,  jgcq.  Tkcrefarc  iaj8  is 
greater  than  the  true  ralue  of  i?  in  the  faid  equation. 

Q^E.  L 

4rt'\^3^x  Wc  will  thcircfo^rc,  in  the  M^i.  j4»ce,  fup- 
j^i(6  ^K'Ko  be  .^  j^igS  :--  z^  and  fi4xf^tt^tQ  this  jrefidual 
quantity  inftcad  of  it  in  the  equation  ^r^  —  a?  =  p*333p)32S,i^ 

Since  x Is  =  1. 138  —  2,  we  fhall  have 

*r»ti=  f .  1 38  -2^^  ( = "ITTpl*  —  3  X  17138]*  X?  +  &c 

«  .>473>76o,o72  — 3  X  Jr29S,044  X  ?;.,+.&c) 

=  i-473>7^0i072  — 3.885,132  X  2  4-i&c,»^dconfc- 

quently  ^  — ;«  =  1.473,760,072  —  3.885,132  X  2  +  &c 

..  ^  .  .-    r     l'473>76p,P72-3.88Sii3iJ<^  +  *0  ^ 
L — I.  r  38,000,000  + 1 .000,000  X  2         J 
3:0.335,760,072— 2.885,i32X  2  +  &C. 

But 
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But  *»  —  ^  is  =  0.333,333,333,  &c, 

'  Therefore  0.335,760,072  —  .2.885,132  x  z  will  alfo  be 
-0.333,333,333,  &c;  and  confequently  (adding  2.885,132 
Xz  to  both  fides,)  0.335,760,072  will  be =0.333,333,333, 
&c  -f  ^.885,1 32  ^.24  aaad  .(fabtra(3:ing  0.333, J33,333, 
&c  from  hotihifid^,)  2,885,i32  K  «  tirill  be  =  0.002,426, 
739.    Therefore  2  will  be  =  ^'^^^^^^^1^9  ^ 

841,1.11  aod  confcqpently  ;ir,:or  1^138 — «,  will  be  ^ 
1.138-^0.000,841511  ~  t.l37,J58,89i  that  is,  the  third 
near  value  of  the  root  of  the  propoifed  equation  x^  —  *•  = 

^•333#333fS33f  &c,  oryfr-  j^  =  -^^  wUl be  1.137,1 5^,-89. 

This  ¥^ltte  -of  the  root  pf  fcjitf  equation  x^  —  x  zz. 

f~  is  cxa<a  in  the  §rft  ieven  ifiguries,  1.137^158  5  the 
3 

more  accurate  value  pf  it  being  t.tyf,\s^y^^^>  ^^  ^^^^  be 

found  by.csrrying  the  approximation  one  ftep  furthen 


in  fill) 


EXAMPLE    III. 

.rfHf.XLI.    Lfitthe  equation  to  be  refolved  bcAf^r— 
S«  -  4- 

Here  t  i$  :^  (^  and  ^{3=41  and  confcquentJjr  — • 

if 


1 
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Is  =  2,  and  —  1$  =  Af  a"<^^^s=T7  =  4-629,629,^29> 
629,  &C,  whick  is  greater  than  4^  or  •—•  Thcrefpre  this 
equation  cannot  be  rcfolved  by  Cardan's  fecond  rule 
above-explained,  but  coined  under  the  fecond  &fc  of 
the  general  equation  jf^t-i  tx  =  f,  and  mull  berefolved 
by  approximation. 

jlrf.  XLIL     No w^  fmcc  *  is  :^  5,  tire  ihall  have  ^/^  =** 

'  n    t  '      ^j  ^V^  2  X  2^236  gcc^    '_ 

^S  -  ^.^36,  &c,  and  -^  =         ,  ,3i,  ^c        ^ 

'^'■'^''.  :^^  ==. 2.C81  &<;.    Therefore  «  ^ill  be  grc;|j:cr  Aaff 
2*236  &c>  but  lefs  than  2.581,  &c. 

Further,  when  x  is  =  V'*,  or  v^5,  *^  —  *j?,  or  x^  —  5^:, 
will  be  (=  *v^*  — V^^'^SV'S  — 5v'5)=^5^^>^*«» 
*i$  =  i5^\  or  2.581%  &c.  *»  —  *Jf;  or  jf**--  5;r,  vrill  be 

^    2f^/^     ^^    ^  x;yV^       -^  J!Oi_}<_j^5_^  or 

IPX  2.2^6,  &c    ^;  il36&c  j^^^  B^^j„^^ 

prefent  cafe  «^  —  5*-  is  eqtrri  to^ipn^hich  is  not  much  lefs 
than  4-303,  &c,  otit's  higher  limit.  Therefore  it  fcems 
reafonable  to  fuppofe  that  *  will  not  b«  much  lefs  than  it's 
higher  limit  2.581.  We  will  therefore  fuppofe  it  to  be 
^  2.;,  ai>d  will  .fubftimte  2,5  iQftead  .x>f  Jt  ip  the  f im- 
pound quantity  x^  —  s^9  i"  order  to  difcover  whctlier^th<5 
value  of  the  faid  compound  quantity  refulting  from  fuch 
fubftit)ition  will  be  greater,  or  lefs,.than  4,  or  the  abfplute 
term  of  the  propofed  e'quation  :v3  — 55c^=:4,  and  confe- 

quendy 
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quentiy  whethef  2.5  will  be  grcatcf,  or  lcl*s,  than  tkc 
true  value  of  m  in  the  faid  equation^ 

Now,  if  we  fuppofe  *  to  be  =  2.5^  \tre  (hall  have  *'  = 
151625,  and  5;»r  (=  5  ><  2.5)  =  12.5,  and  confequently 
*^  —  S»  (=  '5-^25  —  12.500)  =  3.125  J  which  is  lefs 
than  4,  or  the  abfolute  term  of  the  equation  x^  —  5^  =:  4. 
Therefore  2.5  will  be  lefs  than  the  value  of  x  in  that 
iquation. 

jlrt.  XLIII.  We  will  therefore,  irt  the  next  place, 
fuppofe  ;>^  to  be  =  2.5  +  2,  and  fubftitute  this  binomial 
quantity  inftead  of  *  in  the  equation  x^  —  5;*?  =  4. 

Then/finc^  jr  is  =  2.5  +  2,  we  fliall  have 

*^  =^  2~5  +  zb  .(=^5)'  +  3  X  2?^*  X  2  +  &c 

=  15.625  +  3  X  6.25  X  2  +  &c) 

=  15.625  +  18.75  }i  2  +  &c,  . 

and  5*  =  5  X  2.5+2  (=  5  X  2.5  +  5  X  2)  =  12*5  +52^ 

.       r  1      .  r     ^5»625  +  18.75  X  2\ 

and  confequcntljr  x*  -^  ^m  =J        ^      ^  > 

L— 12.500  *-    5.00  X  zj 

trz    3.125   +    13.75   X  Z.. 

But  *'  —  5«  is  =  4« 

Therefore  3.125  +  13.75  X  2  will  alfo  be  =  45  and 
confequently  13. 75  X  2  will  be  (=  4  —  3.125)  ±5  0.875, 

and  2  will  be  =  — '--^  =:  0.063.  Therefore  at,  or  2.5+2, 
13-75     .' 

T  will 
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will  be  =  2.5  +  0.063  =  2,563;  or  the  fccond  nc«r  va-. 
lue  of  the  root  of  the  propofed  equation  x^  —  5^  =  4  will 
be  2.563. 

(^E.  I. 

jirt.  XLIV.  We  muft  next  proceed  to  fubftitutc  2.563 
inftead  of  x  in  the  compound  quantity  x^  —  5x1  in  order 
to  difcover  whether  the  refult  of  fuch  fubftitution  will  be 
greater,  or  lefs,  than  4,  or  the  abfolute  term  of  the  equation 
flfi  —  5Af  =  4,  and  confequcntly  whether  2.563  is  greater, 
or  lefs,  than  the  true  value  of  x  in  that  equation. 

Nowi  if  jp  be  =  2.563,  we  (hall  have  x^  ==  16.836,267, 
547,  and  5x  =  J 2.8 15,  and  confequcntly  x^  —  5;^  (= 
lb.836,267,547  —  12  815)  =  4.021,267,547  •,  which  is 
greater  than  4.  Therefore  2:563  is  greater  than  xkkt  true 
value  of  X  in  the  equation  x^  —  5^  =  4» 

Q^E.  I. 

Art.  XLV.  We  will  therefore,  in  the  next  place,  fup- 
pofe  ;r  to  be  =  2.563  —  z,  and  fubftitute  this  refidual 
quantity  inftead  of  x  in  the  equation  x^  —  5^  =*  4,  and 
refolve  the  equation  thence  refulting  as  if  it  were  a  mere 
fimple  equation. 

Now,  if  *  be  fuppofed  to  be  =  2.563  —  z,  we  (hall  have 
^  =  2.563-2 '  (  =  3^563^  —  3  X  2.563*  X  z  -h  &c 
=  16.836,267,547  —  3  X  6.568,969  X  z  +  &c> 
=  16,836,267,547  -V  19.706,907  >X  2  4-  &c, 
and  54:=5X  2.763^z(=5X  2,563-52)  =  12.815-52,., 

and 
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kni  confcqttcntly  »^-5jf  ( ==  1 6.836,267,547  r- 19.706,907 
Xx  -4-  &c  —^2.8i5—5z=  16.836,267,547  — 19.706,907 
X«  -  izAis  +  5z  =s4«o2 1,267,547  —  14.706,907  X  z. 

But  ;i?'  —  5;*  is  2=  4. 

Therefore 4.021,267,^47  —  14.706,907  X  z  will  alfo 
be  =  4 ;  s^nd  confequently  (adding  14.706,907  X  z  to 
both  fides,)  4.02 1,267,547  will  be  5=  4  +  14.706,907  X  2, 
Md  (fubtra£iing  4  from  both  fides,)  14.706,907  X  z  will 
be  =  0.021,267,547,    And  confcqucntly  z  will  be  sa 

0.021,267,547  ^  0.001,446.    Therefore  »,  or  2.563-.Z, 
14.706,907  ^^  »  ^  :>       f 

will  be  =  2.563  —  0.001,446  =r  2.561,554;  that  is,  the 

third  neat  value  of  the  root  of  the  propofed  equation 

4fi  —  5Ar  =  4  will  be  2.561,554. 

qjL.  I. 

Art.  XLVI.  Now  let  2,561,554  be  fubftituted  inftead 
of  X  in  the  compound  quantity  ar'  —  5^,  in  order  to  dif- 
covet  whether  the  refult  will  be  greater,  or  lefs,  than  4, 
or  the  abfolute  term  of  the  propofed  equation  **  —  5**=4, 
and  confequently  whether  2.561,^54  is  greater,  or  lefs, 
than  the  true  value  oIk  in  that  equation. 

If  »is  =  2.561,554,  we  (hall  have  xx  =  6.561,558, 
894>9»6,  and  x"  =  16.807,787,433,507,659,464,  and  5* 
(cs  5  X  2.561,554)=  12.807,770,  and  confequently 
**  —  5*  (=  16.807,787,433,507,659,464—  12.807,770) 
s=  4*000,017,433,507,659^.64;  which  is  a  little  greater 
than  4,  or  the  abfolute  term  of  the  equation  x^  —  5^  ==  4. 
T  2  Ther^fprc 
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IrWttfqrc  2*56i95S4i5  a  Iktk  greater  dian  the  triieTaltitf 
of  *  in  that  equation. 

Jrt.  XLVII.  Vtt  will  therefotc  noHr  fuppofc  jp  to  be 
.5s  2.561,554  —  a,  and  will  fitbftitutc  that  rofidual  quan^* 
tity  inftead  of  x  in  the  equation  x^  —  54?  =  4^  and  then  re* 
folve  the  equation  refulting  frona  fuch  fubftitution  a$  if  it 
were  a  mere  fimplc  equation.  This  may  be  done  as 
follows : 

Since  «  is  =  ^2. 561, 554  —  2,  we  (hall  haye 

*'  =    2.561,554  — zj'(=  2.561,554? 
—  3  X  2.561,554)*  X  z  +  &c  = 


2.561,554^^  —  3  X  6.561,558,894,916  X  2  +  &c 

=  2.561,554)'  —  i9-684>676,684,748  X  z  +  &c) 

31 16.807,787,433,507,659,464^19.684,676,684,748  X  z+«cc, 

and  5*  =  S  X^2.56j,554  — z  =  5  X  2.561,554 

—  52  =  12.807,770  —  52, 

Therefore  «j  *—  5^^  will  be  sa 
16.807,787,433,^07,659,464  -  19.684,676,684,748  X  z  +  arc 
-(12.807,770  -  5s  = 

i6.8o7,787,433,5o7,659,4(S4-i9.684,676,684,748x5J+&c^ 
>7yP»o9o,oOo,oo6,ooo-f.  j|.ooo,ooo,ooo,ooox«+&rc$ 
=4050,01 7,433^507,659,464:^  14.684,676,684,748  X  z  +  &c. 

*  '       .  *But 


c     16.807,5 
«  —12.807,7 
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But .-«'  —  5f  is  =r  4t 

Tterefbre  4*000^17,433,507,659,464 

»^  14,684,676,684,748  X  e  +  &c  will  be  ==  4 ;  and  con- 

fcquently  (adding  14.684,676,684,748  5<  « to  both  fides,) 

4.000,0 1 7,43 3,507,65 9^,4^4  will  be  =  4  rH  14-684,670, 

684,748  ,X,  %  5  and  (fubtraSing  4  from  both  fides,)  14.684, 

676,684,748  )$  ^  will  be  =s  o.ooo/)i7,433,507,65r9^464;, 

J         ...  ,  p,o©o,9i7,433>507»659'464 

and  «  \v.iH  be  =■  - — ^u    k  1  ^o      V"  '  ==  0.000,00 J, 
14.6^^4,076,684,74^  ^      ^ 

187,190. 

J- 
Therefore  ;r,  or  2.561,554  -^  z,  will  be  (=b  a»56r,554 
—  o.ooo,ocn,t87,i90,)  =  2.561,552,812,810  j  that  is, 
the  fourth  ne^r  value  of  the  root  of  the  propofed  equation 
4r'  —  5;*  =  4  will  be  ^  ^56 1  ^552^8 1 2;8 10. 

Jrt.  XI^VIII.     Of  this  number  2.56i,552',8i2,8iO  the 
firft  eleven  figures  2.561,552,812,8  are  certainly  exaS. 

For  the  accurate  value  of  » in  this  equation  i*  -w-^- — \  or, 

I  4- 4.123,105,625,6  &c          5.15^3,105,625,6^  .    . 

— ^^ i ,  or  ^ — -i- — ^- ,  012.561, 

552,812,8  &c*    For,  if  we  fub0itute  ^ — — ^^  iiritejd'  of 

X  in  the  compound  quantity  x^  —  5;^,  we  (hall  find,  that 
the  {aid  quantity  will  be  equal  to  4,  or  the  abfoiute  tern^ 

of  the  e<juation  4r3  —  j^r  =?  4.     For,  if  ^  i«  =s  — ^-^^ — ,  we 

T3  S^\\ 
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Il*  +  3  X  71*    X  >/!?  •♦•  3  X  1  K  '7  ■>•  '7  X  V*? 

8 
I  4-  3  X  t   X  Vt?  +  3  X  ly  +  Ty  X  yi? 

1  +  3  X  i/i7  +  5i+i7xy  »7        S«  +  ae  X  ^i? 

8  *  -^ f-^ =' 

^xi3-t-4X5XV^iy\  ^  nftx^iy     ^^         ^ 

4  X  z  y  »       '         * 

..  (7+VI7  /_  ;  X  I  +V.17        5X1  +  5  yytix 
5  X  '— j—^i Y        -  Z-" J 

^  S_+iJL^7.  ^„4eonfequentlpi -  j*  =  ll±12L^ 


9+5XVt7  13  +  5  xv^T7,r-5--T5Xv^i7    _ 

V  o 


2 

2 

^»  — :  ry  ss  4.    Therefore  -^ mull  be  =  af,  or  the 

2 


=s  — ^  ss  4,  or  the  abfolute  term  of  the  equatioi; 

V  =  4.    Therefore 
root  of  the  faid  equation. 


CL?D. 


OBSERVATIONS  ON  THE  FOREGOING  EXAMPLE. 

ArU  XLIX  By  this  example  it  appears  that,  after  we 
have  obtained  the  firft  near  value  of  ;r  by  a  conjefturc 
founded  on  the  knowledge  chat  it  muft  be  of  an  interme? 
diate  ipagnitude  between  the  known  quantities  yb  and 

~  or  ^^  X  ts/k%  aqd  on  a  comparifon  pf  the  abfolute 
term  o  (which  in  this  cafe  is  4,)  with  --y->  or  the  great- 

S 


j 
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eft  poIBble  magnitude  of  the  abfolute  term  of  an  equation 
of  this  kind,  (which  in*  the  equation  *'  —  5*  =  4  is  4.303 
&€,)  and  have  made  the  firft  near  value  of  x  fo  obtained^ 
%o  wit,  the  number  2,5,  the  baiis  of  an  approximation  to 
it's  more  accurate  value  in  the  method  prefcribed  by  Mr. 
Raphfon,  three  procefTes  of  this  method  have  been  fuffi- 
pient  to  give  us  the  root  of  the  propofed  equation  x^  — 
5*  =  4  cxad  to  eleven  places  of  figures.  And  it  will  be 
found  by  thofe  who  will  take  the  trouble  of  trying  it,  that 
the  fame  number  of  proceffcs  of  approximation  will  give 
us  xhh  root  of  the  equation  to  the  fame  degree  of  exa£tnefs 
in  any  other  equation  of  the  fam^  kind,  or  that  (hall  come 
under  the  fecond  cafe  of  the  general  equation  x^'^bxzs  c  \ 

becaufe  the  proximity  of  the  two  limits  ^h  and  -^ ,  or 

• —  X  ^h^  between  which  the  value  of  x  rauft  always 

lie^  will  always  enable  us  to  obtain  a  very  convenient  firft 
near  value  of  it  to  begin  our  approximation.  And  the 
number  of  new  (inures  that  are  exa£l  in  the  value  of  x 
that  \%  obtained  by  each  new  procefs  of  approximation,  will 
ufually  be  equal,  wanting  one  figure,  to  that  of  the  figures 
that  were  exa£l  in  the  next  preceeding  near  value  of  x 
upon  which  the  faid  procefs  of  approximation  was  ground- 
ed. Thus  we  have  fccn  that,  when  we  had  obtained 
2.56f  ,554fpr  a  near  vsdue  of  at,  in  which  number  the  firft 
fix  figures  2.561, )5  are  exa£l,  the  next  near  value  of  x^  or 
thfit  which  was  obtained  by  thcx^ext  procefs  of  approxima- 
tion! was  3*5^7,552,  81218109  in  which  value  five  addi. 
tional  fijgureS)  to  wit,  the^gures  281^8,  which  follow  the 
firft  fix  figures  2. 561,55,  are  alfo  exaft.  And  the  fame  thing 
will  be  found  to  take  place  in  all  other  inftances. 

T4  EXAM. 
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EXAMPLE   IV. 

ArU  L»    Let  it  be  reqaired  to  find  the  root  of  the 
cubick  equation  Af'  —  6yc  =r  ida. 

Here  *  is  =  63,  and  r  is  as  162  ;•  and  confcqucntly 

is  =  81,  ^nd—  is  (=  8ll»)  =  6561 ;  and  X  is  (=^) 
4  3.3 

cs  2i,and — ^,  or — I,  is  (=  21)^)  =a  9261^  which  is 

greater  than  6^(>\^  or  ~.  Therefore  this  equation  can. 

not  be  refolved  by  Cardan's  fecond  ride  abovc-eiplaincd| 
but  falls  under  the  fecond  cafe  of  the  general  equation 
x^  ^hx  =:  c^  and  muft  be  refolved  by  apprOsuitiatiohf 
This  may  be  done  in  the  manner  following  : 

Art.  LI.    Since  i  is  =s  63,  we  (hall  have  V3  =  V63 

-  .2^h       2X7.9S7^&c  >      2X7.937&q 

=7.0^7, &c, and —V  =   '     ^^-^^ —  (=!  •- — (  ^  „      ^ 
^l  i/S  1.732  &c, 

^  iS.874,gccx  _  ^^^    Therefore  x  (which  is  al-, 

1.732,  &C    /  ^        -'^    •       :         I  ^ 

ways  greater  than  \/^,  but  lefs  than  — ^>)  will  be  gxeate^ 
than  7f 9375  &c>  bntlefs  than  9,1 65,  *c. 

Further,  when  j»  is  =s  v^^>  or  ^^63^  (which  is  it's  lower 
Jimit,)  the  compound  quantity.  9^  — ^  hx^  or  **  —  63^, 
will  be  (=  ^V^ — ^V*,or  63.x V63  -  63  X 1/63,)  =  o; 

2.\/A 

and,  when  *  is  =  — --,  or  9.165  &C|  it's  higher  limit,  the 

^omp,oun4 
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compound  quantity  *3  —  bx^  or  jr^  — .  6^,  ^Ul  be  =^ 
T-bX^/b  _  2  X  63  X  >/63  /      g  X  63  X  7.937  &c  _ 
3a/3      ""  3\/3  V  3x1-732,  &c         ■" 

2  X  21  X  7.937  &c  _  42  X  7.937  &c  _  333':^S4i  gcc  X  J^ 
1.732,  &c  1.73a,  Sfc     "^    1,732,  &c     '  "^ 

192,  &c.     But  in  the  prcfent  cafe  x^  -—  6yc  is  equal  to 

162,  which  is  more  than  —  of  192,  &c.     Therefore  wc 

may  reafonably  conje£l:ure  that  the  value  of 'Vinthetqua- 
tion  x^  —  63^  =  162  will  approach  nearer  to  it's  higher 
limit  9.165  &c  than  to  its  lower  Kmic  7  937,  &c,  or  will 
be  greater  than  half  the  fum  of  the  faid  limits^  (or  than 
7.937  gee  4-  9.165,  &c     _  17.102  &c,  _o,.,      ^^ 

will  therefore  fuppofe  it  to  be  =  8.7,  and  will  proceed  to 
fubftitute  8.7  inftead  of  x  in  the  compound  quantity 
x^  —  63je,  in  order  to  difcover  whether  the  rcfult  of  fuA 
fubflitution  will  be  greater,  or  iefs,  than  162,  or  the  abfo- 
lute  term  of  the  propofed  equation  /t^  —  63*  =  162,  and 
confequently  whether  8.7  will  be  greater,  or  lefs,  than  the 
true  value  of  se  in  the  faid  equation* 


Now,  if  ;i?  IS  =8.7,  we  fliall  have  «^  (=  8.7I')  =^ 
658.503,  and  63^?  (=  63  X  8.7)  =  548.1.  Therefore; 
x^  —  63;^  will  be  (=  ^58.503  —  548.1)  =  110.403  i 
which  is  lefs  than  162,  or  the  abfolute  term  of  the  equa- 
tion ;if*  —  63*  =  162.  Therefore  8.7  muft  be  lefs  than 
the  true  value  of  x  in  that  equation. 

Q^E.  I. 

jirt,  LII.  We  will  therefore  put  *  =  8.7  +  2,  and 
fiabftitute  the  binomial  quf^ntity  8.7  «)«  ^  inftead  of  x  in 

3  the 
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the  equation  «'  —  634?  =  162,  and  then  refolre  the  ne^ 
equation  refulting  from  fuch  fubftitutioQ  as  if  it  were  a 
mere  fimple  equation.    This  may  be  done  as  follows : 

Since  X  is  ac=:  8.7  +  z»  we  (hall  have 
x^  =  87+^^  (=  €tY  +  3  X  8T7I*  X  z  +  &c 
=  8T^'  +  3  X  75-69  X  z  +  &c 
=  87]'  +  227.07  X  2  +  &c) 
=  658.503  +  227.07  X  2  +  &c, 
an4  63*=  63  K  8.7  +  a  (=  63  K  8.7  +  63  X  z) 
=  548.1  f  63  X  z. 

Therefore  ^^-^62^  will  be  {=  658.503  +  227.07 
X  »  — 548.1  —  63  X  «)  =?  1IQ.403  +  164.07  X  as. 

But  x^  — .  63X  is  =  162. 

Therefore  1 10.403  +  164.07  J<  z  wiU  alfobe  =:  162  \ 
and  confequently  164.07  x  2  will  be  (:=  |62  -r  ;  10,403) 

=  51-597  >  and  2  will  be  =  5-1222  ss  0.3U 
"^    "^''  164.07  "^ 

Therefore  at  or  8.7  -|»  «  will  b^  =  8.7  +  0.31  =  9.01  j 
that  is,  the  fecond  near  value  of  the  root  of  the  p^ppofed 
equation  x^  -r—  63.JP  =162  will  be  p.oi. 

Jrt.  LIII.    We  will  now  fubftitutc  9.01  in  the  com* 
pound  quantity  x^  —  6^Xj  in  order  to  difcover  whether 
the.refult  will  be  greater,  or  Icfs,  than  162,  or  the  abfo- 
lutc  term  of  the  equation  a:^  —  63 jr  =   162,  and  confe- 
quently 


(    *«3    ) 

gently  whether  g.oi  Is.  greater,  pr  le&i  th^n  the  true  Tt^ 
lue  of  X  in  that  equation* 

Nov>  if  a:  is  ss  9.01,  we  fljall  have  *'  (=  9,01 ')  =» 
73>'432>70ii  and  63*  (=  63  X  9.0X)  =  567.63,  and 
confcquently  J|f3  —  63Jf  (=  73i.432>70»  —  5^7-^3)  = 
y63.8p2,70| ;  which  is  greater  than  162,  or  th^  ^bfolutc 
term  of  the  propofcd  equation  x^  —  63^:  ;=  165.  Thcrc-r 
fore  9.01  muft  be  greater  than  the  true  value  of  x  in  the 
i^d  equ9tioq« 

Q^E.  L 

Art.  IvIV.  Since  9,01  is  greater  than  the  true  value  of 
X  in  the  equation  x^  —  6yc  =  162,  itfeems  reafonabie  to 
cpnjeflure  that  the  whole  number  9  itfelf  may  be  eza£t}^ 
equal  to  it.  And  fo,  upon  trial,  we  (hall  find  it  to  be.  For, 
if  jr  is  =  9,  we  (hall  have  99^  n  729,  and63»  (=  63  X  9) 
==  567,  and  confequently  x^  —  63*  (=  729  — 567)  = 
l6a.  Therefore  x*,  or  the  foot  of  the  equation  ^>  —  634? 
;=:  162,  is  exa£ily  equal  to  the  whole  number  9. 


>    l<    I  >    I 


EXAMPLE  V. 


4rt.  LV.    LRf  the  ccjuation  that  is  to  be  rcfolvcd  be 

IJcre  *  is  =  15,  and  ^  is  =  4 ;  and  confeq,ucntly  -^ 

ia 


(    «84    ) 

is  =  2,  and  —  is  (=2!''-)  =2  4,  and  —  it  =  5,  and  — -^ 

is  (=  5*^J  =   125,   which  is   greater  than  4,  or  -^t. 

4 

Therefore  this  equation  cannot  be  ^efolved  by  Cardan's 
fccond  rule  above-cxplarncd,  but  falls  under  the  fecotid 
cafe  of  the  general  ec^ation  j?*  —  ij?  =  r,  and  mud  be 
refolvred  by  approximation ;  which  may  be  done  in  the 
manner  following : 

Since  *  is  =  15,  we  (hall  have  ijh  (=   ^15)  =  3.872, 

,  .av'A       2  X  3.872,  &c    ._  2  X  3.872,  &c 

occ*  ana  ■ =s  ■  — ,  I ^ — -    ^;? 

^3  v^3  i.73*.>&c      ^ 

aiZjl^ J  =r  4.47 1,  &c.    Therefore  »  (which  is  always 


2V^ 
3.872,  &c,butlc{6tbaa4r47i,  &e. 


gjreatcr  than  ^hy  but  left  than  —j-^  will  be  greater  than 


Artj,  LVL  Further,  when  *ifi  =v'^  <»  V^^^St  the 
icompound  quantity  x^  —  ^•^,  or  x>  —  i  j*^  19  {z=iht/h  --^ 
htjh^  or  i5>/i5  —  15^/15)  =  09   and,  when  *  is  =s? 

^^,  or  -^^,  or  4.471,  &c,  the  fame  compound  quantity 

vrill  be  =   ^i^  =  ^  ^  ^  ^  ^^^  (^   2  X  5  X^/!5 

3^3  3^3         ^  ^Z 

_  2  y  5  X  1^.872  &c>  ■     K>x  3.872,  &c_  38.720  &c^ 

"■  1.732,  &c  ^       i.732,&c  1.73a     ' 

s  22.355,  &c ;  which  is  much  greater  than  the  abfolute 
term  4,  or  the  value  of  the  falc^  con^pound  quantity  in  the 
propofed  equation  *'  —  15*  =  4.  f  hcrefore  it  feems 
reasonable  to  fuppofe  that  the  yalue  of  x  in  that  equation 
win  differ  kfs  from  it's  lower  limjt.,  3*872^  &c,  than 

fro«^ 
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^r^ni  it*s  higher  limit  4.47  r,  5^c»  and  confequently  will 

be  lefs  than  half  the  fum  of  the  faid  limitSi  (or  thait 

3.872  &c  +  4.4-7^  &c          8.34-?,  &c  \       ,  ' 

S—L ^         9  ox      ^^^* ,  lor  than  4. 1 71,  &c; 

Wc  will  therefore  fuppofe  it  to  be  equal  to  the  whole 
tiumber  4^  and  will  proceed  to  fubftitute  4  inftead  of  x 
in  the  compound  quantity  x^  —  15;^,  in  order  to  difcover 
whether  the  tefult  of  fuch  fubftitution  will  be  eqttal  to,  or 
greater  than,  or  lefs  than,  4,  ot  the  abfolutc  term  of  the 
propofed  equation  4:^  ~  15*  =s  4,  and  confequetrtly  whe- 
ther the  faid  number  4  will  be  equal  to,  greater  than,  or 
lefs  than,  the  true  value  of  «,in  the  faid  equation. 

Now,  if  «  be  =s  4,  wc  fliall  hare  x^  (=4'^)  =s  64, 
and  i5Af  (=  15  X  4)  =  60,  and  confequently  ;v^  ^  i^x 
(=  64  —  60)  ir:  4.  Therefore  the  root  of  the  propofed 
equation  x^  —  15^  =  4  will  be  the  whole  number  4. 


EXAMPLE    VI. 


^ruLVll.   Let  the  equation  that  Is  to  be  refolved  be 


Here  *  is  =  90,  and  ^  is  =  98  ;  and  confequently  ^-^ 

is=  49,  and  -^  is  (=  49I*)  5=  2401,  aad  —  is  (=22) 

=  30, 


ts'  30, and  —  i«  (==3^)^)  :c  a7,ooo,  whicli  h ptiM 

than  240X9  or  — •    Therefore   this  equation  cannot  be 

refolred  by  Cardan's  fecond  rule  above*explained»  butfaUa 
imderthe  fecond  cafe  of  the  geiieral  equation  x^  —  tx  =  r, 
and  muft  be  refolved  by  approximsttion  i  which  may  be 
done  as  follows  i 


Sines  }4s  in  this  cafe  =3901  we  fiiall  hare  v"^  (=^i^9o}^ 
9.486,&e.and  "-^*=  ^X9^4S6^i^c    ^     i8-972,  ^c  i 

==  Jo*9S3>  ^c»    Therefore  x  Cwhich  is  always  greater 


2Vt 
&c,  but  lefs  than  10.953,  ^^ 


than  V*,  but  lefs  than  —z-^)  will  be  greater  than  9. 486, 


Art.  LVIII.  Further,  when  «  il  =  ^i,  or .  ^go, 
the  compound  quantity  x^  —  ^v,  or  x^  —  93*,  will  be 
(=  t^b —  b^t,  or  90^90  — 90^90)  =  o  }  and,  when 

*■  IS  =  -y ,  or  -—■ ,    or  10.953^   &c,  the  compound 

quantity  x^  — .  *x,   or  *'  •—  90;^,  will  be   =   — ~-  = 
2  X  90  Xy^QO  a  X  '^o  X  ^/qo  _   60  X  Q.486,  &c. 

— 2-  328.614   &c.     But  m  the  equation 

^•73^>  '^^ 
\jtf3  -«,  gox  =  98  the  compound  quantity  x^  — 90**,  being 

equal  to  98,  diiFers  much  lefs  frotn  6,  or  it's  value  when  x 

is  equal  to  it's  lower  limit  \/90,  or  9.486,  &c>  than  from 

328.6i4«  which  is  it's  value  when  x  is  equal  to  it's  higher 

limit 


,  (    a87    ) 

b*mit  10.593,  &c«    Therefore  it  feems  reafonable  to  (upm 

pofe  that  the  true  value  of  ^  in  this  equation  will  differ  lefs 

from  it's  lower  limit  9.486,  &c,  than  from  it's  higher  limit 

10.953,  &c^  and  confequently  will  be  lefs  than  half  the  fum 

-.,-.,,..  ,        0.486,  &c  +  10.953,   &c 

of  It's  faid  hmitj.  Of  than   ^-2 — 222! . 

2 

(or        ^^^ — ,]  or  10.2 19,  &c.  Wc  will  therefore  fuppofc 

it  to  be  ^*=  10,  and  will  proceed  to  fubftitute  10  inftead  of 
«  in  the  compound  quantity  x^  —  90;^,  (which  forms  the 
left-hand  fide  of  the  propofed  equation  x^  —  90;ir  =  98,)  in 
order  to  difcover  whether  the  rcfult  of  fuch  fubftitution 
will  be  equal  to,  or  greater  than,  or  lefs  than,  98,  or  the  ab- 
folute  term  of  the  faid  equation,  and  confequently  whether 
the  faid  number  10  will  be  equal  to,  or  greater  than,  or  lefs 
than,  the  true  value  oix  in  the.faid  equation. 

Now,  if  *  be  =  10,  we  (hall  have  *»  (=  lol^)  =  looO, 
and  90fl?  (=  90  X  10)  =■  900,  and  confequently  x^  —  90;^ 
(=5  J  000  —  900)  =«  100,  which  is  greater  than  98.  There- 
fore lo  will  be  greater  than  the  true  value  of  x  in  the 
equation  x^  —  90^  =*  98.  , 

Q^E.  I. 

Jrt.  LIX.  We  will  therefore  now  fuppofe  *  to  be  = 
lb  —  2,  and  will  fubftitute  tliis  refidual  quantity  10  —  2 
inftead  of  x  in  the  propofed  equation  x^  —  9o;ir  =  98, 
and  will  then  refolve  the  new  equation  arifing  from  fuch 
^bftitution  in  the  fame  manner  as  a  mere  fimple  equation, 
agreeably  to  the  dire£tions  of  Mn  Raphfon. 

Since 


(    288    ) 
Since  ^  IS  =  lo  -^  2,  we  fiiall  have 

*»  s=  10^*  (=:  ici^  —  3  X  lol*  X  a  +  &c  =  loccr 
—  3  X 100  X  2  +  &c) = looo  —  300Z+  &c^ 
snd  90«=90X  10  —  z  (=90X10  —  90  X  2)  =900— 90a, 
and  confequently  x^  —  90^:  =  iboo  —  3002  +  &c 

f f  1 000  —  3002  +'  &cT 

11^1900— *  902  =<  >=a 

L-*9oo  +  902  J 

100  —  2102  +  &C. 

But  «^  —  9o;r  is  ==  98* 

Therefore  100 ,—  2icz  +  &c  will  alfo  be  =  98  ;  and 

Cbnfequently  (adding  2102  to  both  fides),  100  will  be  = 

98  +  2102,  and  (fubtrafting  98  from  both  fides,)  2102 

2  I 

will  be  =r  2»  and  2  will  be  =  - —  =  —  =  0.009,523. 
*  210        105  ^^  ^ 

Therefore  x,  or  10  —  2,  will  be  =  10  —  0.009,523  = 
9.990,477,  or  the  root  of  the  propofed  equation  *'  —  tpx 
=  98  will  be  nearly  equal  to  9«99o,477. 

jfrt.  LX.  We  will  now  fubftitute  this  number,. 
9.990,477,  inftead  of  x^  in  the  compound  quantity  a:^  — 
90^,  in  order  to  difcover  whether  the  refult  will  be  greater, 
or  Icfs,  than  98,  or  the  abfolute  term  of  the  equation 
x^  —  90*'  =  98,  and  confequently  whether  the  faidnum-^ 
ber  9.990,477  is  greater,  or  kfs,  than  the  true  value  of  x 
in  that  equation* 

Now, 
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Now,    if   X  18'  ==s  9.990^.77,   we  (hall  have   at'   (= 


9:990,477V)  =  997- 1451819^7^2,252,661,333,  and  9OX 

(=  90  X  9.990,477)  =  899.142,930,  and  confequently 

•     /  r    997-i45>8i9»762,25a,66i,333\ 

t-899. 142,930  J 

CSS  98.002,889,762,25^^,661,333  ;  which  is  a  little  greater 

than  '98,  or  the  abfolute  term  of  the  propofed  equation 

x^  -T-90A?  =  98.     Therefore- the  number  9.990,477   is 

fomewhat  ^rcafer  than  the  j:rue  value  of  x  in  that  equa- 

taoh. 

Q^E-  I. 

Art.  LXI.  In  order  tiierefore  to  obtain  a  more  accu^ 
rate  value  of  the  roptof  this  equation,  let  us  fuppofe  ;v  to 
be  =  9.990,477  — r  z,  and  let  us  fubftitute  this  refidual 
quantity  inftead  of  x  in  the  terms  of  the  faid  equation,  and 
then  refolve  the  new  equation  refulting  from  fuch  fubfti- 
tution  as  if  it  were  a  Cmple  equation.  This  may  be  done 
as  CdUows  : 

)Since  Af  is  =  9*990,477  —  z,  we  fhall  have 
k'*=  9.990,477 -2^'  (=  9-990.477'        . 
—  3  X  9.990,477]*  X  z  +  &c  = 


9.990,477!'  —  3  )^  99'8o9,63o,687,529,  X  2  +  ^c 
=  9.990,477V  — 299.428,892,062,587  X  z  ih  &c) 
F=  997-i45>8i9i762,252,66i,333 

—  299.428,892,062,587  X  z  +  &c, 


and  9O1V  =  90  X  9.990,472  —  z 

'    (=  90  X  9.990,477  — 90  X  z) 
'  5=  899.142,936  —  90Z, 

V  and 


and  confii^uently  m^  •*  90^  =z 
—  699.142,930  -  9025  = 

f    <y)^.l/^sfil9f^^y%s^fi6lyS3^  - 299.418,892,062,587  x « i 

\  —  899.142,930,000,000^000^000  +  90^090,000,000,000  X  a;  J 
=  98.002,889,762,252,661,333  -  209.428,89:^,062,587  X  ». 

But  x^  ^—  90*  is  =98. 

Therefore  98.002,889,762,252,661,333  —  209*42^ 

892,062,587  X  z  will  alfo  be  =  98.     And  coofequently 

98.002,889,762,252,661,333   will  be  =:  98  +  209.428^ 

892,062,587  X  X,  and  (fubtrading  98  from  bolb  fides,) 

209.428,892,062,587  X  2f  will  be  =  0.002,889,762,252^ 

661,333,  and  coniequently  z  will  be  = 

c.002,889,762,252,661,333  J. 

— o  o  ' — z sr^    =  0.000*0 1 2,7Qo. 

209.428,892,062,587  >     ^u^ 

Therefore  *,  or  9.990,477  —  z,  will  be  =.9.990,477 
--  0.000,013,798  =  9.990,463,202 ;  that  is,  the  third  near 
value  of  the  root  of  the  propofed  equation  x^  —  90;^  =  98 
will  be  9.990,463,202. 

This  value  of  x  is  probably  exa£):  in  xi)&  firft  nine  fi^ 
gures  9*990,463,20,  or  at  leaft  in  the  firft  eight  figure^ 
9.990,463,2,  if  no  miftake  has  been  made  in  pcxforn^ing  the 
arithmetical  operations  by  which  it  has.  been  obtained. 

Art.  L^I.  Thefe  fix  examples  will,  I  prefume,  be 
fufficient  to  explain  an4  iUuftratq  t]u3  method  of  refolving 

t^ubicl^ 


r 
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ctofeick  cqiiations  of  the  general  fbrm  x^  —  ^a:  =±:  r,  in  the 
fecond  cafe  of  it  (in  T^hich  the  abfolute  term  c  is  lefs  than 

• T~,  or is  lefs  than — -.1  by  Mr.  Raphfon's  me- 

thotl  df  a{)proximation.  And  this  method  of  rfefolving 
thefe  equatiohs  is,  as  I  conceire,  the  eafieft  and  bed  me^ 
thod  that  can  be  taken  for  the  purpofe  *.  Nothing  more 
tliercfore  need  be  faid  concerning  the  refpbtion  of  thefe 
e^atk)zis» 


OF  TKE  CUBICK  EQUATION  bx  ^  k^  ^  c. 

An.  LXIII.  BUT  there  is  one  more  form  of  cubick 
esquations  that  invohre  only  the  cube  and  the  fimpli^ 
power  of  Af,  or  the  unknown  quantity,  that  yet  remains  to 
be  confidered.     And  that  is  the  equation  bx  —  x^  =  c. 

Now  in  this  equation  x^  is  fubtrafted  from  bx^  and  con-p 
fequentiy  muft  be  either  lefs  than  bxy  or  equal  to  it,  and 

therefore 

^  This  method  of  refolving  equations  by  approximation,  which  was 
pubhihed  by  Mr.  Jofeph  Raphfon,  A.  M.  in  the  year  1690,  diffejrs  but 
little  from  that  which  had  been  invented  for  the  fame  purpofe  by  Sii? 
Jfaac  Newton  in  the  year  i666,  and  which  is  contained  in  bis  very  cur 
rious  little  traft  intitled  Analyjis  per  aquaiiones  numero  termnortnn  In-r 
jinitas.  This  tradt  was  communicated  by  him  to  Dr.  Ifaac  Barrow, 
and  by  Dr.  Barrow,  with  his  leave,  to  Mr.  Jfhn  Collins  and  other 
eminent  mathematicians  of  the  Royal  Society  of  London,  irf  the  year 
J669,  bijt  was  never  printed  till  the  year  171 1,  or  171a.     But  an  ex> 

y  a  tract 
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therefore  9cx  ihuft  be  either  lefs  than,  or  equal  to^  the 
co^efficient  b^  and  x  muft  be  either  lefs  than,  or  equal  to» 
V^,  or  the  fquare-root  of  the  faid  cp-efficient.  And, 
iince  X  is  limited  in  it's  magnitude  fo  as  never  to  be  greater 
than  t^b^  it  is  evident  that  bx  —  x^  muft  alfo  be  limited 
in  it's  magnitude,  and  can  never  be  greater  than  a  certain 
finite  quantity ;  and  therefore,  if  the  abfolute  term  c  of  the 
equation  bx  —  «'  =?  f  is  greater  than  a  certain  finite 
quantity,  it  is  evident  that  the  faid  equation  will  be  im- 
pofSble,  or  the  propofition  that  affirms  the  compound 
quantity  bx  —  x^  to  be  equal  to  c  (for  every  equation  is  a 
propofition  affirming  the  equality  of  one  quantity,  or  fet  of 
quantities,  to  another,)  will  be  a  falfe  propofition.  We 
muft  therefore  inquire  what  is  the  quantity  that  is  the 
limit  of  the  magnitude  of  the  compound  quantity  bx-^x^y 
or  than  which  the  faid  compound  quantity  can  never  be 
greater.  Now  this  inquiry  ipay  be  made  in  the  following 
manner  : 

tra6t  from  ir,  containing  a  fpccimen  of  Sir  Ifaac^s  m«tho4  of  rcfolv. 
ing  equations  by  approximation,  had  been  publilhed  by  Dr.  WaU 
lis  in  his  Algebra  in  the  year  1685,  that  is,  five  years  before  the  pub- 
lication of  Mr.  Rapbfon's  method.  The  two  methods  bear  a  near  rer 
femblancc  to  each  other  :  but  of  the  two  I  am  inclined  to  give  the  prc^ 
fcrence  to  Mr.  Raphfon*s  method.  Sec  a  com parifon  between  thefe  two 
methods  in  pages  559,  560,  &c  -  -  -  590,  of  a  colleftion  of  Ma- 
thematical Tradts  intitled,  The  DoSrine  of  Ptrmutatiom  and  Comblna^ 
tions,  which  was  publifhcd  in  the  year  1795  in  a  large  volume  ia 
p^z^ro,  and  fold  by  Mr  White,  the  book  feller  in  Fleet-ilrcet. 


OF 
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OF  TH£  INCREASE  AND  DECREASE  OF  THfi 
COMPOUND  QUANTITY  bx  —  .v^  WHILE  9f 
INCREASES  FROM  o  TO  ^/^. 

jfrt,  LXIV.  WHEN  ;v  is  =  o,  both  Bx  and  x^  will 
likewife  be  =  o,  and  confequently  their  difference  bx  —  x^ 
will  alfo  be  =  o  :  and,  when  ;v  is  =  A/b,  xx  will  be  =  b^ 
and  A?^  will  be  =  bx^  and  confequently  bx  —  x^  will  be  (= 
bx  —  bx)  =r  o  ;  that  is,  the  compound  quantity  bx  —  x% 
after  having  been  at  firft  equal  to  o,  when  x  was  equal  to 
o,  and  after  having  then  been  equal  to  feveral  different 
finite  quantities,  while  x  was  of  various  finite  magnitudes 
betw^efl  o  and  \/^,  will,  when  x  is  equal  to  ^b,  become 
a  fecond  time  equal  to  o.  There  muft  therefore  have  beerv 
fome  finite  quantity  to  which  the  compound  quantity 
bx  —  x^  will  have  increafed  from  o,  and  from  which  it 
will  have  again  decfeafed  to  o,  while  x  has  continually 
increafed  from  o  to  \/b.  This  finite  quantity,  or  greateft 
poflible  magnitude  of  the  compound  quantity  bx  —  «% 
we  muft  now  endeavdur  to  determine. 

Let  the  quantity  x  be  fuppofed  to  increafe  frcfm  o  to 
tjb  by  the  continual  addition  of  very  fmall  equal  incre- 
ments, as,  for  example,  by  increments  that  are  equal  to 
only  the  ten-thoufand  millionth  part  of  ^b  ;  and  let  each 
of  thefe  very  fmall  increments  of  x  be  denoted  by  ^,  or  the 
letter  x  with  a  point  placed  over  it.  Then  it  is  evident, 
that,  while  x  increafes  from  a:  to  a*  +  ^,  or  receives  an 
fcddition  of  one  of  thefe  very  fmall  increment^,  the  quanti- 
ty bx  will  increafe  from  hx  xob  Y,  x  -\^  a-,  or  bx  +  bx^  ot 

U  3  will 
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tifili  receive  the  increment  hx  j  and  the  quantity  *'  will 
Increafe  from  x^  to  x  +^%  or  to  x^  +  3x*Ar  +  3^-^*  + 
x^,  or  will  receive  the  increment  ^x*x  +  3*a:»  +  *'.  Now 
this  increment  is  to  ifx^  or  the  contemporary  increment  of 
bXf  as  2^*  +  3**-  -^  ^jp  is  to  *,  or  (ixeglediing  the  two 
terms  3;^*'  and  xx  on  account  of  their  extteam  fmallnefs 
in  comparifon  of  the  firft  term  3**  of  the  trinomial  quan- 
tity 3**  4-  2^x  +  ATA-,  to  which  they  afc  added,)  as  3**  19 
to  h.    Therefore,  while  3  xx  is  lefs  than  *,  or  xx  is  Icfs  thari 

— ,  the  increment  of  a^  will  be  lefs  than  the  cont'empo-* 
.3 
rary  increment  of  bx  j  but,  when  3xx  is  greater  than  i, 

©r  XX  is  greater  than  — ,  (though  lefs  than  ^,)  the  incre- 
ment of  x^  will  be  greater  than  the  contemporary  incre* 
toent  of  hx. 

But,  while  x  increafes  from  x  to  iJir  +  i*,  or  receives  the 
increment  xj  and  bx  receives  the  increment  bx^  and  x^  re- 
ceives the  increment  2^^^  +  3^^*  +  •*^*  ^^  (neglefting 
the  two  latter  quantities,)  3**^,  the  compound  quantity 
bx  —  x^  will  become  equal  to  bx  +  bjt  -^  x^  '^  ^x^x  — 
2xx^  —  x^  or  (negledling  the  two  terms  ^xx*  and  ^3)  bx  -f- 
bx  -^  x^  —  ^x^xy  or  bx  —  ;p3  -I-  ^;>  —  ^%  that  is,  it  will 
be  increafed  by  bx,  or  the  increment  of  bxt  and  diminifhed 
by  3^*^-;  or  the  increment  of  *•'.  Therefore,  fo  long  as  6x^ 
or  the  increment  of  bx,  continues  to  be  greater  than  3*% 
or  the  contemporary  increment  of  a?*,  the  compound 
quantity  bx  —  x^  will  increafe  ;  but  afterwards,  when 
bx,  or  the  increment  of  bx^  is  lefs  than  3^%  or  the  coHtem^* 
porary  increment  of  d?^,  it  will  decreafe.  And  theieforg 
the  greateft  magnitude  of  the  compound  quantity  bx  — x^ 

will 
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'Will  he  that  which  It  has  when  bx^  or  the  increment  ofixy 
is  exa<f]tly  equal  to  2^^fc,  or  the  contemporary  increment 

of  ;«?',  that  is,  when  b  is  =»  3;r%  or  ;v*  is  =  ^ — - 

But,  when  xx  is  =  — ,  x  is  -^—y  and  ;v^  Is  =  — ^, 
'  3  v^3  3V/3 

and  bxis  =  -~- ;    and  confequently   bx  —  ;p*   is    sat 

"^       3i/3         3\/3         SVsl'^  3Vi 

Therefore  the  greateft  poflible  magnitude  of  the  com- 
jpouhd  quantity  bx  —  x^  is  — j-,  and  confequently  the 
greateft  poflible  magnitude  of  c,  or  the  abfolute  term  of 
the  equation  bx  -^  x^  ==  r,  is  * 


^r/.  LXV.  it  follows  from  the  foregoing  inveftiga- 
tion  of  the  greateft  poflible  magnitude  of  the  compound 
quantity  bx  —  x^,  that,  if  c,  or  the  abfolute  term  of  the 

equation  bx -^  x^  =  i^,  is  exaftly  equal  to  — ^j  or  if  ~ 

is  exactly  equal  to  — ,  the  equation  bx  —  *^  ^  r  will 

have  but  one  root,  and  that  root  will  be  — - ;  and  that,  if 

v3 

the  abfolute  term  c  is  Icfs  than  — ^,  or  if is   lefs 

than —,  the  equation  bxm^;v^=i€  will  haye  two  roots,  of 

U  4  which 


tvhicli  the  lefler  will  be  lefs  than  ^,  and  the  greater  will 

be  greater  than  — ,  but  lefs  than  ,Jh.  Therefore  in  this 

equation  hx  —  x^  =  r,  as  well  as  in  the  fecond  cafe  cf  the 
oppofite  equation  x^  —  ix  =^  c^  (in  which  c  is  lefs  than 

— ^  ,  or  —  is  lefs  than  — , )  we  have  very  convenient 

limits  to  the  magnitudes  of  the  roots  of  the  equation,  which 
will  enable  us  to  begin  a  procefs  of  approximation  to  their 
true  values,  according  to  the  rules  of  Mr.  Raphfon's  me- 
thod, with  great  advantage. 

.  Thefe  things  being  premifed,  I  fliall  now  proceed  to 
fliew  how  equations  of  this  form,  bx  —  x^  ==  c,  may  be 
tefoltcd  by  Mr.  Raphfon's  method  of  approximation,  by 
the  Solution  of  the  following  Problem: 


1 


PROBLEM    IV. 


Jrt.  LXVI.     TO  refblve  the  cubick  equation  tx  -*-  x^ 
s=  f  by  Mr.  Raphfon's  method  of  approximation,  when 

the  abfolute  term  c  is  lefs  than  — —■>  or  when  —  is   left 

3V3  4 

r      ^^ 
than  — . 

Solution. 

lu  this  equation  the,  abfolute  term  c  is  fuppofed  to  fee 

lefs  than  7-,  bccaufe,  if  it  is  exadlly  equal  to    »      *  % 

Qr 


V 
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ce  P 

Ut-  if  —  18  cxaflly  equal  i6  - — ,  the  equation  will  \izvt 

but  one  root;  and  that  one  root,  we. know  by  what  has 

been  fhewn  in  the  foregoing  articles,  will  be  =  -—-.    But, 

when  c  is  lefa  than  — r  ,the  equation  will  have  two  roots, 

of  which  we  only  know  the  limita,  but  not  the  roots  thera- 
fclves  without  an  inveftigation  of  their  valued.  And  of 
thefe  roots  it  may  fometimes  be  required  to  find  the 
greater,  and  at  other  times  to  find  the  kiTer,  according  as 
the  greater  or  the  leffet  root  may  be  the  quantity  that  is 
neceflary  to  the  Solution  of  the  Problem  from  which  the 
equation  has  been  derived  :  and  fometimes  it  may  be  ne- 
ceffary  to  find  them  both.  I  (hall  therefore  (hew,  firft, 
hqw  to  find  the  lefler  of  thefe  two  roots  by  Mr.  Raphfon's 
method  of  approximation,  and,  fecondly,  how  to  find  the 
greater  of  them  by  the  fame  methodt 


THE  INVESTIGATION  OF  THE  LESSER  ROOT 
OF  THE  EQUATION  bx  ^  x'  ^  c. 

Art.  LXVII.     SINCE  the  lefler  root  of  the  equation 

ix'^  x^  ^c\^  lefs  than  — --,  and  the  abfolute  term  c  I« 

lefs  than  — —  ,  let  us  choofe  by  coajeQure  fome  quantity 

Icfs  than  — -  for  a  near  value  of  the  faid  lefler  root,  tak* 

ing 
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log  itncsLTtTyOrkCstittT,  to-^,  according  as  the  abfolutc 

term  c  Is  nearer,  or  Icfs  near,  to  — i— ,or  thegrcateft  poC* 

fible  magnitude  of  i*  —  a:^  j  and  let  us  call  the  quantity 
fo  chofen  a.  Then  let  this  quantity  a  be  fubftituted  in- 
ftead  of  X  in  the  compound  quantity  ix  —  ;p',  in  order  to 
difcorer  whether  the  value  of  the  faid  compound  quantity 
refulting  from  thi«  fubftitution  will  be  greater,  or  will  ht 
lefs,  than  r,  or  the  abfolute  term  of  the  equation.  And^ 
if  the  faid  refult  fliall  be  greater  than  the  abfolute  term  t^ 
we  may  conclude  that  a  will  be  greater  than  the  triie  valufe 
of  the  faid  leflcr  root  of  the  equation ;  and,  if  the  faid  re- 
fult (hall  be  lefs  than  the  abfolute  term  r,  we  may  con- 
clude that  a  will  be  lefs  than  the  true  value  of  the  faid 
lefler  root :'  becaufe  it  has  been  Ihewn  above  in  Aft.  64^ 
that  the  compound  quantity  ix —  jf*  increafes  continually 

while  X  increafes  from  o  to  — ~.    When  we  have  thus  dif- 

covered  whether  a  is  greater  or  is  lefs  than  the  lefler  root 
of  the  equation,  we  muft,  if  it  is  greater  than  the  faid  lefler 
root,  put  x=za — 2,  and  fubftitute  a — z  inftead  of  *in  the  equa- 
tion bx  —  x^z=:  r,  and  refolve  the  new  equation,  refulting 
from  fuch  fubftitution,a8  if  it  were  a  mere  fimple  equation,, 
agreeably  to  Mr.  Raphfon^s  direftions;  and,  if  ^I  is  lefs  than 
the  faid  lefler  root,  we  muft  put  x  ^  a  +  iy  and  fubftitute 
a+z  inftead  of  x  in  the  equation  bx'-x^  =  c,  and  refolve 
the  new  equation,  refulting  from  fuch  fubftitution,  as  if  it 
were  a  mere  fimple  equation.  And,  having  thus  found  the 
value  of  z,  we  muft,  in  the  firft  cafe,  fubtra£l  it  from  a, 
to  obtain  the  value  of  0  —  z  ;  and,  in  the  fecond  cafe,  we 

muft 
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ttiuft  add  it.to  tf,  to  obtain  the  value  of  j  +  z  5  and  the  va- 
lue  of  tf  —  z,  or  tf  +  z,  fo  obtained,  will  be  a  fecond  near 
<ralue  of  «,  or  the  lefler  root  of  the  propofed  equation 
hx  —  A?^  =  r,  that  will  come  much  nearer  than  the  fii*ff: 
hear  value  a  to  it's  true  value.  And  by  repeating  thefe 
proceffes  of  approximation  to  the  true  value  of  ^,  or  the 
faid  lefler  root,  once  or  twice  more,  or  oftener,  we  may  ob- 
tain the  value  of  the  faid  lefler  root  to  ai  great  a  degree  of 
exa£knefd  as  we  pleafe. 

Qi  £•  I. 


THE   INVESTIGATION  OF  THE   GREATER 
ROOT  OF  THE  EQUATION  bx  —  x'  =  c. 

Art.  LXVIII.  TO  find  the  value  of  the  greater  root 
of  the  equation  bx  —  x^  ==i  c  we  mull  proceed  as  fol- 
lows : 

This  greater  root  of  the  equation  hx  —  x^  =  r  is  always 

greater  than  ~,  but  lefs  than  ^b.    We  may  therefore 

always  begin  our  approximation  to  it's  true  value  with  ad- 
vantage by  chuGng,  by  Conjefliure,  fome  quantity  that  is 

1        ^/b 
greater  than  ^  but  lefs  than  »yb,  for  the  fira  near  value 

of  it,  and  calling  the  quantity  fo  chofen  a.  In  making  this 
choice  we  mud  be  governed  by  a  confideration  of  the  mag- 
nitude of  r,  or  the  abfolute  term  of  the  equation  5  becaufe 

we 


1 
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%c  know  that,  when  c  is  equal  to  — — ,  or  when  - —  is=^ 

— ,  this  greater  root  of  the  equation  i^  —  * '  s=  ^  is  equal 

to  — ,  and  that,  when  c  is  equal  to  o,  this  greater  ft)dt  of 
the  faid  equation  is  equal  to  ,Jb  \  whence  it  follows  that, 
if  r  is  but  little  lefs  than  -^t-~-  ,  this  greater  root  of  the 

faid  equation  will  be  but  little  greater  than  •— ,  and  that 

if  f  is  much  lefs  than  -  ^  ,  and  but  little  ereater  than  0* 

this  greater  root  of  the  faid  equation  will  be  but  little  lefs 
than  ^h.    Therefore,  when  c  is  pretty  near  it's  greatefl: 

poflible  magnitude,  — ^,  or  —  is  pretty  nearly  equal  to 
3  v3         4 

— y  it  will  be  proper  to  chufe  fome  quantity  but  little 

greater  than  -y-  for  a^  or  our  fir  ft  near  value  of  the 

greater  root  of  the  equation  hx  —  x^  •=.  c\  and,  when  c  is 

much  lefs  than  — j  ,  and  but  little  greater  than  o,  it  will 

be  proper  to  chufe  fome  quantity  but  little  lefs  than  *^h 
for  /7,.  or  our  firft  near  value  of.  the  greater  root  of  that 
equation. 

\Art*  LXIX.  When  we  have  fixed  upon  the  quantity 
a  for  the  firft  near  value  of  the  greater  root  of  the  equa- 
.tion  bx  -^  xz  ^  r,  we  muft  fubftitute  it  inftead.of  x  in 
the  compound  quantity  bx  —  x^y  in  order  to  difcover  whe- 
ther the  value  of  the  faid  compound  quantity  refulting 

from 
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from  fiich  fubflitution  will  be  greater,  or  will  be  lefs,  than 
<",  or  the,abfolute  term  of  the  equation  bx —  x^  =  c.  And, 
if  the  fald  refult  fliall  be  greater  than  r,  we  muft  conclude 
that  the  quantity  a  will  be  lefs  than  the  true  value  of  the 
greater  ropt  of  the  equation  bx  —  x^  =s'  Cf  becaufe  the 
compound  quantity  bx  —  x^  decreafes  continually  ^rom 

to  o,  while  X  increafes  from  -i—  to  a/^,  as  has  been 

ihewn  in  Art.  64  j  and  therefore  in  this  cafe  we  muft 
put  ;r  =  a  +  z,  and  muft  fubftitute  a  +  z  inftead  of  x 
in  the  equation  bx  —  x^  =  r,  omitting  all  the  terms  that 
involve  either  the  cube  or  thefquare  ofa;>  agreeably  to  Mr« 
Raphfon's  dire£tions,  and  then  muft  refolve  the  new 
equation  refulting  from  fuch  fubftitution,  (which,  with 
the  omlffions  juft-mentioned,  will  be  a  fimple  equation,) 
by  which  we  fhall.obtain  a  near  value  of  z  •,  and  this  near 
value  of  Zy  being  added  to  tf,  will  give  us  a  near  value  of 
41  +  z,  or  Xj  or  a  fecond  near  value  of  the  greater  root  of 
the  propofed  equation  bx  —  ;v'  =  Cy  that  will  come  much 
nearer  than  the  firft  near  value  a  to  the  true  yaljje  pf  the 
fald  root.  And  on  the  other  hand,  if  the  refult  of  the 
fubftitution  of  ^  in  the  compound  quantity  bx  —  x^  Is  lefs 
than  the  abfolute  term  c,  we  muft  conclude  that  the 
quantity  a  Is  greater  than  the-true  value  of  *•,  or  the  great- 
er root  of  the  equation  4^a?  —  x^  =  cy  and  therefore  in  this 
cafe  we  muft  put  ;c  =  ^j  —  2,  and  muft  fubftitute  c  —  a 
inftead  of  x  in  the  equation  bx  ^-^x^  =  r,  omittinjg  all  the 
^erms  that  involve  either  the  cube  or  the  fquare  of  ac, 
agreeably  to  Mr.  Raphfon's  diredions,  and  then  muft  re-» 
folve  the  new  equation  refulting  from  fuch  fubftitution, 
(which,  with  the  ociiffions  juft-meqtione4^  will  be  a  fim- 
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pk  cquationi)  by  which  we  fliall  obtain  a  near  value  of  z  ; 
and  this  near  value  of  z,  being  fabtraftcd  from  a,  wDl  give 
a  near  value  of  <x  —  z,  or  a:,  or  a  fecond  near  value  of  the 
greater  root  of  the  propofed  equation  3^?  —  ;c'  =*  c,  which 
will  come  much  nearer  than  a^  the  firft  near  value  of  it> 
to  it*s  true  value.  And  by  repeating  thefe  proceflcs  of 
approximation  to  the  true  value  of  x^  or  the  {^\d  greater 
root  of  the  faid  equation,  once  or  twice  more,  or  oftener, 
we  may  obtain  the  value  of  the  faid  greater  root  to  as  great 
a  degree  of  exa£tnefs  as  we  pleafe. 

CLE.  I- 


OF  THE  RELATION  OF  THE  CUBICK  EQUA- 
TION bx  —  x'  ^  c  TO  THE  CUBICK  EQUA* 
TION  x'  —  bx  =  c  IN  THE  SECOND  CASE  OF 
THAT  EQUATION,  WHICH  CANNOT  BE  RE, 
SOLVED  BY  CARDAN'S  SECOND  RULE. 

Jrt.  LXX  rr  appears  from  what  has  been  (hewn  in 
the  foregoing  articles,  that  the  limit  of  the  magnitude  o£ 
the  abfolute  term  c  of  the  cubick  equation  bx  -^  x^=:ci9 
the  fame  with  the  limit  of  the  magnitude  of  the  abfolute 
term  c  in  the  fecond  cafe  of  the  oppofite  equation  x^  •-• 
bx  =  Cy  which  cannot  be  refolved  by  Cardan's  fecond  rulct 

For  in  both  thefe  equations  the  faid  limit  is  ^-y-*     An4 

therefore,  whenever  the  magnitude  of  the  abfolute  term 

^of 
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c  of  the  equation  ;v^  —  ^;ir  =5  r  is  lefs  than  ^-^1..  or  Is 

fuch  that  the  faid  equation  cannot  be  rcfolved  by  Cardan's 
fecond  rule,  the  oppofite  equation  bx  »-^»c^  =:  r,  which 
has  the  fame  quantity  ^  for  it*s  abfotee  term,  will  always 
be  a  poffible  equation.  This  feems  to  be  a  remarkable 
point  of  refemblance  between  thefe  two  equations- 

And,  further,  we  may  obferve  that,  when  the  abfolute 
term  c  of  the  equation  bx  ^  x^  =  ^r  is  the  greateft  poflible, 

or  IS  equal  to  — — - ,  and  this  equation  has^but  one  root,  to 

wit,  -— ,  the  root  of  the  oppofite  equation  at'  —  i;^  =  ^ 

will  be  -^,  or  exactly  double  of  the  faid  fingle  root  of 

v3 
the  equation  ^w  —  jtf^  =  r :  fo  that,  when  c  is  equal  to  this 
higheft  limit,  the  knowledge  of  the  root  of  one  of  thefc 
equations  will  lead  us  to  that  of  the  root  of  the  oppofite 
(equation.  , 

Art,  LXXI.  B.ut  there  is  ajfo  a  further  conncQion  be- 
tween thefe  two  oppofite  equations,  by  which  the  know- 
ledge of  the  roots  of  the  equation  bx  -^x^  z=c  may  be 
made  the  means  of  our  finding  the  root  of  the  equation 
x^  ^  bx  =  c^  when  c  is  lefs  than  the  faid  limit,  or 

..»■     -u     For,  whalteyer  be  the  magnitude  of  the  ab(bIutA 
3V/3 
term  c  of  the  equation  bx  ^-^  x^  =  r,  within  the  faid  limit  , 

— --,  the  root  of  the  oppofite  equation  x^^-^ix  =^  c  will 

9l\jfays  be  equal  to  the  fum  of  the  two  roots  of  the  equa^i- 

tion 
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tion  bx-^x^  =z  Cy  as  will  appear  from  th&demonftratipif 
4)f  the  following  Theorem  : 


=ss:s^F=fl=s= 


A  THEOREM. 


IF  Cj  or  the  abfolute  term  of  the  equation  bx-^ic^:^  t^ 
IS  lefs  than  — ^ ,  (which  is  it's  ^reateft  poflible  magni* 
tude,}  and  the  faid  equation  has  confequently  two  rpots^  of 
which  the  lefier  will  be  lefs  dian  -^~-,  and  the  greater 

will  be  greater  than  ----,  but  lefs  than  Jh^  the  fum  of 

the  faid  two  roots  will  be  equal  to  the  root  of  the  oppo* 
Cte  equation  pd^  '^hx  •=-  c. 


DEMONSTRATION. 

For  the  fake  of  avoiding  intricacy  and  confufion  in  the 
notation  of  thefe  three  roots,  let  us  denote  the  lefler  root  of 
the  equation  ^a?  —  atj  =  ^  by  the  letter  v,  and  the  greater 
root  of  the  fame  equation  by  the  letter  /,  and  the  root  of 
the  oppofite  equation  x^^bx=c  (which  has  but  one  root,) 
by  the  letter  z.  And  we  (hall  then  be  to  demonftrate  th^t 
i  +  V  will  be  equal  toz. 


NoVj 
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Now>  fince  tisz  root  of  the  equation  bpe  ^  pe^  =  r,  we 
(hall  have  fa  —  /^  =:  r ;  and,  fince  v  is  alfo  a  root  of  the 
fame  equation,  we  fhall  have  bv  —  v^  =  c.  Therefore 
bt  —  t^  will  be  =  ^1/  —  v^ }  and  confequently,  (adding 
/'  to  both  fides,)  fa  will  be  =  ^v  —  v'  +  t^^  or  to  iv  + 

Further,  fince  v  is  lefs  than  f,  bv  will  be  Icfs  than  fa,  and 
confequently  than  ^v  +  /*  —  v%  or  the  other  fide  of  the 
equation  ;  and  therefore  it  may  be  fubtradied  from  both 
fides:  Let  it  be  fo  fubtrafted.  And  then  we  (hall  have 
if  —  bv  =z  t^  —  V*.     But  bt  ^  bv  is  ra:  b  Xt  —  V,  and 

/3  —  v'  is  =  it  +  tv  -{-  vv\  X  t  —  V.  Therefore,  (divid- 
ing both  fides  by  /  —  v,)  we  (hall  have  tt  +  tv  -^  w  =:  by 
and  confequently  tt  +  tv==  b  —  vv,  or  tt  +  vt  =  b  -^  w* 

Therefore  tt  +  vt  +  —  will  be  =  *  —  <i;t;  +  —  (  =  i 
4  4 

^2vv^  =  3^v^  and  (extrafting  the  fquarc-roots 

4  4 

V  kf  ^b-'^xw 

of  both  fides,)  t  +  —  willjbe  =  ^ .5  and  confe- 

2  z 


quently  ^  will  be  = 


Therefore  /  +  v  will  be  =  ^ +  v  (=3 

2  2 

iJ^JT—yvZ      ■   ^   \   _  ^  +  tji\b'~^vv 

X  Therefore 
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'ihcrcforc  t'T^. »  will  be  =  ^+2^^S'  (= 


V  +  s/A-^  —  2^v\^  ^   V  H-  ^4,b  —  -^wli  _. 


3 

2i 


t;3  +  ;^v*X  V4^-:?vv  +  qvX4^— :?w  +  4^— 3wl  X  V4^— 3^^ 

:  g  - 


^3+12^  —  gv^  4-  4*^  --  3'z^'"  +  3^^^  X  A^4^  ^  3^^ 


^Bv  —  2v^  +  h  X  v^4^-3w  .  and  *  X  F+v  will  be  = 

2 


^  ^^(^  +  V4^— >'^w    _  ^t;  +  ^  X  ^4^  —  3*^ .    and 

1  2  2 

confequently   /  +    v^   —   ^    X    /  +  v    will   be    = 

S^-y— 2'z;3+.iX\/4^— 3W  _  r^'t^  4-  ;/>    X    -^4^   —  3^ 

_  3^v  —  2^;^4-^X  V^4^  —  3^^  —  ^^  —  t  X  V^4^  —  3^^ 
"^  2 

2*V — 2i;'  . 

=2  — — — — .  =  ^v  —  vM  =  C. 
2 

But  Z^  —  iz  Is  =  r. 


Therefore  ^  +  t)^  —  *  X  /  +  v  is  =  z'  —  *  X  z,  ^nd 
confequently  /  +  v  muft  be  =  z,  or  the  fum  of  the  two 
roots  of  the  equation  bx  —  ^^  =  <:  will  be  equal  to  the  root 
of  the  oppofite  equation  a?^  —  ^a/  =  <-. 


Jrt. 
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I  ArU  LXXIL    It  follows  from  this  FropoGtion,  that, 

;  whcn-ever  we  have  occaGon  to  rcfolve  a  cubick  equation 

of  the  form  ^?  —  ^;v  =  c^  in  the  fecond  cafe  of  that  equa- 
tion, or  when  the  abfolute  term  c  is  lefs  than  — ^,  or 

when  —  is  lefs  than  — ,  we  might,  if  there  were  any  con- 
venience attending  it,  find  it's  root  in  an  indire£l  manner, 
I  by,    firft  refolving  the  oppofite  equation  h»  —  x^  =  r, 

and  finding  both  it's  roots,  and  then  adding  the  faid  roots 
j  together ;  fince  their  fum  would  be  equal  to  the  root  of  the 

I  other  equation  x^  —  ^iv  =  r,  which  we  are  feeking.     But 

this  way  of  obtaining  that  root  would,  for  the  moft  part,  be 
more  troublefome  than  to  compute  it  direftlyj,  by  Mr. 
!  ,         Raphfon's  method  of  approximation,  in  the  manner  above- 
j  explained  :  though,  perhaps,  there  may  now  and  then  be 

cafes  in  which  fuch  an  indireft  method  of  refolving  an 
I  equation  of  that  form  might  be  ufeful. 


OF  THE  REDUCTION  OF  THE  CUBiCK  EQUA- 
TION  hx  —  x^=^ci:OK  QU  ADRATICK  EQUA- 
TION,  WHEN  EITHER  OF  IT'S  TWO  ROOTS  IS 
KNOWN. 

Art.  LXXIII.  WE  may  alfo  obferve,  that,  when  one 
of  the  two  roots  of  the  equation  bx  -^  x^  =  c  has  been 
computed  in  the  manner  above  explained,  or  is  known  by 

X  2  any 
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any  other  meantj  the  equation  may  be  redaced  to  t  qua- 
tfratick  equation  of  which  the  root  will  be  equal  to  the 
other  root  of  the  cubick  equation  from  which  it  is  derived. 
This  may  be  ihewn  in  the  following  manner. 

Let  uSf  firfti  fuppofe  the  leiler  root  v  of  the  cubick  equa- 
tion bx  —  xi  =  do  be  known,  and  the  greater  root  /  to 
be  fought. 

Then,  Cnce  both  v  and  /  are  roots  of  the  equation  bx—x* 

ss  c,  and  may  confequently  be  fubftituted  in  that  equatiott 

inftead  of  jf,  we  (hall  have  bv  —  v^  =  r,  and  bt  —  /^  =  c, 

and  confequently  bv^v^  =  bt  —  /'.  Therefore  bt  will  be 

5=  ^  —  v^  -f  /S  or  bv  +  t^  —  v%  and  bi  —  bv  will  be  = 

,bt—bv     .„,          P—v^     ^       bt  —  bv 
/3  —  v',    and —  will  be  = .    But 

/  —  V    .  t  -'  V  t  -^  V 

fi  —  v^ 

18  =  bi  and  ■■  is  =  //  +  ^  +  w.     Therefore  b 

t V 

will  be  =  «  H-  /v  +  w,  which  is  a  quadratick  equation 
involving  the  greater,  or  unknown,  root  /  of  the  cubick 
equation  bx  —  x^=z  c  together  with  the  known  qi^antitics 
b  and  v.  Therefore,  if  we  refolve  this  quadratick  equa- 
tion tt  •{•  tv  +  w  ^=  bf  or  tt  -{-  vt  -{-  vv  =  by  we  fliall 
thereby  obtain  the  value  of/,  or  the  greater,  or  unknown, 
root  of  the  original  equation  bx-^  x^  =  c.  This  refolu- 
tion  may  be  performed  as  follows.  Since  //  +  v^  +  w 
is  =::  by  if  we  fubtrafl  w  from  both  fides,  we  (hall  have 
//  4-  v/  =  b  —  vv. 


Therefore  (adding  —  to  both  fides,)  we  fliall  have 
4 

tt  + 
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4  4  4^4 

Therefore   (extrafling   the  fquare-roots  of  both  fides,) 

we  (hall  have  /  +  —  =  --^ — ,  and  confequently 

And,  fecondly,  let  us  fuppofe  the  greater  root  t  of  the 
equation  hx  '^  x^  z=:  c  to  be  known,  and  the  leiler  root  v 
to  be  fought. 

Then,  fince  it;  —  v*  is  =  fa  —  /*,  and  confequently 
^v  +  /5  —  v^  is  =  bt,  and  t^  —  vMs  =  fa  —  iv,  we  (hall 

/3_i,3  fa_^v  ,  .  .  L 

have =  ,  that  is^  tt  +  to  +  w  se^; 

which  is  a  quadratick  equation  involving  the  lefTer,  or  un- 
known, root  V  of  the  cubick  equation  bx  —  x^  =z  c  toge- 
ther with  the  known  quantities  b  and  /.  Therefore,  if  we 
refolve  this  quadratick  equation  //  +  tv  +  vv  =  b,  or 
vv  -i-  tv  +  tt  =  b,  we  fliall  thereby  obtain  the  value  of  v, 
or  the  leffcr,  or  unknown,  root  of  the  original  equation 
bx  —  x^  =  c.  This  refolution  may  be  performed  as  fol- 
lows. Since  w  +  tv  -{*  ft  is  =  b,  by  fubtrafting  tt  from 
both  fides  we  fliali  have  w  +  tv  =^  b  —  //,  and  (by  add- 
ing     to  both  fides,)  w  +  tv  -{ (=  b^ttA 

4  4  4 

^  b  —  -^ — )  =  i— Z-i-..    Therefore  by  cxtrafting  the 

X  3  fquarc- 


i 
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fquarc-roots  of  both  fides,)  wc  (hall  have  v  +  , — 


2 


J ,  and  confequently  v  = 


— J  or  •— J: i . 

2^  a 


CLE.  I. 


And  this  way  of  finding  the  fccond  root  of  the  cu- 
bicle equation  bx  ^  x^  =  c,  when  one  of  it's  roots  is 
already  known,  which  requires  only  the  computation  of 

the  cxpreflion    ^^         -^^^  or   the   cxpreffion 


,  will  be  cafier  th>n  the  method  of  finding 

it  given  above  in  the  Solution  of  the  foregoing,  or  4th, 
Problem,  which  requires  the  application  of  Mr.  Raph- 
fon's  method  of  approximation,  and  ought  therefore 
to  be  preferred  to  it.  And  confequently  there  will  ne- 
ver be  occaGon  to  make  ufe  of  that  method  for  more 
than  one  of  the  roots  of  the  cubick  equation  bx  —  «■* 


OF 
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OF  THE  REDUCTION  OF  THE  CUBICK  EQUA- 
TION  x^^bx=^  c,  IN  THE  SECOND  CASE  OF 

IT,  OR  WHEN  c  IS  LESS  THAN  -3^,  OR 

—  IS  LESS  THAN  — ,  TO  A  QUADRATICK 

4  ^7 

EQUATION,  WHEN  EITHER  OF  THE  TWO 
ROOTS  OF  THE  OPPOSITE  EQUATION  *x  - 
«*  =  ^  IS  KNOWN. 

Art.  LXXIV.  WE  have  fecn  in  the  laft  article,  that, 
if  cither  of  the  two  roots  of  the  cubick  equation  hx  — 
;r'  ^  ^  is  known,  the  other  may  be  derived  from  it  by  rc- 
folving  a  quadratick  equation.  But  we  muft  likewife  ob« 
ferve  that,  when  either  of  chofe  two  roots  is  known,  the 
rck>t  of  the  oppofite  equation  x^  — hx  :===.  c  may  alfobe  de«> 
rived  from  it  by  refolving  a  quadratick  equation,  without 
computing  the  other  root  of  the  equation  bx  -^  xi  =  c. 
This  may  be  ihewn  in  the  manner  following. 

Let  us  fuppofe  that  v,  or  the  leflcr  of  the  two  roots  of  the 
equation  i*  —  ^^  a=s  r  is  known,  and  that  we  are  required 
Co  find  z,  or  the  root  of  the  oppofite  equation  ;v3  — -  Ik 
=  r,  or  :5^  —  te  =  r. 

TJien,  fincc  it;  —  v'  is  «s  r,  and  z^  -^  fa  is  alfo  =«  r, 
we  (hall  have  2*  —  fa  =  ^v  —  v^,  an4  confequently 
(^ding  fa  to  both  fides,)  2'  =  iv  —  v^  +  fa,  and  (adding 

X4  v» 
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v»  to  both  fides,)  zj  +  «j  =  iw  +  bz,  or  «'  +  wj  =b  fe 
+  bv.    Therefore  £-tiiwm  be  =iL±il.    But 

2^  +  v^ .  ,  te   +    iv .  ,    iT^v 

•  IS  =  2z  —  zv  +  vvy  and   is  =  ^-  1  here- 


fore  22  —  zv  +  vv  will  be  =  * ;  which  is  a  quadratick 
equation  involving  the  unknown  root  «  of  the  equation 
2*  —  iz  =  c  together  with  the  known  quantities  b  and  v. 
Therefore  by  refolving  this  quadratick  equation  Z2  -—  zv 
+  vv  =  b  we  may  obtain  the  value  of  a,  or  the  root  of 
the  cubick  equation  z^  —  fa:  =  r,  without  firft  finding  the 
value  of  /,  or  the  greater  root  of  the  equation  bx  —  «^  =  c. 
This  refolution  may  be  performed  as  follows.  Subtraft 
vv  from  both  fides  of  the  equation  za  ■—  zv  +  vv  =  i  ; 
and  we  (hall  have  Z2  —  2v  =  ^  —  vv,  or  Z2  —  v2  =  A 

—  vv.  Therefore,  (adding  —  to  both  fides,)  we  fiiall  have 

4 

vv  ,  ,     vv  -  7W  \ 

%z  -^  zv  +   —  i=  b  —  vv  + =z  b^^  -^ —  J  s=s 

4  4  4    ' 

' — .     Therefore,   (cxtrading  the  fquare-roots  of 

4 

both  fides,)  we  ifaall  have  z  —  —  =  ^ — : —       '^y 

*  2  2 


,           _     •        ,                 ^  Atb  —  ^vv              V 
and  confequently  z  = — ^ +  j  or 


V  +   *^  ^b —  3VV 

*  *  Q.E.L 

Let  us  iicxt  fuppofe  that-/,  or  the- greater  of  the  two 

root*  of  the  equation*  ^*f  ^  Af ^  «=  ^,  is  known,  and  that  we 

".  -  "   —  .arc 
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are  required  to  find  z»  or  the  root  of  the  oppofite  x^  —  bx 
=  r,  or  2*  —  &f  =  r,  as  before.. 

Then,  fince  It  —  /^  is  =  r,  and  2'  —  bz  is  alfo  =  r,  we 
(hall  have  z^  .^  ^gr  —  if^^t\  and  (adding  fe  to  both 
(ides,)  z^  =  fe  —  t^  -^bz,  and  (adding  /^  to  both  fides) 

'  a3  +  ^3  =  te  =  i/.  Therefore  ?l±il  will  be  =  *1±£^. 

But  — - —  IS  =  zz  —  zt  +  tt.  and  is   =   *. 

I  «  +  *  2  +  / 

Therefore  22  —  zt  +  tt  will  be  =  i ;  which  is  a  quadra- 
tick  equation  involving  the  unknown  root  z.  of  the  equa- 
tion 23  —  ^2  =  r  together  with  the  known  quantities  b 
and  /.  Therefore  by  refolving  this  equation  22  — zt  + 
ft  =  bvrc  may  obtain  the  value  of  2,  or  the  root  of  the  cu- 

I  bick  equation  z^  —  bz=:c  without  firft  finding  the  value 

of  V,  or  the  lefler  root  of  the  equation  i^  —  jr^  =  c»  This 
refolution  may  be  performed  as  follows.  Subtradl  tt  from 
both  fides  of  the  equation  2:$. —  2/  +  //  =  b;  and  we  (hall 

I  have  22  —  zt  =  b  —  W,  or  22  —  tz  =  b  —  //.    There- 

fore (adding  —  to  both  fides,)  we  fhall  have  22 —  tz  + 

I        JLf^=:b^tt-^JL=b-J^)^^L=Lyi    -^ 

4                -             4                     4    ^                4 
(isxtrafting  the  fquare-roots  of  both  fides,)  2 =^  = 


\^4b  —  yt       ,        -           .             "/  /^b  —  yt       t 
-.—3 ^^  and  confequentJy  2  =  — =^  +  — -^ 


_t  +V4b  —  pt 

or  "  ■   »  " ' 


2  •     a  , 

CLE.  I. 

Therefore, 
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Therefore,  when  the  two  roots  /  and  v  of  the  equation 
bx~^x^  =  c  are  known,  we  may  obtain  the  root  2  of  the 
oppofitc  equation  x^  —  bx  ^  r,  or  a;^  —  ^2;  =  r,  by  com- 


puting either  of  the  expreiSons 
and 


/    +    ^  /^b  —  3tt 


2 


2 


Jrt.  LXXV.    The  firft  of  thefe  expreffions  of  the  va* 
lue  of  2,  or  the  root  of  the  equation  x^  —  bx  =  r,  to  wit, 

^ ,  is  the  fum  of  the  two  roots  /  and  v  of 

of  the  oppofite  equation  bx  —  x^  =  c  expreffed  in  terms 
involving  only  / ;  and  the  fecond  expreffion  of  the  value  of 

^>  ^^  Wit, i— ,  IS  the  fum  of  the  fame  two 

roots  expreffed  in  terms  involving  only  v.     For  v  is  = 
~- ,     and    confequently    v    +    t    is     = 

2_      +'(- i +"r"^=" 

^ ,   or :^^^ ^— .    and  /  is   = 

V'4^  —  3w  —  V 

-^ ,    and    confequently    /    +     v    is    s=; 

^4^  -  3*^^  —  '^    ,         /       i^4^  — 3VV— v    .    iv\ 
v/4^  — 3<i;t;  4-  v         V  +  ^^4^  —  3i;y 


or        

?  •      2 


CLE.D. 
OF 
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OP  THE  REDUCTION  OF  THE  CUBICK  EQUA- 
TION  tx^x^z=zcTOA  QUADRATICK  EQUA- 
TION,  WHEN  THE  ROOT  OF  THE  OPPOSITE 
EQUATION  PC'  — tpc:=2c  IS  KNOWN, 

jirt.  LXXVI.  IF  we  are  required  to  find  the  two 
roots  t  and  v  of  the  cubick  equation  bx  -^  x3  =  c,  and  we 
already  know  the  root  z  of  the  oppoCte  equation  ;v3  — 
ix  =  c,  we  may  reduce  the  given  equation  ix  —  ^^  =  <: 
to  a  quadratick  equation  of  the  third  form,  to  wit,  ax  -* 
sex  =  h  which  has  two  roots ;  and  the  roots  of  the  qua- 
dratick equation  obtained  by  fuch  reduftion  will  be  the 
roots  of  the  given  cubick  equation  ^jr  —  a?^  =  (. 

For,  if  the  lefler  root  of  the  given  equation  *;«•  —  ^3  =?  r 
be,  for  the  fake  of  diftin£lnefs,  called  v,  and  the  greater 
root  of  it  be  called  /,  and  the  root  of  the  oppofite  equa- 
tion x'  '^bx  r=.  ^  be  called  z,  (as  in  the  foregoing  articles,) 
we  fliall  have  z^ .—  bz  (=  x'  —  bx)  =  r,  and  bt  -^-t^  {zrz 
bx  —  x')  =  r,  and  confequently  ^/  -^  /^  =  z^  —  ^, 
Therefore  bt  —  i'  +  bz  will  be  ==  «S  and  bt  +  bz  will  be 
s=  z3  +  /3^  ov  bz  ^  bt  will  be  =  z^  +  tK     Therefore 

bz  4-  bt     .„  ,  z'+t'     ^     bz  -^^  bt  .  ,         J 

will  be  =  .    But is  =  3,  and 

z  •+-  t  «  +  /  %  + 1 

is  =  zz  —  z/  +  //,  as  will  appear  by  making  thefe 


%  +  / 

divifions.  Therefore  b  will  be  =  zz  —  zt  -{-  tt  \  and 
confequently  b  +  zt  will  be  zz  4-  tt^  and  3  +  z/  —  //  will 
be  :=  zz^  and  zt  —  //  will  be  =  zz  *—  b.    But  zt  —  u 

is 
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is  eqaal  to  t  X  z— /,  or  to  the  produ£l  of  the  two  unequal 
parts  /  and  z  —  /  of  the  quantity  z,  and  confequently  (by 

Euclid's  Elements,  Book  II,  Prop.  5,)  will  be  lefs  than  —^ 
or  the  fquarc  of — ,  or  of  half  the  faid  quantity  z.  There* 

fore  zt  —  tt  may  be  fubtrafled  from  — .      Let  us  now 

4 

fubtraft  zt  —  //,  and,  it's  equal,  zz  —  b  from  ;    and 

zz 


we  (hall  have  —  —  'zt  ^  tt  ^  —  —  fzz  —  t'  But 
4  4 

zz  c' •  2Z  -    ZZ  i'  \ 

'\zt^tt  is  = Zt  +  ity  and  —  —  ^zz^h  is 


4  4  4 

zz 

= zz  +  *•      Therefore  zz  ^  zt  +  tt  will  twj 

4 

I  ^     zz  ,    -  zz  —  4ZZ  +  Ab 

equal  to zz  +  *,  or  to -^ ,   or  to 

4  4 

—  ;  and  confequently  the  fquare  root  of  the  trino- 

•  ff            •       zz 
mial  quantity  -,, z/  +  //  will  be  equal  to  the  fquare- 

nM,tof  lillJ^,  or  to  ^^4iEii.    But  the  fquare- 

42^ 

root  of  the  trinomial  quantity  ~  —  zt  -^  it  is  -^-r, 

4  a 

z 

than  -— .     Now,  becaufe  /  is  the  greater  of  the  two 
roots,  /  and  v,  of  the  equation  ^;r  —  *•'  :=  r,  it  muft  be 

greater  than ^.    But  it  has  been  (hewn  in  Art.  71, 

that 


*^  ~  ^^  greater  than  / ;  and  it  is  / ^,  if  /  is  greater 


(    3^7    ) 

Aat  2  IS  =  /  +  V.    Therefore  —  muft  be  =  — 5^.  and 

2a' 

!  confequently  f,  which  is  greater  than  ,  muft  alfo  be 

greater  than  — .     Therefore  the  iquare-root  of  the  tri- 

nomial  quantity  —  —  2/  +  //  will  be  / ;  and  coti- 

4  ^ 

t ■ 

fequcntly  t ^  will  be  =   ^  •    Therefore  f, 

or  the  greater  root  of  the  equation  hx  ^^x^  =  c,  will  be 

-  ^4^  —  3zg     .       ^       ^^  ^4^   —    3-^-g    -^    g    or 

—  • +    — )   or -%  w 

2  2  2 


2  +  VA.h  —  322 

In  like  manner  we  may  derive  from  2,  or  the  root  of 
the  equation  7}  —  fe  =  r,  or  x^  —  A*  =  f,  an  expreffion 
for  V,  or  the  lefler  of  the  two  toots  of  the  equation  hx  -— 
x^  =  r,by  the  refolution  of  a  quadratick  equation.  This 
may  be  done  by  proceeding  as  follows  : 

Since  2'  —  fe  is  =  r,  and  bv  —  v^  is  alfo  =  r,  we 
Ihall  have  2*  — .  fe  =  ^v  —  v3  $  and  confequently  (adding 
v^  to  both  fides,)  7?  —  fe:  +  v^  will  be  =  bvy  and  (add- 
ing hz.  to  both  fides,)  2^  +  v'  will  be  =  ^v  +  fe,  oc 

hz  +  Av.     Therefore will  be  = 


7L  •\'  V  2    +  V 

23   +  V3   .  •  ,     *2  -f-  J^     .  , 

Bttt : IS  =5  22  •—  2v  +  w,  and is  =  r. 

Therefore  22  —  2v  +  w  will  be  i  ^.    Therefore  22  + 
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w  win  be  =  A  +  av,  and  zz  willbe  =  i  +  2«  —  w^  and 
zz  —  b  will  be  =  zv  —  vv.  But  zv  —  w  is  equal  to 
V  X  z  —  V,    and  confequcntly  (by  El.  11,  Prop.  5,)    is 

lefs  than  —  X  — ,  or  -^,  and  confequcntly  may  be  fub- 

tra£^ed  from  it.  Let  zv  —  w,  and,  it's  equal,  zz'-^  by  be, 

both  of  them,  fubtrafted  from  —  -,  and  then  we  fliall  have 

4 


i,  that  is, —  zv  + 


— fzv^vv  = (z2  —  bj  that  is,  — 

4  4  4 

zz  .    ,         gg-'4^^+4^  _  4A-32« 

w  will  be  =  '-'  zz  +  If  = 7~^* 

4  4  4 

Z5f 

Therefore  the  fquare-root  of  the  trinomial  quantity 

4 

W  Ah  QZ3 

ZV  +  vv  will  be  =  ^^-^.     But,  becaufe  v  is 


2 


lefs  than  — ,  the  fquare-root  of  the  trinomial  quantity 


2 


z 


zv  +  vv  will  be V.  Therefore  we  fliall  have 


V    =2 


'^4^  —  322 


•,  and  confequently 


2 

^ h   V,   and  V  =  -^1 ~ -i  or 


g    _     V^4^    —    3ZZ  ^j^^^    .^^      ^^      ^^      ^j^^      j^g.^^    ^^Qj.      ^f     ^J^^ 

2 

,          z  —  V'43  —  3ZZ 
equation  ix  —  ^*  =  ^>  will  be  = — ■ ' 

Q^E.  I. 

jrt.  LXXVII.    It  appears  therefore  that  t,  or  the 
greater  root  of  the  equation  ^pir  —  ^^  =  c,  will  be  = 


+  ^^h 


^  +  V4^  —  3ZZ 


> 
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and  that  v,  or  the  lefler  root  of  tlie 


fame  equation,  will  be  = — .    And  confe- 

quently,  whenever  it  happens  that  z,  or  the  root  of  the 
equation  z3  —  h%  -=.  Cy  or  the  equation  a*'  —  ^x  =  r,  is 
known,  we  need  not,  in  order  to  obtain  the  roots  of  the 
equation  bx  —  ;v^  =  r,  have  rccourfe  to  the  method  de- 
fcribed  above  in  Problem  iv,  but  may  find  the  faid  roots 

i_  -I  /T-  z  +    V  4^   —  'XZX 

by  computing  the   two  expreuions ^ — 


and    — —  ,  which  will  be  much  left  trouble- 

2 

fome  than  inveftigating  their  values  by  the  method  de- 
fcribed  in  Problem  iv.  But,  when  it  is  required  to  find 
the  roots  of  the  equation  bx  —  x^  =  c  without  knowing 
the  value  of  z,  or  the  root  of  the  oppofite  equation  %^  — 
bz  =  Cy  or  x^  '^  bx  =■  c^  it  will  then  be  moft  convenient 
to  inveftigate  the  values  of  one  of  it's  two  roots  by  the  me- 
diod  defcribcd  in  Problem  iv,  and  afterwards  to  find  the 
.value  of  the  other  root  by  the  expreflion  given  for  it  in 
Art.  73,  virhich  was  derived  from  a  quadratick  equation. 
Of  the  manner  of  inveftigating  one  of  the  roots  of  the 
equation  bx  —  x^  =  r  defcribed  in  Problem  iv.  I  (hall 
now  proceed  to  give  a  few  examples. 


EXAM. 
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EXAMPLES  OF  THE  RESOLUTION  OF  THE 
CUBICK  EQUATION  bx  ^  x'  =  r  BY  THE 
METHOD  DESCRIBED  IN  PROBLEM  IV. 


EXAMPLE  I. 


Jrt.  LXXVIII.  LET  it  be  required  to  rcfolvc  the  cu- 
bick  equation  50/c  —  ^'  =  120  by  the  method  defcribed 
in  Problem  iv. 


Here  i  is  =  co  ;  r  is  =  120,  —  is  =  60  ;  —  is  =r 
^  '2  4 

^i.  Li   '  J      ^'       •  125,000^        ^ 

3600;  b^  IS  =  125,000;  and  —  IS  =  >  ■  2^=  4629. 

629,629,629,629,  &c,  which  is  greater  than  3600,  or 

— .    Therefore  cc  is  lefs  than   -1—,  and  c  is  lefs  than 
4  27 

— T-,  and  confequently  the  equation  50:*?  —  *^  =  1 20 
will  be  a  poffible  equation,  and  will  have  two  roots,  of 

which  the  lefler  will  be  lefs  than  -y-  (or  y^j — ,  or  iv/|— > 
or  a/i6.666,666,  &c,)  or  4.082,  &c,  and  the  greater  will 
be  greater  than  ~^  or '4.082,  &c,  but  lefs  than  %/by  or 


N 
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^V>f  or  7*07 1 1  &c.    Tbis  greater  root  oaay  be  inTeftl- 
i;ated  in  the  following  manner : 

Art.  LXXIX.   Whch>  is  =:  ^,  or  4.082,  &c,  the 

vJ 

compound  quantity  Bm  — >  jr'  will  be  =s  — y-  (  =  2  X  7—* 

I  X  -^r-  =  2  X  —  X  4.082  &c  =  2  X  —  X  4.C82  &c 

!  V  3  3  3 

=  ^  X  4.082  &c  ==  -i— ^ )  =  126.0  &CJ  and  when 

*  is  =  ^^,  or  v'So,  or  7*071,  &c,  the  fame  compound 

I  quantity  ix  —  x^  will  be  s  o.    But  in  the  prefent  equa- 

'  tion  i»  —  ^Ms  =:  1 20,  which  is  much  nearer,  to  136.0  &c 

I  than  to  o.     Therefore  it  feemsreafonable  to.fuppofe  that 

X  will  be  nearer  to  it's  lower  limit  4.082  &c  than  to  it's 

higher  limit  7.071,  &c,  and  confequently  that  it  will  be 

lefs  than  half  the  fum  of  the  faid  two  limits,  or  than 

4.082  &c  +  7.071  &c         .        IT  i;3&c        •  ^ 

' ^—^ — ^,  or  than  — — «— — ,of  than5.57(J, 

&c.  We  may  therefore  conjefiure  that  it  is  nearly  equal 
to  5,  and  will  therefore  fubftitute  5  inftead  of  it  in  the 
compound  quantity  50^  '-*  x\  in  order  to  difcover  whe- 
ther the  refult  of  the  faid  fubftitution  will  be  greater,  or 
lefs,  than  laO)  or  the  abfolute  term  of  the  equation  sox 
-^  »'  =s:  120,  and  confequently  whether  the  number  5  will 
be  lefs,  or  greater,  than  the  true  value  of  the  greater  root 
of  that  equation. 

Now,  if  ;r  be  ss  5,  we  (ball  have  «'  3=  i$5,4ind  5Pjr{s3 

50  X  5)  =  250,  and  confequently  50*  —  **  (=r  250  -— 
125)  =  125;  which  is  fomewhat  greater  than  120,  or 
the  absolute  term  of  the  equation  50X  «.  ^c^  »  12a 

Y  There- 


'O 


(  »«  ) 

Thenefere  5  muft  be  foinewbat  IdTs  than  the  tftie  t^hieof 
the  greater  root  of  the  faid  equation*  It  fetmsy  however^ 
to  be  near  enough  to  the  faid  true  value  to  be  made  the 
bafis  of  a  further  approximation  to  the  faid  true  talue  ac- 
cording to  the  rules  of  Mr.  Raphfon'^s  method. 

Art.  LXXX.  We  will  therefore  fuppofe  ;p  to  be  =:: 
5  -i-  z,  and  fubftitute  this  binomial  quantity  Inftead  of  « 
in  the  propofed  equation  ^tsx  ^>^  x^  =  lao,  omitting  all 
the  terms  that  involve  either  the  cube  of  the  fquare  of  z. 
This  ihaj  be  done  as  foHowa : 

Since  at  Js  =  5  +  aJ,  we  (hall  have 

*^=»3+«l'{55?'+3XS»*Xj|'f&c=ia5  +  3><25X»+&c) 

«  1*5  +  75  X  «  +  &c, 
and50Ar=s50  X  5  +  z(=  50X5+50  X  «)=:250+  Sdf, 

f    250  +  502I 

^nd  confcquentlf  co^«— **  «  <  >  s= 

•  \-i25-7SzJ 

125  — 25Z, 

But  sor  *-- «*  is  s=  xao. 
p         Therefore  125  —  25Z  will  alfo  be  =  i  jo. 

Therefore  125  will  be  =  120  +  252,  and  25a  will 
be  ss  125^  lao  zs  Cy  and  s  will  be  ==:  ^  =  0.2. 

Therefore  *,  or  5  +  »,  will  l>c  =3  5  +  0.2,  or  54  j.or 
5  ja 


(  323:  ) 

5*2  will  be  a  fecond  near  value  of  the  gre^^ter  root  of  the 
propofed  equation  50*  -*-  ;r?  =  120. 

jfrt.  LXXXl.  Now  let  5.2  b^ubftituted  kiftcad  of  a? 
in  the  coinpound  quantity  50X  —  «'.  And  we  jQiall  have 
V  (=  5^13)  =  i4o,<5o8,  and  50*  =  50  X  5.2  =  260.0^ 
and  confcqucntljr  $Ox  —  *•  (—  260.000  — ^  140.608)  = 
119.392 ;  which  is  a  little  lefs  than  120,  or  the  abfolutc 
term  of  the  equation  50*  *-.  x' a  fao.  Therefore  5.2 
muft  be  a  little  greater  than  the  true  value  of  the  greater 
root  of  that  equation.  .  |  • 

In  order  theri^fore  to  obtain  a  more  exa£t  value  of  this 
root,  let  us  fuppofe  it  to  be  rr  5.2  —  z. 

Then  we  (ball  have  «*  ;=  5.2  — /^^.(ss  5^'  —  3  x 
S3>  X  «  +  &c  s=  140.608  ~  3  X  27.04  X  i5  +  &u) 
=  140.608'— 8 1. 12  X  2  4-  &C, 

and5o«=5oxf5.2— «(=SoX5.2— 5oX«)=s26o.o— 502, 
and  confequently  50*  —  x^  zs  260.000  —  502 

^^■■,,  C    260.000  —  502         1 

-1140.608  —  81.12  X  z  =.  <  ^  „  > 

*  L- 140.608  +  8ia2  X  «j ; 

=  119,392  +  3 112  X  «. 

But  50*  — ;» *  is  ==  1 20. 

Therefore  119.392  +  31.1a  X  iswillalfo  be  »  iao» 
And  confcquentljr  jiaa  x  «  will  be  (=»  uo  —  119.392) 

Y  2  '  « 
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=s  6.608,  anci  z  will  be  =  ^^-  =  C.019.    Therefore  *, 

015.2  — z,  will  be  =5.1  —  0.019  =  5.181  ;  or5.i8l  will 
be  a  third  near  value  of  the  greater  root  of  the  propofed 
equation  ^CbX  —  a*  »  lao* 

This  talue  of  m  will  be  pretty  ne^  the  truth.  For^  if 
we  foppofe  *  to  be  equal  to  5.181,  we  fliall  have  x^  {=z 
5^T8T.*)  =  1390725344,741.  Wd  50'^(=  50  X 5.181)  =s: 
259.050,  and  confequently 

f      259.050,000,000*1 

1— 139.072,344174 » J 

=  *  '9*977f6S5>^S9>  which  is  lefs  than  1 20, 
or  the  abfolute  term  of  the  equation  50*  —  *'  =  jao,  by 
only  the  fmall  quantity  0.022^344)741,  which  is  lefs  than 
the  5376th  piart  of  120.  Therefore  5.181  will  be  very 
ttearly  equfalto,  but  fomewhat  greater  than,  the  true  value 
of  tlie  greater  root  of  the  equation  50X— •  x^  =  120. 

j^rt  LXXXIL  To  find  this  root  to  a  ftill  greater  de« 
gree  of  exa^lneis  we  will  therefore  fuppofe  .«  to  be  ss 
5.181  —  2,  and  will  fubftit ate  this  binomial  quantity  in« 
fteadof^v  in  the  equation  50*  — Jf'  =  C20,  omitting  aU 
the  terms  that  involve  either  th&  cube,  or  the  fqttare, 
of  2. 

Then,  (ince  4r  is  =  5.181  —-2,  we  fliall  have 

jf»x:5,iS7r^>(=  5.18TI'  — 3X5081]*  X2  +  &c 
sIiSi)^  —  3  X  26.842,761  X  2  +  &c) 
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=  i39-072i344>74»  —  80.5*8,183  x  «  +  «tc, 
and5&rB:  50  X  5>l8i-z(=  50  X  5.181  —  50  X  » 

=  259.050  —  so», 
find  confequently  50X  -^x*  =  259.050,000,000  »  5OZ 
—•)»39.072,344,74i— 80.528,283  X»  = 

r    259.050,000,000  —  50*  "» 

\—  139.072,344,741  +  80.528,283  X  aj  " 

"9-977><555?*59  •+  3a528,283  X  «. 

But'-'sox  —  *»  is  =  iao« 

Therefore  "9.977,655,259  +  30.528,283  x  z  willalfo 
be  =  120}  and  confequently  30.528,283  X  z  will  be  = 
120  —  Ii9.977>655,2j9  =  o.o2jt, 3 44,741^  and  z  will  be 

=  %!r!?ftt«y  =  Orf.00,731,9.    TheiefoK  *,  or  5.181 

—  a,  will  be  =  5.181  —  0.000,731,9  ss  5aSo»268,i  ; 
that  is,  5.180,268,1  will  be  a  fourth  nqur  value  of  the 
gresitcTTOOt  of  the  propofed  equation  ^Ox  «^  x'  =a  1 20. 

•  ^ 

TJ^  V9lxic^  j.lSoii^Stff  of  the  gieafter  mot  of  the 
equation  $cx  —  x^  ts  120  is  probably  exadl  in  the  lirft 
feven  figures  5.1 80,268. 

Jrt.  LXXXIII.  Having  thus  found  5.180,268  for  the 
value  of  /,  or  the  greater  root  of  the  propofed  equation 
50Ar  —  ;if »  =  1 20,  we  will  derive  the  Icffcr  root  v  from  it 

W  Ah         -    oft  ——  / 

by  computing  the  exprei&on  —  .   ■    ■■* ,  to  which 

it  has  been  ihewn  above,  in  Art.  7  j,  to  be  equal. « 

Y  3  Now, 
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Now,  fincc  t  IS  =s  5.i8oa68^  we  (hall  have  a  = 
26.835,176,551,824,  and  confcquently  3//  (-3X26.835, 
I76»SS»»8m)  =  80.505,529,655,472,  and  4^  —  3«  (  = 
^  X  50—  3«)  =  200.ooo,cbo,oco,ooo —  80.505,529, 
655f47^  =  ii9'494>47<^>344>528>  and  ^^4^  —  "^  = 
Vii9-494j47^344»528  =  10.93 1,352,  and  ^4*  —  3'^ 
—  /  =   10.931,352  -^  5.180,268   =  5'75W^^4»  an<* 

^4^-3^-/,  ^  525i£84=a.875,542.  Therefore  ^, 

2  a 

or  the  leflcr  root  of  the  propofcd  equation  ^ox  —  **=I20, 

will  be  =  2.875,54*-  ^••«^'^'ft.^„ 

^f/.  LXXXIV.  If.thefe  two  value*  of  /  and  v,  the 
roots  of  the  propofed  equation  50*  —  a*  =  120,  hare 
been  found  with  exaAnefs,  liheir  fum  ought  to  give  us  the 
value  of  the  root  of  the  oppofite  equation  x^  —  50*  = 
120.  And  this  we  (hall  find,  upon  trial,  to  be  the  cafe. 
Fpr  5.180,268  +  2.875,542  is  =  8.055,810,  which  was 
found  above,  in  Art.  34,  to  be  the  root  of  the  equation 

;y3 jq;^  -.  120.     Andnhis  agreement  is  a  confirmation 

of  the  juftaefs  of  the  refolutions  that  have  been  given  of 
both  thcfe  equations. 

I  now  proceed  to  give  other  examples  of  the  refolution 
of  equations  of  the  form  ^;c  —  ;v*  =  r  by  the  method  de- 
fciibed  in  Problem  iv. 


EXAMPLE  ^ 
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EXAMPLE   It 


^rt*  LXXXV*     Let  the  equation  to  be  refolved  b« 
5jr  — jpJ  =  4.  / 


^v 


Here  ^  is  =  51  zad  r  is  s*  4  ^  and  confequently  — 1. 

2 

IS  =  2,  and '— 18  =  4,  and  —  is  =  —  =   4.6291629^ 
629^6291  /fcc,  whicli  IS  greater  than  4/or  — .  Therefore 

££  b  lefs  than  — •  and  confequently  c  is  lefs  than        ,  > 

;ind  therefore  the  equation  5^?  — •  at'  =c  4  will  be  a  poflS- 
Jble  equ^tioi^,  and  will  have  two  roots,  of  which  the  lefler 

wi«bckf*than-2^,  (or  v|2l,or  JZ,  or   ^1.666, 

666,666,  &c>)  or  i  .290,  ^c,  and  the  greater  will  be  greater 

^an  -—^9  or  1.290,  &c,  but  lefs  than  >/*,  or  ^5,  or 

2.236,  &c.    This  greater  root  may  be  inveftigatcd  in  the 
/oUowing  manner : 

Art.  LXXXVI.  When  or  is  =:  —-^  or  1.290,  &c,  the 
compound  quantity  b»  —  x^  will  be  =  *   ^    ,  (or  — -  X 

^ ,   or  —  X  i.290  &e,  or ^  X    1.290,  &c,  or 

10  «  .    12.00  &c  \  ^  , 

X   1.290,  &c,    or  — 2 ,j  or4.30  &c;and, 

•3  3 

Y  4  when 


1 
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when  xis  ss  \fbp  or  ^5,  or  2.236,  ftc,  the  fame  conw 
pound  quantity  will  be  =:  o.  But  in  the  prefent  cafe  the 
Hud  compound  quantity  is  equal  to  4;  which  is  nearer  to 

4.30  &c,  or  tt*8  magnitude  when  AT  is  =?  — 7-or»i,29o,^C9 

than  to  o,  or  it's  magnitude  when  x  is  =  ^^,  or  a.236a 
ice*  Therefore  it  feems  reafonable  to  fuppofe  that  the 
greater  value  of  x  in  the'  propofed  equation  5^  —  ^  *=«  4 

will  be  nearer  to  it's  lower  limit,  — ~,  or  i  .290,  &c,  than 

to  it's  higher  limit  2.236,  &C9  and  confequently  that  it  will 

be  lefs  than  half  the  fum  of  the  faid  two  limitSs  {^^  th^n 

1.290  &c  +  2.236  &c        .       ^526%       . 

— 2 J- j2 ^  or  than  ^ ,  j  or  than  1.763  &c. 

We  will  therefore  conje£lure  that  it  is  nearly  equal  to 
1 .5,  and  will  fubftitute  the  faid  number  1.5  indead  of  it 
in  the  compound  quantity  5*  — ;r*,  in  order  to  difcover 
whether  the  refult  qf  the  fai4  fubftitution  will  be  greater^ 
or  lefs,  than  4,  or  the  abfolute  term  of  the  equation 
5*  —  »'  =5  4,  and  confequently  whether  the  faid  number 
1.5  is  lefs,  or  greater,  than  the  true  value  of  ^^  or  the 
greater  root  of  the  faid  equation. 

Now,  if  Af  is  =  1.5,  we  (hall  have  Af3  (=  iVjl^)  = 
3.375,  and  55?  (=s  5  X  1.5)  =  7.5,  and  confequently 
jr  —  x'  (s:  7-500  —  3-375)  =  4.125,  which  is  fomcwhat 
greater  than  4,  or  the  abfolute  term  of  the  equation 
jx  —  x^  =  4.  Therefore  1.5  will  be  fomewhat  lefs  than 
the  true  value  of  the  greater  root  of  the  faid  equation^  It 
will,  however,  be  near  enough  to  the  faid  true  value  tp  be 
made  the  bafis  of  a  further  approximation  to  the  faid  true 
value  according  to  the  rules  of  Mr.  Raphfon's  methods 

Jrt. 
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Art.  LXXXVII.  We  will  therefore  fuppofe  w  to  be  » 
1.5  +  29  and  will  fubftitute  this  binomial  quantity  in(lea4 
of  X  in  the  propofed  equation  5^'  —  ;r'  s=  4^  omitting  all 
the  tetms  that  involve  either  the  cube,  or  the  fquari^,  of  z* 
^nd  then  will  refolve  the  new  {equation  refulting  from 
fiich  fubftitution. 

Now,  fince  J?  18  =  1.5  +  s«  we  fliall  have 

*•  "^    I.S  +2)'  (  =«T5l3   +  3   X    rj^"  X  35   +  &c 

=  3-375+3  X*-^SXz+&c)  —  3-375  + 6-75  X2+**t 
and  5^  =  5  X  1.5  +  a  («  5  X  1.5  +  S  X  z)  =  7-5  +  5«> 
apd  confcqucntly  5:^  —  ^r^  (=  7.5  +  52  —  3.375  —  6.75 
X  ?)  ==  4-I2S  —  x-75  ><  2J. 

But  5;if  —  *'  18  xs  4. 

Therefore  4.125  —  1.75  X  %  will  alfo  be  =  4.  And 
confequently  4*12$  ^il^  be»4+  1.75  Xz,  and  1.75 
X  z  wHl  be  (=  4.125  —  4)  =a  0.125.    Therefore «  will 

be  =  —^ — 5.  =s  0.071,  and  x^  or   1.5  +  z,  will  be  = 

i.^  +  0.071  =  1.571;  which  therefore  will  be  the  fe- 
cond  near  value  of  the  greater  root  of  the  equation  5^  -^ 


;e^s=s  4. 


Q.  E.  I. 


Aru  LXXXVIII.  We  wilj  now  fubftitute  this  number, 

,1.571,  inftead  of  x  ;n  the  compound  quantity  $x  —  x^^  in 

I  order  to  difcovcr  whether  the  refult  of  this  fubftitution  will 

I  be  greater,  or  lefs,  than  4,  or  the  abfolute  term  of  the  pro- 

j  •  pofed 
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foted  equation  j^r  —  jic^  =  4,  and  confequentlj  whether 
J.57 1  18  lefs,  or  greater^  than  tiie  true  value  o£  the  greater 
root  of  that  equation. 

Now,  if  ;v  i9  <»  1-5715  we  ftall  hare  *'  ^  4.018,6^39 
41 1,  and  5^:  (s  5  X  1*57 1)  »  7>85s  }  and  confeqaentljr 
5*  —  jf*  \»ill  be  =  7.85s  — 4.018,682,411  =  3-836,317, 
589^  which  is  lefd  than  4,  or  the  abfolute  tprm  of  the 
equation  5*  —  x^  =  4.  Therefore  1.571  will  he  greater 
tl^aii  the  true  value  of  the  greater  joo%  pf  the  faid  equa^ 

tlMt    , 

In  ordpr  therefore  to  obtain  a  more  exa£b  va|ue  of  thi$ 
greater  root,  we  will  now  fuppofc  it  to  he  equal  to  I.571 
—  «,  and  will  fubftitute  this  binomial  quantity  inllcad  of 
jr  in  the  propofcd  equation  5^  —  jt^  «  4,  omitting  all  the 
terms  that  invdlve  either  the  cube,  or  the  fquare,  of  z^ 
and  Svill  refolte  the  new  equation  .obtained  by  fuch  fuhftf* 
tutioob   <• 

Now,  fince  *  is  =  1.571  —  2,  we  fliall  have 

jr^  =  1.571-2)'  (=  'Tt?)'  ~  3  X  1.57 1]*  X  2  +  &c 

=  1.37  iV  —  3  X  2.558,041  X  z  +  &c 

=  ^sTH*  —  7.674,123  X  z  -I-  &c) 

=  4.018,682,411—7.674,123  X  2  +  &c, 

and  5Ar  =  5  X  1.57 1-2  (=  5  X  1.57 1  —  5X2)  = 

7-a5s— 52* 

Therefore 
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Therefore  5j^  —  ^'  win  be  ss  7.855  -i»  59 
-*'/4  018,682,41 1  —  7.674,123  X  2  s= 

{y.855,000,000  —  5.000,000  X  «1 
—  4.018,682,41?  +  7.674ii«3  Xx/ 
=  3.836,317,589  +  2.674^123  X  «. 

But  5*p  —  *M8  =  4. 

Therefore  3.836,317,589  +  2.674,123  X  z  will  alfo  be 
«=r  4.  And  confequentlf  2.674,123  X  %  will  be  (^  ^ 
—  3*^3^)317)5^9)  =  0.163,682,4119  and  z  will  be  s 

0.163,682,411  ^  ^^gj^  Therefore  *,  or  1-571  r-«,  win 

2.674,123 
be  =x  1-57  J  — 0.061  =  1. 510;  and  confequently  1.510    " 
mrill  be  the  third  near  value  of  the  greater  root  of  the    , 
equation  5;^  -^  *■'  ==  4. 

Q^E.  I. 

Art.  LXXXIX.  Now  let  1.510  be  fubftitutcd  inftcad 
of  X  in  the  compound  quantity  5*  —  x^^  in  order  to 
difcoyer  whether  the  refuit  wiH  be  greater  or  lefs  than 
the  number  4^  or  the  abfolute  term  of  the  equation 
54?  ..  at'  SB  4j  and  confequently  whether  1.5 10  is  lefs,  v 
or  greater,  than  the  true  value  of  the  greater  xoot  of  the 
faid  equation. 

Now,  if  4r  is  =a  1.510,  or  i  5»i,  we  (hall  have<y*  a» 
3.442,951,  and  5^(=  S  X  1.51)=  7.55,  and  confequent- 
ly 5Af  —  x^  (=  7.55  —  3  442,951)  =  4.107,049  -,  which 
is  greater  than  49  ^r  the  abfokite  term  of  the  equation 

5/ 


[• 
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5«  ^  jv^  re  4'    Therefore  1.51  is  led  than  the  true  value 

of  the  greater  root  of  that  equation. 

<^E.  I. 

In  order  therefore  to  obtain  a  mor<s  exa£t  value  of  this 
greater  root  of  the  equation  5*  ^-  *'  =?  4,  let  us  fuppofe 
« to  be  ==  1.51  +  z,  and  proceed  as  before. 

Then^  fince  ;r  is  =  1.51  +  s>  we  (hall  have 

w»  =  l7si  +^^  (=r  1.51V  +  3  X  i.5i>  X  2?  +  &c 

=  rii^'  +  3  ^  2.^801  X  z  +  &c 

=  i-sTI*  +  6.8403  X  2  +  &c) 

=  3.44?>9Si  +  6.8403  X  a  +  &c, 

and  5«  =5  5  X  1.51  +  z  (=  5  X  1.51  +  5  X  «) 

=  7-55  +  S«- 

Therefore  54?  —  *'  will  be 
f      7-550,000  +  5.0000  X  ajV 
""I-  3-442j95»  -  6.8403  Xs;/ 

as  4.107,049  --  1.8403  X  Xt 

But  5^  —  «M8  =  4f 

Therefore  4.107^049  —  K8403  X  x  will  tlfo  be  s  4* 
Therefore  4.107,049  will  be  =  4  +  1.8403  X  2,  and 
V8403  X  a  will  be   (=  4.107,049  —  4)  =  0.107,049, 

and  z  win  be  =        J^  ^^  =  0.0c 8 1.    Therefore  x,  or 
1.8403  ^  ' 

i.ji  +  z  will  be  =  1.51  +  0.0581  =  I.5681 ;  and  confe- 

qucntly 
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^aendy  1.568 1  will  be  a  fourth  near  Value  of  the  greater 
root  of  the  propofed  equation  5*  —  sc^  =  4. 

QiE.I. 

jfrt.  XC.  Now  let  this  number  1.5681  be  fubfti- 
tuted  inftead  of  x  in  the  compound  quantity  ffc  —  xK 
And  we  Ihall  have  5^?  (=  5  X  1.5681)  =  7.8405,  and 
A-J  (=  1.5681^')  =  3.855,86t),o66,24i,  and  confequently 

5*  -  *M=  7-8405  -  3-8S5>86o,o66,24i)  =  3*9^4^^299 
933f759'  ^hich  is  fomewhat  lefs  than  4,  or  the  abfolufe 
term  of  the  equation  5*  —  ^r^  =  4.  Therefore  1.5681  is 
fomewhat  greater  than  the  true  value  of  the  greater  root  of 
that  equation* 

In  order  therefore  to'obtain  a  more  cxaft  value  of  this 
greater  root  of  the  equation  5*  —  Jt3  =  4,  let  usfuppofc  *■ 
to  be  =  1.568 1  —  z. 

'  Then  we  (hall  have  x^  =  1.56^1^^  (=  1.568 il»  -- 
3  X  1.5681^*  X  z  +  &c  =  1.5681]'  —  3  X  2.458,937* 
61  X  z  +  &c  =  r568i]3  —  7.376,812,83  X  2  +  &c) 
=    3.855,860,066,241  —  7.376,812,83    X   z  +   &c, 

and  5*  =  5  X  1.5681  —  «  (=  5   X  1.5681  —  5  X  ») 
=  7.8405  —  5«. 

Therefore  $x  —  x^  will  be  =s=  7.8405  —  5* 
"—(3.855,860,066,241  —  7.376,812,83  X  »  +  &c 
f       7.840,500,000,000  —  5.000,000,00  X  si 
|— 3.855,860,0(56,241  +  7.376,812,83  X  zj 

=  3-9^4i639>933>759  +  2.376,812,83  X  «. 

But 


; 
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But  5Ar  *-  nr*  is  s;:  4* 

•  Therefore  3.984,639,933,759  +  2,376,812,83  x  «  Hrflf 
alfo  be  ss  4.  And  confequently  2.376,812,83  X  z  will 
>€(*  4  -  3.984,639,933,759)  =  0.015,360,066,241, and 

«Wfe  ^^-^^H^^^^^/^^  ^  o.do(?,46.    Therefore 

*•  or  1^5681  -^z,  will  be  =  1.568 1  ^^  0.006,46==  1.56 1,64^ 
and  confrquently  1.561,64  wilt  be  a  fifth  near  value  of 
iht  greater  root  of  the  pYopofed  equation  5^9  -*  ^  =  4. 

Art.  XCI.  Now  let  thi$  number  1.561^64  be  fubfti- 
tutcd  inftead  of  .x  in  the  compound  quantity  s^  —  *^* 
Andwc(halihave5^(=  5  X  1.^61,64)  =^  7.808,20,  and 
jr*(=  i. 561,641^)  =  3-808,401,903,738,914.  Therefore 
$k  — jgs  wiD  be  (=  7.808,20  —  3-808,401,903,738,944) 
=  3.999,798,096,26i,o56,whichi*romewhat  lefsthan  4, 
or  the  abfolutc  term  of  Ae  equation  5*  —  *^o=  4.  There- . 
fore  1.561,64  muft  be  fomewhat  greater  than  the  true  va* 
iue  of  the  greater  root  of  the  faid  equation ;  but  the  difier* 
ence  can  be  but  fmall. 

In  order  therefore  to  obtain  the  value  of  the  greater  root 
of  this  equation  to  a  greater  degree,  of  exadnefs»  we  will  ^ 
continue  the  procefs  of  approximation  one  ftep  further,  and 
will  fuppofe  jr  to  be  =  1.561,64  — «,  and  fubftitute  this 
binomial  quantity  inftead  of  it  in  the  equation  5**  —  *^«=4, 
omitting  (as  before,)  all  the  terms  that  involve  eitfatr  the 
cubc>  or  the  fquarc,  of  »,  and  will  then  rcfolve  the  new 
equation  refulting  from  the  faid  fubftitution. 

Now, 


I 
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Now,  fince  « Is  =  i.56f,64  —  «» wc  (hall  have 


S^  =  S  ><  1-561,64  —  «  (=:  5  X  1.561,64  -^  5  X  m) 

=s  7,808,20  -^  5«, 
and  ^=:i.56i,64-»V(  =  i.s6i,64''-3Xi.56i,64l*X2+ &c 
=  1-561,641^  -  3  >^  a*438t7^9»4«9>6  X  «  +  ice 
=  i7s6i,64l*—  7^316,158,468,8  X  %  +  &c) 
=r3.8o8,4oi,903,738^944-7.5i6*is8^6$,*x«+fcc. 

Tliei^f<>re  ^x^^  x^  will  be  as  7.808,20  «—  5« 
— (3.808,401,903,738,944  — 7.316*158,468,1*  X  z  +^&c 

{7.808,200,000,000,000— 5. 000,000,000)0  X  a         "I 
-3.808^101,903,738,944  4-7.3t<S,i58,468,8y^2-&c/ 

=^J-999>798»096>26i,056  +  i*3i6,i 58,468,8  Xs-*&c* 

•  » 

But  S^  ~^*»  U  =^  4» 

Therefore  3.999,798,096,261,056  +  2.316,158,468,8 
'X  z  will  alfohe  =;:  4*  And  confequetitly  2. 3i6,i  58,468,8 
X  z  will  be  (=s  4  —  3*9991798,096,261,056)  =r  0.0009 

=7  0.000,0873 17 1  •  Therefore  x,  or  1.561,64 -^p-  2,  will 
lie  =  1.561,64  — ©.000,087,171  =  1.561,552,829 ;  and 
confequently  this  number  i.56i,55'2,829  will  be  a  fixth 
aear  value  of  the  greater  root  of  the  propofed  equatioh 
^r  —  ;r»  =  4- 


Urt. 
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Jlrt.  XCII.    Of  this  number  i.56il,553>829)  the  firft 

eight  figures  1.561,552,8,  are  cxa£l ;  the  more  accurate 

Value  of  the  greater  root  of  the  equation  5*  —  x»  =±  4 

-  .             Vi23ji05f625><5  &c 
bring  1.561,552,812,8  &c,  or  -^ — -^    ^^    ' >  or 

4.i23>To5.6as.6  &c  -  f    ^,  /»?-  '.    For  if  *  is  « 
2  2 

^S^^-^,  we   fliaU   have  5;^  =   5    X  [—f^ 
(JiJLl^lI— Uli)  =    5a/i7-,S_^  and  ,»  = 

( — i      I    V  -   — aH  8 

.    17  XV17  — 3  X  r?  X  I  +  3  X  v^»7  X  t--«    _ 

* 

17  X  4/17  — Si  +  3  X  yi7— 1  _  20  X  v^i7  —  S^ 

T^  8 

_    5  X  4  X  •!?  —  »3  X  4  A  _    S  X  yi7  —  13 

"  2X4  '  -,         .      '■ 


Therefore 


5,-;.»willbe  =  l^^i2^5.  fwlllziis  ^ 


2  i  2        ^* 

Therefore       ^  will  be  cxaftly  equal  to  the  greater 

2 

value  of  X  in  the  equation .  5^  •»  x'  =  4,  or  will  be  the 

£restter  root  of  that  equation. 

*  Q;_E.D. 


A  SCHO- 


r 
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A  SCHOLIUM. 

Art.  XCIII.  THIS  equation  5^  — •  ;cs  =s  4  has  been 
%uicommonly  difficult  to  rcfolvc,  having  required  no  Icfs 
than  five  repetitions  of  Mr.  Raphfon's  proccfs  of  approxi- 
iBition  t6  the  value  of  it's  greater  root  after  having  fixed 
upon  i-s  for  it's  firft  near  value,  before  we  could  obtain  the 
Talae  of  the  faid  greater  root  exaft  to  eight  places  of 
figures.  And  it  is  remarkable  that  in  refolving  the  oppo- 
fitc  equation  ;v»  —  55?  =  4  by  the  fame  method  of  ap- 
proximation in  Art.  41,  42,  43,  44,  &c,  three  repeti- 
tions of  the  procefs  of  approximation  were  found  to  be 
fiifficient  to  obtain  the  value  of  the  root  of  that  equation 
exad  to  eleven  places  of  figures.  It  would  therefore  have 
been  cafier  for  us,  when  the  prefcnt  equation  5;c  —  *i  =:  4 
was  pf  opofcd  to  us  to  be  rcfolved,  to  have  firft  refolved  the 
oppofite  equation  x^  -^  54?  ss  4  to  the  intended  degree  of 
exadnefs,  and  then,  calling  the  root  of  that  equation  z,to 
have  derived  the  greater  root  of  the  prefent  equation 
jAT  —  x»  =  4  from  it  by  computing  the  expreflion 

^-*>  which,  (by  Art.  76)  is  equal  to  /,  or 

the  greater  root  of  the  equation  J«  —  ;f  *  =  r,  or  Sx  —  «» 
3S  4,  FoTt  if  this  courfe  had  been  taken  to  obtain  the  va- 
lue of  /,  we  ihould  have  bad'  %  3=  2«5<Si,552,8l2,  &c,  and 
confitquently  zz  ( =.  .0.56 1,552,81^*) = 6.561,552,808,665, 
io7J344,and  3zz(=  3  X  6.561,552,808,665,107,344)  a 
19.684,65  8,425rf>9S,32j2,#32,  and  46  ~  3ZZ  (=4X5 
--  3««  a  ao—  i9.684,658,425,995,322,o32)  =  0.315, 

Z  341, 


1 
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341^574,004,677,968,  and  confcqucntlf  ^4^  —  3«k  (== 
Vo.3iSf34i.574»oo4,677,968)  =0.561,552,823,3011 2  +* 
^4*— 3SZ  {=   2.5<$i,55a,8i2   +  o.s6t,ss2fii2)   =r 

31231x05,635,    and    ^ 2 (x= 

3.123,165,635^ _^  1.561,552,817,  &C-,  that  is,  /,  or  die' 

greater  root  of  the  propofed  equation  5«#  —  *^  =  4y 
would  have  been  found  to  be  =>  1.561,552,817,  &c  i  of 
whick  number  the  ninefirft  figures,  1.561,552,81,  are 

exa£t.  And  this  computation  of  the  expreflion 

^ould  have  been  k£»  troublefome  than  the  perfortikance  of 
the  fourth  and  fifrii  procefs  of  approximation  \|rhich  were 
the  operations,  correfponding  to  this*  tomputation,  that 
were  necelTary  to  obtain  the  value  of  this  root  to  the  eight 
figures  r. 5619551,8,  in  the  foregoing  articles/  It  may 
therefore  fomctimes  happen,  when  an  equation  of  the 
form  bx-^^  x^  ^  CIS  propofed  to  us  to  be  refolved,  that 
it  will  be  eaCer  to  refolve  it  in  an  indiredl  manner,  by  firit 
fefolving  the  oppofite  equation  x^  —  ix  ^  c^  ot  %^  —  fa 

=  r,  and  then  computing  the  expreflion  5— ^^^i-HJ^^ 

(as  we  have  juft  now  done,)  in  order  to  find  the  value  of  . 
/,  or  it's  greater  root,  than  to  rttfolve'it  direftly  by^the 
method  defcribed  in  Problem  4 :  and  I  am  inclined  t^ 
think  that  th?swill  often  be  tAe  %a(ei  '  But  this  is  a  m^t« 
ter  that  tnufl  be  left  to  the  difcretion  of  the  Algebraiff 
himfelf,  who  has  occ^fion  to  reSbke  any  equations  of  thts> 
land,  in  every  particular  equation  that  occurs  to  him  ;  a% 
I«believe  ao  general  rules^can  fafdy  be  given  ta  determine 

when^ 


r 
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v/htti  the  direfl  method  of  refolving  .them^  described  ixi 
Problem  iv,  is  to  be  preferred  to  the  indirefk  method  of 
refolving  them,  by  firft  refolving  the  oppofite  equa- 
tion x^  ^^bx  =  r,  and  theri  computing  the  exprcffion 

**'  ^ — ,    and  wheii  it  is  moft  convenient  to  re^ 

fort  at  once  to  the  faid  indire£t:  method. 

Art.  XCIV.  As  to  the  lefler  root  of  the  equation 
Sx  —  «^  =a  4,  it  is  eafy  to  fee  that  it  is  i.  For,  if  *  is  =  i, 
ive  ihall  have  x^  alfo  =  i>  and  5Jp  (=  5  X  i)  i=  5,  and 
Confequently  5*  -r  *'  (=  5  ^—  i)  =  4.  Therefore  i 
muft  be  equal  to  x^  or  muft  be  a  root  of  the  equation 
5*  -  *'  =  4- 

And  we  mdy  likdwife  derive  thi^  lefler  root  df  the  equa- 
tion 5;r  -*•  a:'  =  4  from  it*s  greater  root  /,  which  has  been 

fliewn  in  Art.  pa,  to  be  =  -^ — '  ■      ■■  ^  by  computing  the 

expreffioo  ■.  ^    '^  ^ — H-,  to  which  it  has  been  (hewn  in 

Art.  73,  that  the  leffer  root  of  the  faid  equation  muft 
always  be  equal.  This  compUttitioii  may  be  made  as  fol* 
lows  2 


a       ■  .  z       \ 
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-  9—'/*1^  and  confcquendy   3«  will  fee  =  3  X 


4A  -  3«  wai  be  «  4  X  5  -  1^7  -y^T  (^  ^ 


*7  — 3V''7  _  _4|L  —  |'7  — 3^'7__ 
2  »  I         a  " 


a6  +  6^17 


40  —  27  +  3^^'? _  '3  +  3\^^7  _ 

2  a       4 

0  +  aX3X^/i7  4-t7>      3.-HV^r     Thcrefoic 
4  '  3        ' 

^4*  —3//  wiU  be  =  ■?  +^»7  ^  and  confequenUy 


v^^j317r-/^iUbe=l:ti^2~(2iS  {  = 

^  +  ^17  --/I?  +   '   _3+t  »  JL)  =  a,  and 


1/4^  — y/-^  wUl  be  =  —  =  I.  Therefore  *i  or  the 

2  a 

Icffer  root  of  the  equation  5*  —  r*  =  4,  wUl  be  =  i. 

Qi  E.  I. 


EXAMPLE  III. 


j^.  XCV.    Let  it  be  reqmred  to  find  the  two  roots 
of  -die  equation  63«  —  «*  ss=  i6z. 

Here 
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Here  i  isssfij,  and  cis  ss  163}  and  confe<iaently 
-^  is  =  8i,and  —  is  (=  8?»)  =  6561  j  and   i-is  (= 

-i)  ==  ai,  and  —  is  (=  tv^)  =  9261,  which  is  greater 

than  6561,  or  — -.    Therefore  f(  will  be  left  than  — , 

4  *7 

^nd  c  will  be  kfs  than  — ^ .    And  confequently  the 

3^/3 
equation  6^96  —  x*  =:  162  is  a  poiBble  equation,  and  will 

have  two  rootSi  one  of  which  will  be  lefs  than  X-,  (or 
V' — '» or  ^21,)  or  4«s82t  &c,  and  the  other  will  be  greater 

than  —-,  or  4*582,  &c,  but  lefs  than  ^b,  (or  \/63,)  or 

7*937)  &c«    l^is  greater  root  may  be  inveftigated  in  the 
following  manper : 

jtrt.  XCVI.  When  *  Is  =  -—-,  or  4.582,  &c,  the  com- 
pound  quantity  bx  —  x^,  or  63^  —  *^,  will  be  =  — — 
(=  ii  X    ^  =    ii  K  4.581,  &c  =  2  X  -^    X 

4.582,  &C   s  2  X  21   X  4.582,  &C  r=  42   X  4.582,  &C) 

=:  192444,  &c ;  and,  when  a;*  is  =  vb,  (or  ^^63,)  or 
7.937,  ^^»  ^^  f^"^^  compound  quantity  wil)  be  =  o, 
But  in  the  prefent  cafe  the  faid  compound  quantity  is  tm 
J 62,  which  approaches  much  nearer  to  192.444,  &c^. 
which  is  it's  magnitude  when  a;  is  =  4*582,  ice,  than  to 
o,  which  is  it's  magnitude  when  ;c  is  =  7.937,  &c« 
Therefc^e  it  feems  reeCbtiable  to  fuppofe  that  the  greater 

Z  3  value 
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value  of  X  in  the  equ^^tion  634?  —  ^t*  «  162  wiH 
be  nearer  to  it's  lower  limit  4.5829  &c,  than  tcit's 
higher  limit  7.937,  &c,  and  confcquently  that  it  will  be 
le&  than  half  the  fum  of  the  laid  two  limits^  or  tliaii 

4.58»  &c  +  7.Q37>  &c  ^^  than  "•^'9'  ^'^ ,  ^.  than 
a  '  .a 

6.259,  &c.  We  will  therefor^  conje£ture  that  it  is  equal, 

or  nearly  equal,  to  6,  and  will  fubftitute  this  number  6  in 

it's  ftead  in  the  compound  quantity  by^r-x^f  in  order  to 

difcover  whether  the  rcfult  of  the  faid  fubftitution  will  be 

equal  to,  or  greater  than,  or  left  than,  162,  or  the  abfolute 

term  of  the  equation  63;*?  —  *3  =  162,  and  confcquently 

whether  the  faid  number  6  is  equal  to,  left  than,  or  greater 

than,  the  true  value  of  x,  or  the  greater  root  of  the  faid 

equation. 

Now,  if  ;^  is  =  6,  we  jftiall  have  ;ir^  ( =  6|*  )3c  aid,  and 
(jjx  (=  63  X  6)  =fe*  378.,  and  confcquently  63*  — r  x^  (  = 
378  —  a  16)  =  162.  Therefore  6  will  be  accurately  equal 
to  xy  or  the  greater  roQt  of  the  propofed  equation  63*  •—• 

Jrt.  XCVII.  Having  thus  found  6  to  be  the  greater 
rpot  of  the  propofed  equation  63!*?  ^x^  =  162,  we  will 
derive  the  value  of  the  lefTer  root  from  it  by  computinji^ 

the  expreflion      -  ■  ^ — — — ,  in  which  t  Hands  for  6^ 

or  the  greater  root  of  the  faid  equation  which  has  been  M« 
itadiy  found., 

Nfl^,  ancf. « j$  K  6,  we  (haUbsnrc  «  =  36,  an4  confc- 
quently 


[ 
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Queotly  3//  (=  3  X  36)  =  io8|  and  4*  —  3//  =  4*  •- 
J08  =  4  X  63  —  108  (=5  252  —  108)   =  144,  and 

^4^—3^^  (=  v^i44)  =  J2*  and  ^^4^  —  yt  -  /  (=s  i^t 

«6)=r6,and:i^^iiHiLri.^(=±^  There- 

'        '  2  ^       2  ^ 

fore  3  will  be  the  lefier  root  of  the  propofed  equation 

63X  -—  ;i?^  =  162. 


And  wp  {hall  Snd«  upon  trial>  that  3  will  anfwer  the 
conditions  of  the  equation.  For,  if  a;  bp  =  3,  we  fhall 
have  x^  s=  27,  and  6^x  (=63  X  3)  ==  189,  a^id  confe- 
quently  63^?  —  ;r'  (=  189  —  27)  =.  162,  as  it  ought  to  be. 
Therefore  3  is  the  lefler  root  of  the  propofed  equation 

Q^Z.  D. 


EXAMPJJLIV. 


Art.  XCVni.  Lit  it  be  required  to  find  the  two  roou 
l»f  the  cubick  equation  xjm  —  jp^  s^  4. 

Here  h  i^  =  IS>  and  f  is  =  4  j  and  confequcntly  •— * 

i8(=-i-)  =  2,and^U(=>)  =  4.an<l4-is(=7) 
*  '  4  a  ^ 

==  5>  and  —  is  ( ^£5*')  =  1 25,  which  is  greater  than  4, or 

cc 

Z4  T* 
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— ^    Therefore  cc  will  be  Icfs  than  — ,  and  e  will  be  Icfo 
4  ^1 

than  — ~  \  and  confequentlf  the  equation  15*  —  «*  ==  4 
will  be  a  pollible  equation,  and  will  have  two  rootSi  one  of 
which  will  be  Icfs  than  ^,  (or.  •{ i- ,  or  >/5,)  or  2.236, 

&C|  and  the  other  will  be  greater  than  ^^  or  2.236,  &c, 

but  lefs  than  ^/b^  or  ^/i5,  or  3.872,  &c.  This  greater 
root  may  be  inyefiigated  as  follows : 

Jrt.  XCIX.    When  ;if  is  =r  -r-,  or  2.236,  &c,  the 
compbund  quantity  bx  —  *^,  or  15^?  —  y%  will  be  = 

3>/S  ^         3  a/3  3  3 

2.236,  &c  =5  2  X  5  X  2.236,  &c  =  10  X  2.236,  &c)  =5 
22.36  &c  J  and,  when  *•  is  =  ^*,  or  3.872,  &c,  the  fame 
compound  quantity  will  be  =  o.  But  in  the  prefent  cafe  the 
faid  compound  quantity  is  equal  to  4,  which  approaches 
much  nearer  to  o,  or  it's  magnitude  when  the  greater  va- 
lue of  X  is  equal  to  it's  higher  limit  3.872,  &c,  than  to 
22.36  &c,  or  it's  magnitude  when  &e  faid  value  of  x  is 
equal  to  it'$  lower  limit,  2.236,  &o.  Therefore  ic  feenis 
rcafonablc  to  fuppofe  that  the  faid  greater  value  of  x 
will  be  nearer  to  it's  higher  limit,  3-872,  &c,  than  tp  it's 
lower  limit,  2.236,  &c,  and  confequently  that  it  will  be 
greater  than  half  the  fum  of  the  faid  two  limits,  or  thap 

^-c    £   jn.-      ^-236  &c  +  3.872,  &c          ,        6.10S        , 
the  fradion  — ^   ^    — ,  or  than ,  or  than 

3.054.    We  will  therefore  conjefturc  that  it  is  nearly 

equal 
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c^ual  to  3.61  and.  will  fubftitute  3*6  inftead  of  x  in  the 
compound  quantity  155?  —  ^^3,  in  order  to  difcover  whe- 
ther the  refult  of  the  faid  fubftitution  will  be  greater  than^ 
or  lefs  than,  4,  or  the  ablblute  term  of  the  equation  i^X'^ 
x^  ==  4,  and  confequently  whedier  the  faid  number  3.6  is 
lefs  than,  or  greater  than,  the  true  value  of  the  greater 
root  of  the  faid  equation. 

Now,  if  ;r  is  =s  3.6,  we  (hall  have  x^  ( =  3^3)  =  46.656, 
3nd  i^  (=  15  X  3.6)  =  540.  Therefore  15:*  — ^' 
will  be  =  54.000  —  46.656  -B  7.344  J  which  is  confidcr- 
ably  greater  than  4,  or  the  abfolute  term  pf  the  equation 
^5^  ^  *»  -s  4.  Therefore  3.6  muft  be  lefs  than  the 
true  value  of  the  greater  root  of  that  equation  j  and  their 
difference  will,  probably,  be  conGderable* 

We  will  therefore  make  a  fecond  conjefture,  and  fup- 
fH)fe  ;ir  to  be  SB  3*7, 


Then  we  (hall  have  x^  (=  3.7P)  «  50.653,  and  15* 
{=  15  X  3.7)  ?=•  55.5.  Therefore  150:  —  at'  will  be  (» 
55.500  —  SO.653J  =  4*847 ;  which  is  (till  fomewhat 
•^greater  than  4,  or  the  abfolute  term  of  the  propofed  equa- 
tion i5Ar  •—  ;r3  =  4.  Therefore  3.7  muft  be  fomewhat 
lefs  than  the  true  value  of  the  greater  root  of  the  faid 
equation*  It  feems,  however,  to  come  near  enough  to 
tlie  faid  true  value  to  be  made  the  bafis  of  a  further  ap- 
proximation to  it  according  to  the  dire£Hons  of  Mr.  Raph* 
ion's  method. 

4rt.  e.      We   will  therefore   fuppofc  a?  to  be  » 

3-7 
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3*7  +  z,  and  will  fujbftitute  this  binomial  quantity  in? 
ftead  of  X  in  the  propofed  equation  15*  —  *'  ==  4,  omit- 
Iting,  (as  in  the  former  examples^)  all  the  terms  that  involve 
in  them  either  the  cube^  or  the  fquare,  of  z,  and  yrill  thex^ 
refolve  the  new  equation  refulting  from  fuch  fubftitu- 
tion. 

Now, fmcc *  is  ■=  3.7  +  2,  we  (hall have x^  =  3.7  +z{^ 
-  {=  3^*  +  3  X  sTtI*  X  2  +  &c  =77)'  +  3  X  13-69 
X  2  +  &c  =  3^^  +  4X.07  X  2  f   &c)  =  SO'653  + 
41.07  X  2  +  &c, 

and  i5*=i5><  3.7  f  2  (=isX3.7  +  i5X»(=5S.S+i5Zf 
and  confequently  i^x  -r-  ^  (=  55.5  -fe  152;  --  50.653  — - 
41.07  X  2)  =  4.847  — 26.07  X  2, 

But  15X'  — r  AfMs  =  4* 

Therefore  4.847  -  26.07  X  2  will  aUb  be  «=  4.  Aii4 
confequently  4.847  will  be  =  4  +  26.07  ^-2,  and  26.07 
X  2  will  be  (=  4.847  —  4)  =  0.847,  5Uid  s  will  be  «= 

^—1  =  0.032.    Therefore  x,  or  3*7  +  2,  wIU  be  (= 

3.7  +  0,032)  ==  3.732  5  and  confisqficntly  3*732  will  be  » 
iiscond  near  value  of  the  greater  root  of  the  propofe4 
equation  15^?  —  x^  =4. 

Jri.  CI.  Now  let  this  number,  3-732,  be  fubftituted 
inftead  of  « in  the  compound  quantity  15^  •—  x\  in  order 
to  difcover,  whether  the  refult  of  the  faid  fubftitution  will 
^  greater,  or  lefs,  than  4,  or  the  abfolute  term  of  the 
pquatipn  1$^  —  *'  =  4>  2nd  confequently  whether  3.732 

wiU 
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will  be  lefs,  of  greater,  than  the  true  Taluc  of  the  greales- 
root  of  the  faid  e^uatipn. 

No\f,  i£x  IS  =  3.732,  we  fliall  have  ^'  (=  3.732V)  = 
51.978,639,168,  and  15^  (=  15  X  3.732)  =  55.980,  aad 
confequently  15^  —  x^  (=55.980—  51.978,639,168) 
=  4.001,360,832  ;  which  is  a  little  greater  than  4,  or  the 
abfolute  term  of  the  equation  15;^  —  jr'  =:  4.  Thereforir 
3^732  muft  be  a  little  lefs  than  the  true  yalue  of  the 
greater  ropt  of  the  faid  equation. 

In  order  therefore  to  obtain  a  more  accurate  value 
pf  the  greater  root  of  this  equation,  we  will  fuppofe 
it  to  be  equal  to  3.732  ri-  z,  and  will  fubftitute  this  bino- 
mial quantity  inftead  of  it  in  the  faid  equation,  omit- 
ting, as  before,  all  the  terms  that  involve  either  the  cube, 
pr  the  fquare,  of  z,  and  will  then  refolve  the  new  equatipxi 
irefulting  from  fuch  fubftitution. 

Now,  iipcUzs;  3.732  +  s^  we  (hall  have 
9f'  =  3-73^+^  (=  3-73^V  +  3   X  K3^*  X  %  +  &t 
=  3-7321'  +  3  X  i3-927>824  X  z  +  &c  = 
3^732!'  +  4i-783>472  X  2  +  &c)  = 
51.978,639,168  +  41.783,472  X  2  +  &c. 


and  IS*  =8  15  X  3.732  +2;(=  15  X  3-732  +  15  X  «) 

=  55-980  4-  152- 

Therefore  15^:  —  at'  will  be  = 

f      55.980,000,000  +  15.000,000  X  z"! 

c\—  5» •978,639*168  —  41.783,472  X  zj 

4.00^,360^832  —  26.783,472  X  z. 

But 
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But  i5«^jrM8=;4« 

Thcjfcforc  4  001,360,832  —  ^6.783,472  X  z  wfl!  alio 
be  75  4.  And  confequently  4.ooi»36o,832  will  be  =  4 
+  26.783,472  X  Zy  and  26.783,472  X  z  will  be 
(^  4.001,360,832  —  4)  »-  9.001,3601832,  and  z  will 

,  0.001,360,83^  -^    ^        rm  r 

■>c  =»=  — 2~^s ^  =  0.000,050,808.    Tbcreforc  .r,  or 

5-732^  4-  2f,  will  be  (=?  3.732  +  0.000,050,808)  ;?=  3.732, 
050^808  ;  and  confequently  3.732,050,808  will  be  a  third 
near  value  of  the  greater  root  of  the  propofed  equation 
l^^  —  ;;»  =  4. 

Q.  E.  I. 

Jrt.  C11.  This  value  of  the  greater  root  of  the  equa-r 
tion  i5jr  ~  jfs  »  4  ia  exaft  in  the  firft  nine  figures,  3.732> 
050,80 1  the  more  accurate  value  of  it  being  3»732>05^ 
807,568,877,3  &c,  or  2  +  1.732,050,807,568,877,3  &c, 
or  2  4-  \/3.  This  will  appear  by  fubftituting  2  4-  V3 
inftead  of  x  in  the  compound  quantity  15*  —  «f'.  For, 
if  thi|3  be  done,  the  refult  will  be  equal  to  4,  or  the  abf(V 
lute  term  of  the  propofcd<equation  15*  —  «3  — .  4.    Por 

*i  will  be  =  24- v^'  (=Tl*  4-3X^X^/3  4"3X 

aX34-3^3  =  84-3X4Xv^3  +  i8  4-3Xv^3 
«=  8  4-  12  X  V3  +  18  +  3  X  ^3)  =  26  +  15  X  V3» 

and  1*5*  will  be  «=  15  X  24-^/3  (=  15  X  2  +  15  X  -i/j) 
=  30  4-  15  X  >/3  i  and  confequently  15;!?—;^*  will  be 

=  30  +  15  X  V^3  —  ^^  —  ^S  X  ^^3  (=  30  —  ^^)  =  4^ 
Therefore  2  +  //3  mull  be  equal  to  one  of  the  foots  of 

the  pfopofcd  equation  j^x  — ^'  =  4. 

Q.  E.  D. 

4rf. 
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Art.  cm.  Having  thus  foiind  2  +'\/3  to  be  tha. 
^eater  root  of  Ac  propofed  equation  i^x  —  ji^  =  4^  we 
will  derive  the  value  of  the  Icffer  root  of  it  from  the 

greater  root  by  computing  the  expreffion  —  ^  '^-  ^ 

in  which  /  (lands  for  2  +  ^3,  or  the  greater  root  of  th<? 
faid  equation,  which  we  have  already  found. 

Now,  fince  /  is  =s  2  -f  i/3j  we  Ihall  have  tt  =  i'+V?  * 
(="21*  +  4X2XVj  +  3  =  4+4^3  +  3)  =  7  + 
4  a/3,  and  confcquently  3//  (=  3  X  '7  +  4  v'S  =  3  X  7 
+  3X4  A/3)  =21  +  12  i/3,  and  4*  — .  3//  =  4  X  15 
—/21  + 12^/3  (=  4  X  15—  21  —  12 -^3=  60 — 21  — 

12  V3   =  39—  12  \/3  =  36  —  12  ^3  +  3  rsTl*  — '2  X 

6  X  •s  +  3)  =  6- V3I*.  Therefore  -^4*  -  3^  will 
beas6~v^3,andv^4^  — 3//  —  /  will  be  =  6  —  ^/j 
-(*•+■  V^3(=  6-V3  —  2  —  ^^3==^  —  2  —  2^3 

=  4— a  v^3)«  2  X  2-^3,  and  ^4^  -  3^^  7-  ^  wUl 

z 

bc(=  LiLiri£l)  ==  2  -^3.    Therefore  the  leflcx 

root  of  the  ptopofed  equation  i^x-^x^  =  4is  =«  2  —  >/}• 

Q^E.  I. 

And  that  this  quantity  2  —  v^S  is  equal  to  the  Icflcr 
toot  of  the  propofed  equation  15^?  — ;e'  =  4  will  alfoap* 
pear  ^y  fubftituting  it  inftead  of  x  in  the  compound  quan- 
tity 15^? — x^  For  the  value  of  the  faid  compound  quantity 
arifing  from  this  fubftitution  will  be  found  to  be  4,  or  the 
abfolute  term  of  the  faid  equation.  For,  if  ;v  is  =  2  —  ^/i% 


wc 
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of  tWe  eqnatibn^  that  are  required  by  Prbbleta  W.  And 
therefore,  ishttk  our  objeA  is  to  find  the  roots  of  an  equa<» 
tibii  of  thb  form  hx  ^  x^  ^  c  txzSt  to  eight  or  more 
places  of  figures,  I  will  venture  to  slflert  that  it  will  be 
much  more  convenient  toinveftigate  them  by  the  methods 
defcribed  above  in  Problems  iii  and  iv  than  to  have  recourfe 
to  the  trifedion  of  a  circular  arc  for  that  purpofe.  And  I 
aKb  befieve  that  thofe  methods  of  refolving  equations  of 
diis  kind  will  be  more  convenient,  in  moft  cafes,  than  any 
other  methods  that  can  be  taken  for  the  purpofe. 

£ND  of  the  Refolution  ofCuUck  Equations  of  the  three  fore- 
going  Formiy  x*  +  bx  s=  c,  x'— bx  =  c,  and  bx  — x'  =  c. 


Art.  CV.  We  have  now  (hewn,  by  the  folutiort  of 
the  foregoing  four  Problems,  how  all  the  three  cubick 
equations,  x^  '^r  bx  tsi  r,  i^*  —  A*  «=  f,  and  hx^^x^  =  r, 
in  which  the  fquare  of  the  unknown  quantity  x  is  wanting, 
may  be  refblved.  And  to  thefe  three  forms  all  the  other 
forms  of  cubick  equations  may  be  reduced,  by  making 
certain  proper  fubftitutions  in  them,  by  which  the  term 
involving  the  fquare  of  the  unknown  quantity  will  be  ex- 
punged :  and  confequently  all  the  faid  other  forms  of  cu- 
bick equations  may  ultimately  be  refolved  by  means  of  \ 
the  refolutions  above*explained  of  equations  of  thefe  three 
forms.  The  manner  of  reducing  thofe  other  forms  of 
cubick  equations  to  fome  of  the  three  forms  above-men- 
tioned may  be  explained  as  foUowsr : 

Of 


(  ii3  ) 


O?  CUBICK  EQUATIONS  CONTAINING  THE 
SQUARE  OF  THE  UNKNOWN  QUANTITY 
X,  BUT  WANTING  IT'S  SIMPLE  POWER,  OR 
A- ITSELF- 

Art»  CVT.  THE  equations  that  have  in  them  the 
fquare  of  the  unknown  quantity  AT,  but  are  without  it's 
fimple  power,  or  a  itfelf,  are  only  the  three  following ; 
to  wit, 

itt,      x^  +  ax^  =:  r, 

adly,    x^  —  ax^  -z^  r, 

and  3dly,  at^i^  —  ^  =  r. 

tor  ax^  may  eithet,  in  the  ift  place^  be  added  to  x^^  (ill 
which  cafe  ax^  may  be  either  lefs  than,  or  equal  to,  oi^ 
greater  than,  *3,)  and  their  fum  may  be  declared  to  be 
equal  to  the  known  quantity,  or  abfolute  term,  c ;  and 
then  we  (hall  have  the  firft  of  thefe  three  equations,  to 
Vit,  x^  +  ax*"  "=■  c  *y 

Or,  in  the  2d  place,  ax^  may  be  fubtrafted  from  x^^  (in 
which  cafe  it  muft  be  lefs  than  at^)  and  their  difference 
may  be  declared  to  be  equal  to  the  known  quantity,  or 
abfolute  term,  cy  and  then  we  (hall  have  the  fecond  of 
thefe  three  equatione,  to  wit,  x^  —  ax^  =  r ; , 

Or,  3dly,  x^  may  be  fubtrafted  from  ax'^^  (in  which 
cafe  it  muft  be  lefs  than  ax%  or  ax'^  muft  be  greater  than 

A  a  x%) 


(    3J4   ) 

»',)  and  their  difference  may  be  declared  to  be  cqtral  to 
the  known  quantity,  or  abfolute  term,  c ;  and  then  we 
Aall  have  the  laft  of  thefe  three  equatkm^i  to  wit,  «;r^  ^-^ 
^  ^  c.  No  other  combinations  of  th^  two  terms  x^  and 
mx^  by  addition  or  fubtra^ion  are  poflible. 


OF  THE  EXTERMINATION  OF  THE  SECOND 
TERM,  a*%  OF  THE  ECjUATIOl^  xt ^  ax"  =  c. 

Art.  CVII.  TO  exterminate  the  fecond  term,  ax\  of 
the  equation  x^  4-  ax^  »»  c,  let  us  fuppofe  jr  to  be  a  quan- 
tity that  is  greater  than  — ^  OT  the  third  part  of  the  co- 
eiEcient  of  at*  in  the  equation  **  +  ax'*'  =  r,  and  that  ex- 
ceeds it  by  a  quantity  that  is  equal  to  x^  fo  tfiat  j  —  - — 

(hall  be  equal  to  m.     This  fuppofition  is  evidently  poffible ; 
becaufe,  whatever  be  the  magnitude  of  x^  it  will  always 

be  pofEble  for  fomc  quantity  greater  than  —  to  exift, 
which  (hall  exceed  —  by  an  ex<;efs  that  is  equal  to  it. 

Now  let  this  quantity  y  *-  —  (which  is  equal  to  «,)  be 

fubftituted  inftead  of  x  in  the  equation  x^  +  a:c*  as  ^ ; 

— 71* 
and  we  fliall  have  .«'  =  j^  —  — ^  (=/-*-  3  y,  yy  X 


.  ^    aa  a^  \  ^  .    aay        -  «' 


and 


(    3SS    ) 


-22  +  — ,  andconfcquently  «**(=«  x  [Jlf2'  +  5) 


««  ««  ff2  if  ~_  and  «»  +  a** 


day 

a» 

3- 

a? 

3 

+ 

9 

But  ;ta  +  ax*-  is  s=s  r. 

Therefore  v'  *  —  -2.  +  -^  will  alfo  be  =  r  t  whiCh 

is  an  equation  in  which  the  fquare  of  the  unknown  quan* 
ixtjy  is  wanting,  and  which  therefore  will  come  under  one 
of  the  three  forms  ;v'  +  i*  =  r,  and  x^  —  ^a-  =  Cy  anjd 
ix-^jfi  :=^  c^  and  therefore  nAy  be  refolv^  by  means  of 
one  of  the  four  Problems  above-explained. 

if  Ais  ffreat^  than  — ,  kt  ^  be  lidbtrafkdd  fitcp^both 
"  ijf         -27 

Cdcs  of  the M  equation/  ^  —  -^  +  •—-««*  j  »a4 

Aaa  wc 


(    356    ) 
we  IhaU have  j'  ^"^z:^  c—  ^,  or  y^  —  -^  as 
2p£     za     ^^^i^  comes  under  the  fecond  of  the  thre^ 

foregoing  forms,  to  wit,  the  form  *'  —  ^*  =  c,  and 
therefore  may  be  refolved  either  by  Problem  ii-  or  by  Pro^ 

blem  ill.  And,  if  ^  is  le&  than  — ,  we  muft  add  —  to 

27  3 

aay        2a^  . 

both  fides  of  the  equation  y^  * i^"*"!?"^^' 

we  fhall  then  have  ^  H =  r  +  — ,and(fubtra£l* 

27  3 

ing  y^  from  both  fides,)  ^  =:r  +  ^  -  j?%  and,  laftly, 
(fubtra£ting  c  from  both  fides,)  —  —  r  =  ^  —  y\  or 

— ^1 v'  = r,  or  -^^^ y^  =  ^  ;  which 

comes  under  the  3d  of  the  three  foregoing  forms,  to  wit, 
the  form  ^^  —  u?'  =  c,  and  therefore  may  be  refolved  by 
Problem  iv. 


OF  THE  EXTERMINATION  OF  THE  SECOND 
TERM,  ax\  OF  THE  EQUATION  x^  —  ax^  =  c. 


jtnt.  CVIIL    IN  this  equation  x  is  always  greater  than 

Let  it's 
excefs 


a^  and  confequentlyi  i  fortiori^  greater  than  — .    Let  it's 
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ekcefs  above  —  be  called  j* ;  that  is,  let  j»  be  =  * .— — . 

Then  will  xhc  zsz  y  -{ -,  and  confcquently  x^  will  be 

^  3 


—9. 


fl^jr 


SKT  v3  4.  ^««  4.  :!!Z.  -f.  -f—  and  .^*  will  be  =  y  +  — I  (= 
3  a?  3 

jty  +  2y  X  —  +  — j  =  jy^  +  — ^  -i ,  and  /i^*  ^ill 

be(=  «  X  >J>  +  ^  +  — •  )  =  tfyj,  +    ^  +  _-. 


Therefore  x' —ax*  will  be=  < 


^  ■  3 


^  3 


ay 
^7  J 


a«j^ 


2fl3 


fl3    -\ 

27 

tf3 


9   J 


But  A?3    —  tf^»  is   =   C. 

Therefore  v3  *  — .  ^ ^  will  alfo  be  =  ^  j  and 

confcquently  (adding  to  both  fides,)  ^3  »  —  — i. 

\ 

2^3f3  27^  +2^3  1  .    1.   . 

.    Will  be  =  r  +  — ,  or  ■  ;  which  is  an  equation 

27  27  , 

of  the  fame  form  with  the  equation  x^  --^  bx  =  c,  and 

therefore  may  be  refolved  either  by  Problem,  ii  or  Pro- 

l^lem  ii|. 


Aa3 


OF 
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OF  THE  EXTERMINATION  OF  THE  TERM  ax^ 
FROM  THE  EQUATION  an'^x^t:^  c. 

Art.  CIX.  THIS  equation  will  not  always  be  pof- 
fible,  whatever  be  the  magnitude  of  the  abfolute  term  c^ 
but  only  whert  c  is  not  greater  than  the  greateft  poC- 
fiblc  magnitude  to  which  the  compound  quantity  ax^-^x'^ 
can  incrcafe  while  x  increafes  from  o  to  u,  which  is  it's 
greateft  poflible  magnitude.  Now  the  greateft  poiTible 
magnitude  of  the  compound  quantity  ax^  —  »^  may  be 
found  in  the  following  manner : 

Let  the  quantity  x  be  fuppofed  to  increafc  from  o 
to  it's  greateft  magnitude  a  by  the  continual  addition  of 
fome  very  fmall  quantity^  (as,  for  example,  the  ten-thou- 
fand  'millionth  part  of  ;f,)  which  we  will  denote  by  ;f,  or 
.the  letter  x  with  a  point  placed  over  4t.  Then  it  is  evi- 
dent  that|  while  x  increafes  from  a?  to  ;e  +  ^  **  will  in- 
creafe  from  **  to  a?  +  a'*,  or  x^  +  2*^  +  j^a-,  and  x^  will 
increafe  from  x^  toT^+^%  or  *'  +  3.v*x  +  3*^*  +  i\ 
and  aic^  will  increafe  from  ax^  to  «  X  x^  +  2xx  -+■  xx^  or 
ax^  -f  2axx  4-  axx ;  fo  that  the  increments  of  ax^  and  x^ 
that  are  contemporary  with  the  increment  x  will  be  2axx  + 
a^x  and  ^x^^-  +  2^^^  +  *'%  ^^  (neglefting  axx  and  3.1:** 
-h  x^  on  account  of  their  extreme  fixiallnefs  in  comparifon 
pf  laxx  and  3*>,)  will  be  2axx  and  2*^x.  Now  the  in* 
crement  2axx  is  to  the  increment  2^^^  in  the  proportion 
of  2ax  to  2x^,  or  of  2a  to  3^:,  which,  when  x  is  much 
fipaller  thjin  a,  \s  a  very  gre^t  r^tjo  pf  majority,  and  will 

^Pntioue 


r 
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continue  to  be  a  ratio  of  majority  fo  long  as  7a  U  greater 
than  3 jr,  or  —  is  greater  than  x.    But  when  x  U  become 

equal  to  — ,  the  increment  lajcx  will  be  equal  to  the  in- 

crcmcnt  ^^x  j  and,  when  x  is  greater  than  — ,  though 

lefs  than  a,  the  increment  2axx  will  be  lefs  than  the  in- 
crement 3***".    Therefore,  while  *  is  increafing  from  oto 

,  the  increment  of  ax\  the  firft  and  greater  member  of 

the  compound  quantity  ax*  -—  x',  will  be  greater  than 
the  contemporary  increment  of  x^,  the  fecond  and  lefler 
member  of  the  faid  compound  quantity,  which  is  fub- 
traded  from  it's  greater  member  a«^  ^  and  therefore  the 
iaid  compound  quantity  muft,  upon  the  whole,  increafe  ; 

but,  afterwards,  while  x  is  increafing  further  from  —  to 

^,  the  increment  of  av*  wiU  be  lefs  than  the  contemporary 
increment  ofx^ ;  and  therefore  the  faid  compound  quan- 
tity muft,  upon  the  whole,  decreafe.  And  confequently 
the  greateft  magnitude  of  the  faid  compound  quantity 
ax^  —  xl  will  be  that  which  it  has  when  it  ceafes  to  /n« 
creafe  and  begins  to  decreafe,  or  that  which  it  has  when 

flr  is  =  — .     And  this  magnitude  is  <i  X  —  —  ' — —i 
3  3  3 

9  27    *"     9     **    27     ""         27         ** 

—  = -r ]  =  -^ — •    ThereiQve,  while  x  m- 

27  27  »       27  '         27 

^rc^fcs  from  o  to  — ,  the  compound  quantity  ax*  —  «» 

Aa4  v6U 
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will  incrcafe  from  o  to  ^ —  ;  and>  while  x  increafes  fur* 

thcr  from  —  to  a,  the  faid  compound  quantity  will  de- 

creafc  from  -^^  to  o ;  and  confequcntly  the  greateft  pof- 
Cble  magnitude  of  the  compound  quantity  ax^  —  jc^  will 
be^. 

^y  Q^E- 1. 


Therefore^  if  c,  or  the  abfolute  term  of  the  equation 
0x*  —  «3  =  r,  is  greater  than  — ,  the  faid  equation  will 

be  impoflible ;  and^  if  c  is  equal  to  — ,  the  faid  equa« 

^7 

tion  will  have  only  one  root,  and  that  root  will  be  =:  —  5 

3 

and,  if  c  is  lefs  than  -^ — ^,  the  faid  equation  will  have  two 

roots,  of  which  the  leiler  will  be  lefs  than  — ,  and  the 

3 

greater  will  be  greater  than  — ,  but  lefs  than  a*  • 

0 


Art.  ex.'  Since  the  greater  root  of  the  equation  ajp*  — 

7.(1 

x^  =,  c  IS  greater  than  — ^  it  will,  d  fortiori^  be  greater 

^^°  "T^  ^^^  therefore  may  be  fuppofcd  to  be  equal  ta 

a 


(   36»    ) 


mm^  +  jf*    Let  this  fuppofition  be  madci  in  order  to  exter- 
3 
minate  aa^  from  the  equation  mx*  —  jpJ  =  r,  and  to  convert 
the  faid  equation  into  another  equation  in  which  the  fquare 
of  the  unknown  quantity  (hall  be  wanting.  Then  we  ihall 

have  ^  =  I —  +  y\  =:  —  +  -JL  +  yy    and  ax*   =5 
3         ''^  9  3 ^^ 

—^  ■•"    3    "*"  "■«'»  *"*'  *'  =  —  +  J'l  (=—  +  3  X 

and  confequently  ii;c»  —  jp5  = 


But  ax^  —  ^5  is  =  c* 

Therefore  —  +  ?f^  — «s  will  alfo  be  =  r;  whicKis 

an  equation  in  which  the  fquare  of  the  unknown  quantity 
y  is  wanting,  and  which  therefore  comes  under  one,  or 
other,  of  the  three  equations  x^  +  ix  =  r,  x^  --^  bx  =z  r, 
and  bx  —  x^  =  r,  and  confequently  may  be  refolved  by 
means  of  one  of  the  four  Problems  above-explained. 

Q.  E.  F. 


(    3tf»    } 

Jfrf.  CXI.    If  r  U  greater  dian  — ^»  thecqnatioii  — ~ 

27  27 

4.  f[f^  ^.  j'  ss  r  may   (bjr  fulitradiii^  —  from  boA 

fides.)  be  reduced  to  the  equatioa  — i  —  f»  sf  r-^-?^, 

or  -i^  ~  y  =  ■Z'  1  which  may  j)C  sefolved  Iw 

RrcJj.  iv  J  and,  if  c  i$  lefs  than  -— ,  we  muft,  fixfL  ad4 

y  to  both  fides  of  the  equation h  ~  ^r^  f  z=z  e^  bf 

whkh  we  fhall  o^ain  the  equation  —  -^  ^%  =  c  4- jr^ ; 

and  then  we  mi|ft  fubtraft  ^  from  both,fide9>  by  which 

3 

we  fhall  obtain  the  equation  — -=  r  +  r*  —  ^  ;  and, 

37  3 

laftly,  we  nivift  fubtra£l  r  from  both  fides,  by  which  we 
Iball  obtain  the  equation  — -  —  f  =?  «»  -^  .ffL,  or 

1*  —  -^= r,  or/ i.= L  -  which  is 

of  the  fame  form  as  the  equation  x^  r-bx  :=  r,  and  thcre- 
Inre  may  bo  refolred  either  by  Prob«  ii.  or  Prob.  iiir 


OP 


[ 


f  3fi3   ^ 

OF  CUBICK  EQUATIONS  THAT  HAVE,  AU. 
THEIR  TERMS  COMPI^EAT. 

Art.  CXn.  WE  muft  now  confider  the  cu^iick  cqna- 
tleas  that  have  all  their  terms  C6mpleat  $  of  which  the^ 
ajrc  the  kfca  forms  following  ;  to  wit» 


Ift. 

4f «  +  tf «*  +  A«  —  r. 

adty. 

*^  +  AT*  —  *x  «  ^, 

3%^ 

^l  —  ^;c»  +  ijT  as  r. 

4thly, 

i^i  _  ax*  ^ixzM^c^ 

5tWy,  - 

— if3  +   «X*  +   **•  =  ^ 

or 

tf*»  +  **  —  *'  =  ^ 

6thly, 

— x^  +  /wc*  —  **  =  O 

or 

«»*  —   Jf^  '^bx  ^  ^, 

and  7thly,  ■ 

»  ^^3  .^  ^;jp»    ^.    fof    «.   ^^ 

or 

**  — •    «'  — /wp*  ss  r* 

No  other  combinations  of  the  three  <iuantities  x*f  4«%' 
and  hx  with  each  other^  by  ad4ition.or  fubtra&ion^  are 
poiliblc* 

OF  THE  EXTERMINATION  OF  THE  SECOND 
TERM,^x%  FROM  THE  EQUATION  *»  +  ^^ 
^  bx  =^  c. 

4rt.  CXIIL  THIS  f(}uation  has  evidently  but  one 
root;  and  this  one  root  may  be  of  any  magnitude,  how 

great 


(    364. '^ 

great  or  hoyr  ftnall  focvcr^  if  the  dbfolute  term  ^  is  of  < 
proper  magnitude  to  make  it  fo.  But,  whatever  be  the 
magnitude  of  this  root,  it  will  always  be  poffiblc  for  ano- 
ther quantity  to  exift  that  ihall  exceed  it  by  a  differ^cc 

^ual  to  -T— ,  or  one-third  part  of  a^  die  cowefficient  of  xx^ 

Let  that  quantity  be  called  j^^  Then  we  Ihall  have^=  x  + 

-— ,andconfequently*=\y ?..    Therefore  xx  will 

3  , 

and  axx  will  be  =  ayy  —  ^^  +  J1-,  and  a?'  will  be 

3  21 

3  3  9        *7 

s=  «i  — -  tfvy  +  fJ  _  ^,  and  bx  will  be  =  *  X  v — ^ 


ab 


-=  /^  .^  — .  and  confequcntly  x^  +  afx*  +  tx  will  be  = 


j3  _  tfjy   + 


aay 


27 


ah' 

+  h 

^  3  . 


«i3    «» 


3  ^7 

.      i;  ^^ 


But  x^  +  ax*  +  ix  is  =  c. 


Therefore /-f2?!.  +  £fl 
-  3         27 


S'N 


+      *J^    — 


^73 


>will  alfo  be  3=  r;  which 


1$ 


r 
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IS  an  equatk)ii  ia  which  the  fquare  of  the  unknown  quan« 
thy  y  is  wanting,  and  which  therefore  will,  (when  it's  terms 
(hall  haire  been  properly  acranged^  fo  as  to  have  only  the 

three  terms  j>',  — ^,  and  hy,  which  involve  the  unknown 

quantity  y^  remaining  on  the  fame  fide  of  the  mark  of 
equality,)  come  under  one  of  the  three  general  forms 
/v^  +  ^;e  =  r,  A?^  — •  3;f  =  c,  and  bx  —  a:'  =  c,  and  con^ 
fequently  may  be  refolved  by  means  of  one,  or  other,  o£ 
the  four  Problems  above-explained. 


OF  THE  EXTERMINATION  OF  THE  SECOND 
TERM,  ax\  OF  THE  EQUATION  ^'  +  «*  — 


jlrt.  CXiy.  LET  ;  be  a  quantity  that  ci^cceds  th^' 
root  X  of  this  equation  by  — ,  or  the  third  part  of  Ac 
co-efficient  of  x^  in  the  fecond  term  ax^.    Then,  fincc  y 


3     '  S 

ax^i^ayy^^+^)  =  .^j.  1,  3^  + '^^nd^^ 


i    7fi^   ) 


x*  «i  —  4n  +  -2  —  -^,  and  };«•  =i  t  X  ly  —  JUL  sim 
J^  -  ^  •    Thcrcfow  *i    +   fl*»    —  *x  will  be  =5^ 

^  ^'         3  27 


}  =S 


ii»  * 


2My      ,    2fl' 

+  

3  27 


-  *  +f 


But  x^  +  ax*  ^  ixUsz  €• 


Tberefore  j?*  —  2aa}  H 


>will  alfo  be  s  r  1  which 


Is  an  equation  in  which  the  fqtiare  of  the  unknown  quan* 
tity  y  is  wanting,  and  which  therefore  may  be  refdired 
by  means  pf  one^  or  other^  of  the  four  Problems  above* 
explained. 


1 


Ot  THE  EXTERMINATION  OF  THE  SECOND 
TERM,  ax^t  iOF-THE  EQUATIONV  -  «»  + 
tx  ==  c»  , 

Jrt.  CXV.    WHEN  *,  or  Ihc  root  of  this  equation  i$ 
fi-  JL,  vc  ftfJl  bave  **  ss  ^  and  *»  =  *^.  and  «*^ 


i  ^1  y 

(=aX  ~  =:  JL.)  -  H^  and  for  =s  ^  andconfcqucnthr**— 
%  9       9  /      27  J  , 

^7        a?  J  ^        5        a? 

fora  the  abfolute  tetm  r,  wlikfa  is  equal  to  x^^^ax^  + 

tx,  will  in  this  eafc  be  =  —  —  -^.  Thctcforc,  while 

S  a? 

X  increafes  from  o  to  -— '^  the  compound  quafttitf  x*  — * 

ax*  +  *;p  will  have  increafed  from  o  to  —  -^  — ,  aud 

S  «7 

confequently  will  have  pafled  through  all  magnitudes 

whatibever  th^t  are  Icfs  than  —  —  — .     Therefore,  if 

3         a? 

the  abfolute  term  c  is  lefs  than  —  — . — ,  there  will 

3  27 

be  a  value  of  ;tf  lefs — ,  that  will  make  the  compound 
^  3 

quantity  x^  -—  ax*  +  bx  be  equal  to  c ;  or,  in  other  words, 
die  equation  x^  —  ax^  -k-  bx  ==>  c  will  have  a  root  that  wilt 

be  lefs  than  '-^.    We  may  therefore  in  this  cafe  fuppofe 
jr  to  be  equal  to  —  -  j.    And,  if  we  make  this  fup- 


poGtioh«  we  (hall  have  a*  (  =  —  —  v   =  ^  — .  ...2L 


+  jy)  =  1^  --^  +  ^^  ^^^  ^'  (=  T""-^' "" 


«j 


«7  9  3        ^    .  27         S    ' 

+  tfjy  —  j»',  and  «M*  =  3 221  +  fljy,  and  *Ar  (= 

*X 


(   i68? 


iX y  =  —  —  ij^,  and  confcquendy  xa  —  tfAr^H-  ij^  , 


27 


+  ayy  —  ;»' 


3a*        2flay 


fljiy 


III        ■)>  _^  *  liv ' 
3  3 


Therefore 


But  at  —  tf **  +  ^*  18  =  r- 


ai        aay 


'} 


will  alfo  be   =  r; 


which  IS  an  equation  in  which  the  fquare  of  the  unknown 
quantity  y  is  wanting,  and  which  therefore,  when  it's 
terms  (haU  be  properly  arranged,  (by  placing  all  thofe  which 
involve  the  unlcnown  quantity  y  on  one  fide,  and  all  the 
known  terms  on  the  other,)  muft  come  under  one  or  othet 
of  the  three  forms  x^  -^  bx  =:  r,  x^  —  bx  =:  r,  and  i»-— 
x^  =  Cy  and  confequently  may  be  refolved  by  means  of  on« 
or  other  of  the  four  Problems  above-explained. 


Art.  CXVT.    Further^  when  *•,  after  having  moreafeJ 

from  o  to  — ,  increafes  further  from  being  equal  to  — . 
3  3 

ad  infinitum^  the  quantity  x^  —  ax^  +  bx  will  likewife  in* 


ah 


2a  ^ 


crcafe  from ad  infinitunty  though  not  without 

decreafing  during  »  part  of  the  time  of  the  continual 

increafe 


{'  3^9  y 


tncreafe  of  jr,  ^nd  then  inoreafing  again.  Therefore^  if  tlie 
abfolute  term  r,  (to  which  the  compound  quantity  m^  ^^ 
ax*  +  bx  is  equal,)  i»  of.  any  Qiagnitude  igreater  than  v^ 

•t—  —  -— ,  there  will  be  fome  value  of  x  greater  than 


3 


27^ 


•— — 9  andj  perhaps^  fnore  than  one  fuch  valuei  that  will 

make  the  compound  quantity  x^  —  ax^  +  }jr  equal  to  r  $ 
or,  in  other  words,  the  equation  x^  -^ax*  +  ix  =s^  c  will 

have  a  toot  that  will  be  greater  than  -^  We  may  there^ 

fore  in  this  cafe  fuppofe  ;( to  be  c^al  to  »^  «f  j.  Antt^ 

if  we  make  this  fu]^Cition,  we  fliall  have  m*  ( ^^  -^  4^  j^J  ? 

3 

^T        3    ^'^  "^  ^  "*■     3     +  -»^'    ''^  ''*^^'* 
^+f2.    +   tf^    +   /,  and  *r»  (=    a    X  '«»  =4 


2^ 

"T" 


xi-rt-  +  -f^  + jy) 


3tf  J         2tftfjr 


-  +  --i  -fc  igy,  and'  ix 


hx    (=    *    X  —  4-;^3  =5  -^—  +  iy,  and  confcqucntl/ 
3  ^ 


JB»  — .  fl**  +  igr 


-i-cyf 


>  »*< 


3  3  "^ 


V 


B1» 


Bat 


(    37«>    ) 
But  xi  —  ax*  +  is'tt  =:  e» 

Therefore/        '  ^  Will  alfo  be  =  cj 


^hich  is  an  equation  in  which  the  fquare  of  the  unknown 
quantity  y  is  wanting,  and  which  therefore!  when  it's 
terms  (hall  be  properly  arranged,  by  placing  all  thofe  which 
iuToIve  the  uisknown  quantity  y  on  one  fide,  and  all  the 
known  terms  on  the  other,  muft  come  under  one  or  other 
of  the  Aftt  forms  *>  +  &r  sa  r,  ^  —  ix  ss  v,  and  ***— 
a;' j=;.4yand  confequently  may  be  refolved  by  means  of  one^ 
Qr  otfaer^  of  the  four  Problems  abore-explained* 

'^  tt  appears  therefor^  that,  when  r,  or  the  abfoltite  term 
of  the  equation  x'  —fl**  +  ix,  is  Icfsthan  —  —  — -— j 
oiie  of  the  values  of  x  in  the  faid  equation  will  be  lefs  than 


- — J  and  may  therefore  be  fuppofed  to  be  equal  to  — «-  y^ 
ind*  that  by  making  thai  fuppofiiion,  and  fubftituting 
j^-^r-  —  y  injdead  of  ^  in  the  faid  equation,  i^  will  be  con* 

verted  into  the  equation  —  —  -^  '+  —  —  ^^—y'  5=^ 

^n  which  the  fquare  of  the  unknown  quantity  y  is  want- 
ing, and  which  therefore  may  be  refolved  by  one,  or 
'Other,  of  the  four  Problems  above-explained;  and  it  ap« 
;pears  likewife  that,  when  r,  or  the  abfolute  term  of  the 

equation  »*  —  ax*  +  igzzc,  is  greater  than  -i**  ^  -^^, 


i 


{    37?    ) 

one  bf  the  values  of  x  ia  the  faid  equation  will  be  gresltet 

than  — 9  and  may  therefore  be  fuppofed  to  be  equal  t0 
3  '     ,  ' 

—  +  y,  and  that,  by  making  that  fuppofition,  and  fub^ 
^ituting  ~  +  j^  inftcad  of  Jr  In  the  cquatioii  «*  —  <<x*- 
-t*  3jr  =  ri  it  wiH  be  converted  into  the  equation  •—  -* 

—  —  *-^  +  *y  +  ^'  «  r,  in  which  the  fquare  of  the 

unknown  quantity  y  is  wanting,  and  which  therefore  maf 
he  refolvedby  one,  or  .other,  of  the  four  Problems  above- 
explained.  Therefore,  whatever  be  the  magnitude  of  the 
abfolute  term  r«  it  will  always  be  pofiible  to  exterminate 
the  fecond  term  tf**from  the  equation  ;if '  —  «**  +  ^*s=  * 

by  fttbftituting  either  —  —  j  or  —  +  yin  it's  tennt 

inftcad  of  «• 


A  SCHOLIUM. 


Jrt.  CXVII.  This  equation  *»  ^  ax^  +  hx  is  t 
h  the  only  form  of  cubick  equation^  that  has  fometimet 
three  different  roots,  or,  in  the  langtuige  bf  the  common 
booksof  Algebra,  three  real  and  affirmative  toots.  But  it 
has  not  always  three  fuch  toots,  but  fometimes  only  two 
fuch  irdots,  aqd  oftentimes  ^[jify  one.  li;  is»  however,  al« 
ways  a  poflible  equation,  or  has  at  leaft  one  fuch  root,  of 
whatever  magnitude  the  abfolute  term  c  may  happen  (o  bn^ 

Bba  uA 


\ 


i    37»    ) 

and  irbafetfv^r.maflic  tbe  pnopittions  o£  the  eo-efficietttt 
a  and  h  to  each  .other  and  to  the  abfolute  term  c.  But  to 
deterilirne  all  thefe  cafes,  and  to  {hew  when  it  will  have 
thrc^jecfootS)  and  what  will  be  the  limits  of^the  magnitudes 
of  the  faid  roots,  and  when  it  will  have  two  rodts^  and 
jwhen  i}:  i^iUJtiave  only  one  root,  is  a  matter  of  a  good 
deal  of  nicety  and  difficulty.  It  has,  however,  been  done 
grith'j^e^  caxc  and  exadnefsior  all  the  different  forms  of 
cubidk  equations  that  intolye  the  fquare  of  the  unknown 
^pan^ity  ^  is  weU  as.fpr  this  form  a^  --^ax^  +  tx  sz  c, 
(which  is  the  moft  difficult  of  them,  and  admits  of  the 
^eateft  variety  of  cafes,)  in  my  Diprtation  on  the  life  of 
'ihe-'iJe^athoe  Sign  in  Algebroy  ftoth  page  64  to  pagie  174. 
fiutiarthcfe  fifbtle  inquiries  (though  vety  curious)  are 
not  abfbfatrfy.ncceffary  to  th'd  extermiiftitlcfn  of  the  fc- 
tond  tefm  vsf^^^Trom  diefe  i^atibns,  I  here  omit  them* 


t  .." ,:  •.  -<: 


OF  THE  ErrERMINATIOltf  OF  THE  SECOND 
TERM,  tfx%  OF  THE  EQUATION  *»  —  ««*  —  *» 

'J"'-    ''■.'■  ■  ' ';•'-■       ..      ■  ■   . 

.     Att.^  CXVIIL    IM  this,  equation  x^  is  greater  than  the 
^i3uxn  of  both  isw*  and  te^  and  therefor^  afortioriyh  greater 

•  -* iflian  -ii*^*  alone :   an*  -conftquently  * — -  mtft  be  greater 
,^3in  f5»thatM,flrj»ftbegTcaterj&(>i7>  su^ 


(    373    ) 

hjirtiori,  it  muft  be  greater  th^n  - — .    Therefbjre  in  .tins 

equation  we  may  always  fuppbfe  ^  to  fee  equal  tp  * -^ 

+  y.    And,  if  wc  make  t^W  fi«»^fi^0|D^,»rtf*fo^tIjtaije 
'        V'  y        ^     .   2tfy    ,       .        yia    .    ^m 

+  yy,  and  *>  {-'^  +'|j^=-^"'3  x  —   X  ,  + 
■3  X  -4-.  >£3y  +  j(»)  ^  ,2!;  -+ffpr  4.,-,^,  ;+  -y,  -itfji 

«*.  (=  /x  x«  =  ;-x  M"Vit'vXf=^ 

+  2f21  +  fl^  and  **(**.  X.f^+j)  -  .2i  t  .^^ 
«     \      .      '  .3  3    ^ 

andconfequeiitly  A?*  — "flf;>?»  —  iSJ  cat' '  ' 


a?      '3 
^  3 


—  ayy 


.3.  '^ 


But 


'7 


tf**  —  *^  is  =  c. 


;     ^  .     ), 


•    Thcrcfotb  -  ?f.'  -.d^^'g.  -.(i,  +. j,^wi9  alf*  lie 
^       27     .   3        '3 

5='V,  fnJ'(a4$ng  ^  +>--4--i-tb  both  ficfc9,)>A^*»ijf 

+  f  will  be  4»  r .+  '—  +  — ,  or/  -;  [—  +  *!>< 

«  will  be  =  r  +  —  +  — ,  ,which  is  an  equation  in 

Bb3  which 


(    374    ) 

yMA  the  fqnire  of  the  unknown  qusintity  j  is  wanting^ 
wad  which  comes  under  the  general  form  x^  •*  ix  s=  r^ 
and  therefore  may  be  refolded  either  by  Problem  ii.  and 
Cardan's  fecond  rule,  or  by  Problem  iii.  and  Mr.  Raph* 
{on*s  method  of  approximation. 


OF  THE  EXTERMINATION  OF  THE  SECOND 
TERM,  ax%  OF  THE  EQUATION  —  **  +  <i**  + 

Artn  CXIX.  TO  avoid  aH  the  fubtle  inquiries  necef« 
fary  to  determine  the  number  of  roots  in  this  equation 
,*—*'  +  tf**  -jr  ix  =  c^  and  the  limits  of  their  magni-* 
tildes,  we  need  .only  obferve  that  feme  one  of  the  values  of 

fc  in  this  equation  muft  be  either  equal  to  — ,  or  greater 

S        -  -   . 

than  -f-,  "or  Icfs  than  • — ..  If  x  is  equ4  to  — -,  we  {hall 
3  ^  [  ^3 

have  X-  (=  ^)  =  ^,  and  ^»  =  ^,,^d  ax*  ^^, 
mAhx  (?5.  b  X  -^)  =?  -— ^f  and  confequcmly  — '  iv»  + 

therefore,  e  converfo^  if  7-  ir'  +  ax*  +  ^x,  or,  it's  equal, 

-  ,         *  •  •   '        ,     -       ;'•  -%a^  ab   '  ^        *   '    X' 

the  abfotutc  term  r,  is  equal  to  -—  +  — ,  we  maycon- 


flude  thai  ^  is  equal  to  — •    . 


Jrt. 


(375    ) 
ArU  CXX.    Further,  if  the  abfolute  term  t  is  lefs  tha^ 

— --  +  — ,  we  may  conclude  thaf  one  value  of  x  muft  be 
^1  3  , 

kff  than  — .    For,  fmce,  while  x  increafei  from  9  t6 

3 

—J  tjic  compound  quantity  -^  x^  +-  ax*  +  kie  increafci 

from  o  to  ~  +  -1-,  it  muft  in  it's  faid  incrcafe  have 
been  fuccefTively  equal  to  every  po(fible  quantity  that  is 
lefs  than  —  ^  JL.^  and  therefore,  if  the  abfrfutc  term 

^,  which  is  equal  to  *—  «'  +  ax^  +  ix,  U  lefs  than  — -- 

+  — 'f  there  muft  be  one  value  of  x  lefs  than  — *-,  which 

being  fubftituted  in  the  faid  compound  quantity  ^  x^  4- 
/jA?*  +  bx  will  make  it  equal  to  the  abfolute  term  c,  or^ 
in  other  words,  there  muft  be  one  root  of  the  equatioit 

—  x^  +  a^*  +  bx  =*  c  that  will  be  lefs  than^  — ^.  -  Ani 

therefore  in  this  cafe,  or  when  the  abfolute  term  c  n  left 

than  —  +  -— ^,  we  may  -fuppof^  one  vrfue  of  x  to  be 

equal  to jf.    And;  if  we  make  this  fuppfj^fition,  and 

-  fubftitute  the  faid  conqiound  quantity  •»-«-  *-^  )  inftead  of 

X  in  the  equation  —  jc'  +  <3w*  +  i;^  =r  r,  we  Aall  thereby 
obtain  a  new  equation  involving  the  letter  j^  inftead  of  the 
letter  ^v^.  in  which  the  fquare  of  the  unknown  quantity  j 
will  be  wanting,  and  which  may  therefore  be  refolved  by 
means  of  one,  or  other,  of  the  four  Problems  above-ex« 

Bb4  plained. 


1 


(  tr6  ) 

plained.   For,  ijf  *  Is  =  -f t,  we  fhall  have  **  (= 


^     -     9     3   '^-^'^^^y^^ 


«7 


X 


1  ' 


1>i    X          \        oh 
"^  -7  JF.)  ^•~= ^  *y>  ,and  confequently  —  *^.  +  tfx* 


■'^'A 


#  .r='^ 


»7         3  ^ 


/.    .      i 


lo  :.i 


Btlt  —  *^   +  ^i*  +'  iJ;^-lS  ^  f. 


^7.        3         }         ^         -^ 

tipknqwQ  quantity  j^  is  wanting,  and  which  therefore  may 
bf  tcr<^lved"by  nteahs  of  oneVot  other,  'of  the  four  Pro- 

liie^is  abdvMXplaihed#    . ; -' ^''•'  —  '  •  , 


ArU 


(  i7t  > 


•.V 


Art*  CXXI.    And,  if  the  abfolute  term  c  \%  greater 

!  t  •■     J*  -.«..-  -^  *  'j ,       .      ,:     .    • .  . 

thaa  —  +  — ,  we  are  Jure  that  »  muft  tithcr  be  kfs 

than  — ,  or  greater  than  -21.    {.et  us  therefore,  firft, 

fuppbfe  It  to  be  equal  to  ~  —  j^,  andfubftitutc-^^ — 5 

3  3 

in  it's  fteadin  theprpjic|fedc^iwi^n:  -^*^+  ^  +  l*^<^i 
and  we  fhaU  thereby  ponvert  the  faid  eqaation  into  the 

cquatiort  —  +  — -  —  — ^ -iy  +  jr^ =(p,  (as  wehs^ve  al- 

ireaHy  feen,}  which  (beca^f<sc  is  ITup^ied^oJbe  ^eatf^rth^ii 

•4r-  +  --^X  jpay  IJe  rtduccdi  »ri  ike fWuifti^Ti  j^^  •«* 

—  —  *y=^.^r^  — -.7p  Nq^^if  this  equation « 
a  poihble  equatiop,  the  fuppbGtion  froin  winch  ^  wm4c^ 
Hved;  to  wit,  {hat,^  was  =2:  ~  r-  J'l  or.  that  ;r  ^was  leflT 

than  -^j  nauft  alfp  be  pofliMe.^  But  the  Muatioii  j^^  — 

•  ^  .  ^■•'  '    ■.  "     .   '^  ^  .:', ' '".  "■*•'.. ; ' ^  ■■' 

tJL  —  ^r  =;  r —-  —  — *.  is  of  the  fame  form  with  the 

3  '  ^       '3 

aquation-Jar^  ^-^  ^^  c^  ^ ;  which  Is  always  pojCble,  whaitcvet 

be  the  magnitudes  of  If  and  c ;,  |Qd  ihejefore  the  fal4 

equation  j;^  —  ^  —  h  ::?=  <;r —.-^ --~.  13  poffiUcfV 

Therefore,  -irhether  t}ie  aUfolutc  term  c  of  the  propofe4 
equation'—  x^  4?  /i(;r*  +  *jr  =  if'.bc  Je^i-  0^  be  ^eajer: 

^han  —  '+' — '.  we  may  in  either  cafe  exterminate  it'| 
^7         3  ^  M  .  ^.       \,  ^'.  ] 

fecond  term  ax*,  or  reduce  \t  to  an  equation  in  wbich'thf , 
:;/:  fquar^ 


(    378    ) 
fquare  of  the  unknown  quantity  ih^II  be  wantingj  by  fop* 

pofing  4P  to  be  equal  to  —  —  jr,  and  fubftituting  the  faid 

o 

compound  qnandty ; —  h—  y  inftead  of  x  in  the  termd  of 

the  propofed  equation  —  «'  +  ax*  +  i^  =s  c. 

Q.  £•  F. 

But,  andlyy  if  n^efupprfe  «  to  be  greater  than  -f-, 

3. 

and  fttbftitute  ,-<~  +  y  inftead  of  it  in  the  propofed 

equation  —  **  +  «r»  +.  *x  ss  r,  that  fubftitution  will 
likewife  anfwer  the  purpofe  of  exterminating  it's  fecond 
term  tf^,  or  coaictdng  it  into  another  equation  in  which 
the  fquare  of  the  unknown  quantity  fliall  be  wanting.  For, 

if  we  fuppofe  jT  to  be  s?  —  +  y^  we  (hall  have  jr*^s= 
and  fl*»  »2L*  +  2^  +  ayy»  and  *»  (=  ^+^»  = 

+  4ij!JI+y,a9di^(=;^X  [~+,)«^  +  *y.  and 
confcquently  —  ;if'  +  ir;^  +  **  = 


li 


a? 
3«' 


ayj—f 


,    3"      .    **»» 


2fl  +?2.»  - 

»7  3 


fiat 


i  ii9  ) 

But  —  «'  +  a**  +  ^*  is  =  r. 
Therefore-^  +  -^  +  22Z  +  *,  *  t- «i  wiU  alfo  be 
rs  r;  and  (fubtraaing—  +  —  f r^m  both  fides,  )—-  + 

iy  —  >'  will  be  =  <:  — 5  which  Is  an  equation 

in  which  the  fquare  of  the  unknown  quantity  j^  is  Want- 
ing, and  which  therefore,  if  it  be  poihblc,  (for  equations  of 
this  form,  or  of  rthc  general  form  hx  —  ;c3  «  r,  arc  not  aU 
ways  pbffiblc,  but  only  when  the  abfolute  term  c  is  not 

greater  than  — t-j  or  — as  not  greater  than  — ,  j  may  be 

rcfolved  by  means  of  one,  or  other,  of  the  four  Problems 
above*explaincd. 

•  Art.  CXXIIo  Therefore,  whether  the  ablbli^e  term  c  hp 
greater  than,  or  Icfs  than  ^ +^,  it  wili  always  be  poffiUc,' 
by  fuppofing  one  of  the  values  of  x  in  the  propofed  equa- 

Yion  —  * ^ "+  ax^-^hxzzzc  to  be  equal  cither  to f 

•J 

or  to  —  +  y,  and  fubftituting  one  of  thofe  compoun4 

3  '  .  • 

quantities  inftcad  of  x  in  the  terms  of  the  faid  equatton, 

to  exterminate  the  fecond  term  ax*  of  the  faid  equation,  or 
to  convert  it  into  another  equation  in  which  the  fqua«e  of 
the  unknown<juantity  ^  (hall  be  wanting,  and  which  there- 
fore may  be  refolved  by  ofee,  or  other,  of  thcibur  ftro-* 
Mems  above-explained. 

OF 


t   3«*   > 


H5P  THB  EXTlBRMlNAtlON  OF  THK  ^CO!«> 
TERM^wS.OF  THE  EQyATION --.«»  +  4w» 

'  -<.  ^X  as  r* 


^f^.  'C!8|[XIII.    W  diis  equation j  if  «'e  filbftitlUe  ei- 

thcr  — ■ '+  yf  or  ,- y  inftcad  of  a?,  the   equation 

thereby  obtained  will  be  anr  equation  in  wbicb  the  fqaaye 
of  the  unknown  quantity  y  will,  be  wanting.     For,  if  ;p  is  = 

^)-  ^  +  2?  +  yy,  and  ..*  =  Sf!  4:  !^  4. 
^7  3  *7  3 

—  X  )y^+  /)=  _.  +  ^  +  «;y  +>»,  and  Ar  (=  *  X 

r—  •  +  jil  ^  fs  -^  +  ^;p  J   ^nd  confqqucntly . ;-  #'  i-,  a**? 
-1.  |a?  will  be  =s 


.    ^a^    ^    2aay    , 
3 


But 
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But  —  x^  +  tf>  —  hx  IS 


c. 


cb 


V    Therefore  ~  -"  -^  +^  -^  i,  -^  y  vffl  alb 

^  =  <»,^  which  is  an  equation  in  which  the  fquarc  of 
the  tinknown  quantity  y  is  wanting.     Aad^  if  x  is  =: 

~  —  y,  we  fliaU  have  9(x  (a^TZTZy^^il  _  i2 


if  jy)  is  ^  i ^  +  j!y,  and  tfxjr  •«  ^  — 


fl4tfjf 


^^ 


27 


+  ^)>  — *>^  and  ike  {z^ 


b  X yj:=i  — ''—  by  %   and  confcqucntly  —  at^  + 

iw:*  —  ^A-  will  be  =  ' 


27         J         //  ^  / 

ab         ^ 


But  —  ^3  +  flfxa  —  3j?  is  =  r. 

Therefore^  — ^  —  f2.  +  fy  +  ^^  wiU  alfo  be 

,  2=  r ;  ftrhich  lis  an  equation  in  which  th^  fquare  of  the 

unknojwfi  quantity  >  is  wanting* 


Now 
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Now  the  value  o£x  in  the  propofed  equation  >^  x^  + 
ax*'  -^  bx  ^c^  or,  if  it  has  more  than  one  value,  each  of 

k*s  values,  muft  be  either  greater  than  —  or  lefs  than  ^« 

3  3 

9nd  therefore  may  be  fuppofed  to  be  equal  cither  to  -^+^ 

or  to  «^  — >  J ;  and  confequentl/  either  the  equation 

—  —  ^^  ^  hy.^y^  sz  c  (arifing  from  the  fuppcHfitioa 

that  *is  emial  to  -^—  +  v,)  or  the  equation ~  — 

J  »7         3  .     * 

~  +  ijy  +  ^*  s=  c,  (arifing  from  thefuppofition  that  x  is 

equal  to  -. y)  muft  be  a  poffiblc  equation.    And  it 

may  happen  that  both  theft  equations  may  be  poflible, 
siamely,  if  the  propofed  equation  —  «^  +  ajt*  —  ix  =  r 

has  two  roots,  of  which  the  lefler  is  lefs  than  — ,  and  the 

3 ' 

the  greater  is  greater  than  — .    We  muft  therefore 

nrft  pxammc  the  equation   —  —  —  H i  *-  3y  — 

y^  zz  Cy  (which  arofe  from  the  fuppofition  that  x  w^s 

equal  to—  +  y)  to  find,  whether,  or  not,  it  is  pof- 

fible  5  and,  if  we  find  it  is  poffiblc,  our  bufincfs  is  done, 
or  we  have  converted  the  propofed  equation  —  x^  +  tf** 
.—  i*  =^  into  another  equation  Ijti  whith  the  fquare  of 
the  unknown  quantity  is  wanting,  and  which  therefore 
may  be  refolved  by  mcaiis  of  onc^  or  other,  of  the  foar 

Problems 


(    S83    ) 

4  JProblems  above-expired.    Aqd,  if  we  find  tVit  firft 

^^  equation  to  be  impoffible,  the  other  equation  ^  — ,— ^ 

)  ~  +  iy  +  y^  ss  c  (which  arofc  from  the  fuppofition 

that  X  was  equal  to  ~-  —  ;?,)  will  be  poffible,  and  will  an- 

,5  >  ,  3 

-  fwer  the  objc£k  we  were  in  purfuit  of,  namely,  that  of  ex- 

terminating the  fecond  term  anf*  from  the  propofed  equa« 

^  tion  —  *'  +  a**  —  6x  =  r,  or  converting  the  faid  equa- 

tion  into  another  equation  in  which  the  fquare  of  the  un- 
known quantity  i$  wanting,  and  which  therefore  may  be 
rcfolvcd  by  means  of  one,  or  other,  of  the  four  Problems 
above-explained. 

Art.  CXXIV.    If  we  find  both  the  equations  —  — 


JSL 


+ 


ab    .  nay         ,  ,  -    2a^  ab 

, —  ^.^J^.^  i«  — v5  as  c  and  ——  — •  — 

3  3  27  3  3 

hy  +  >^  s  r  to  be  poffible,  we  muft  cOnCder  which  of  the 
two  may  be  tefoived  with  the  leaft  trouble,  and  muft  re- 
ibivethat  alone  (without  taking  any  further  notice  of  the 
othei^  equation,)  by  the  method  prefcribed  for  that  pur* 
pofe  in  one,  or  other,  of  the  four  Problems  above-ex* 
plained  \  and  when  we  have,  by  this  means,  obtained  one 
value  of  Xj  or  one  root  of  the  propofed  equation  ^  x'  «f> 
cx^  •—  ix  =  c,  we  (hall  be  able,  by  the  help  of  this  one 
root,  to  reduce  the  iaid  equation  to  a  quadratick  equa* 
tion,  which  will  involve  it's  other  root  \  and  then,  by  the 
refolution  of  ^  this  quadratick  equation  (which  is  always 
much  eaCer  than  the  refolution  of  any  cubick  equation,) 

wc 
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^Rre  may  fiiid  the  (aid  remaimng  root  of  the  propofed  e^tisi-i 
^tion  rr.^^.  +  a**  —  *«  =3  <•♦    ♦    . 

Q;^E.    I. 


OF  THE  EXTERMINATION  OP  THE  SECOND 
TERM,  ax*^  OF  THE  EQJTATION  —  ;r»  -.  «* 
«i*  3jc  s  r»      . .  ... 

jfrf.  CXXV.    TO  exterminate  the  fecond  term  of  this 
equation  ;—  **  —  ax*  ^  bx  =  cigfc  mull  fuppofe  ;r  to  be 

equal  to  y  —  — ;  which  is  a  fuppofitlon  that  is  evidently 

poflible,  becaufe  whatever  be  the  magnitude  of  xy  there 
uriH  always  be  fome  other  quantity,  \i4Hcb  we  may  call  jr> 

%hich  will  exceed  it  l^  the  givro  difierchoe  r^  •  ,  Now, 
if  w'e  fuppafe  f  to  be  w  j — ,  #c  ihall  have  *»  (5* 

«**  =  "tfjy  -  ?^+  ^,.  and  *»  (=  ^  -  ^r  =  j,»  ~  3 


I 


sad 
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and  confcquently  —  ;ir^  —  ax*  +  bx  will  be  = 


'-/ 

+  "yy 

— 

aay 
3 

3? 

-ayy 

+ 

2aay 
3 

30' 
27 

+ 

*y 

3  . 

=  < 


'^  3         27 


+  ^J*  — 


ab. 


But  —  *'  — •  a«*  +  ix  is  =  f. 

Therefore  —  ^j  +  f2L  +  *y  _  if!  ^^  will  alfo  be 
3  -     27         3 


:  c,  and  confcquently  (adding  - 


-to  both  fides,) 


aay 


^  Z  27  3  3 

7  -     .1,  t  2fl'     .      ah  aa        T) 

^v  —  v3  will  be  =  ^  + 1-  — ,  or —  +  ^l  X  y  —  «^ 

a?  3  3 

will  be  =  i:  -1 H ri   which  Is  an  equation    in 

.        .  ^7  3 

which  the  fquare  of  the  unknown  quantity  y  is  wanting^ 
and  which  is  of  the  fame  form  as  the  equation  bx  —  «J 
=s  Cy  and  therefore  may  be  refolved  by  means  of  Pro- 
blem  iv. 


Art.  CXXVI.  This  equation  -^  x^  —  ax''  +  bx  =:z  c 
is  the  lad  erf  the  fcven  forms  of  cubick  equations  that  have 
all  their  terms  compleat,  which  were  fet  down  above  in 
Art.  112;  and  therefofe  we  have  now  fliewn,  how,  by 
fuppofing  fc  in  fome  oaf(;8  to  be  equal  to  the  compound 

Cc  quantity 


1 
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quantity^ ,  and  in  others  to  —  —  j;,  and  in  ot&crs  to 

"*~~  +  yt  wc  may  always  convert  a  cubick  equation  tha,t 

involved  in  it  the  fquare  of  the  unknown  quantity  *,  into 
another  cubkk  equation,  (involving  the  unknown  quantity 
y  inftead  of  the  firft  unknown  quantity  jf,)  in- which  the 
fquare  of  the  faid  unknown  quantity  y  fhall  be  wanting^ 
and  which  therefore  may  be  refolved  by  means  of  one,  or 
other,  of  the  four  Problems  above-explained.  And  this  i» 
all  that  is  abfolutely  neceflary  to  be  known  in  order  to  ena- 
ble the.  reader  to  find  the  roots  of  any  propofed  cabick 
equation  whatCoever ;  which  is  all  that  I  propofed  to  dew 
in  this  Appendix.  But  the  more  curious  and  inquifitivc 
ftudents  of  this  fcience  of  Algebra,  (for,  upon  the  princi- 
ples of  Mr.  Frend's  book  and  this  Appendix,  from  which 
all  the  nonfenfe  of  negatiye, quantities,  or  quantities  lefs 
than  nothing,  or  quantities  ariiing  from  the  fubtra£^ioh  of 
a  greater  quantity  from  a  lefler,  is  compleatly  excj[uded| 
we  may  venture  with  propriety  to  call  Algebra  a  Science, 
iind  one  by  which,  in  the  words  that  have  been  cited  fram 
Des  Cartes  in  the  motto  to  this  Appendix,  Ingenmm  ex^o-* 
latur  et  perfpicac'ms  reddatur^)  will  probably  be  defirous  of 
knowing  more  cxaftly  the  limits  of  the  magnitudes  of  the 
abfoltite  terms  of  fome  of  the  forms  of  cubick  equations, 
(as  for  example,  the  cubick  equations  —  ;i;3  ^  ^^'^  ^  ^^ 
==  r,  and  —  A'^  —  ax*"  '\-  bx  =^  c^)  within  which  only  the 
faid  equations  are  poffiblc,  srtid  the  number  of  roots,  which 
fome  of  thefe  equations  will  admit  o/^  and  t;he  Hoytaof  the 
magnitudes  of  each  of  the  faid  roots ;  all  which  particu- 
lars have,  in  this  Appendix,  been  fully  fet  forth  onlj;  with 

2  rcfpedl 
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tefpefl>  to  the  three  equations  x^  +  hx  =i  c,  x^  —  ix  =  ^, 
an(l  i;>tf  —  ^^  =  Cj  which  are  the  fubjefls  of  the  four  Pro- 
blems above-explained.  And  therefore,  for  the  further 
fatisfa£lion  of  fuch  curious  readers  with  refpeft  to  thefc 
particulars  in  all  the  other  forms  of  cubick  equations,  I 
muft  refer  them  to  my  Diffettation  on  the  Ufc  of  the  Ne- 
gative Sign  in  Algebra,  pages  64, 65, 66,  &c  -  *  -  to  page 
174,  where  the  matter  is  very  fully  and  diftinftly  confi* 
dcred  and  explained  in  all  it's  various  branches  and  fubr 
divifions. 


pF  THE  RESOLUTION  OF  CUBICK  EQUATIONS 
THAT  HAVE  ALL  THEIR  TERMS  COMPLEAT, 
BY  Mr.  RAPHSON'S  METHOD  OF  APPROXI- 
MATION,  WITHOUT  FIRST  EXTERMINAT- 
ING THE  SQJJARE  OF  THE  UNKNOWN 
QUANTITY. 

jirt.  CXXVII.  IN  the  foregoing  articles  it  has  beea 
(hewn  that  all  forts  of  cubick  equations  that  involve  in 
them  the  fquare  of  the  unknown  quantity  at,  may  be  con- 
verted into  other  cubick  equations  in  which  the  fquare  of 
the  unknown  quantity,  that  is  the  root  of  fuch  fecond 
equation,  is  wanting.  This  convcrfion,  it  has  been  fliewn, 
is  performed  by  fuppofing  x  to  be  equal  either  to  the 

compound  quantity  y  —  — j  or  to  the  compound  quan- 

3 
C  c  2  tity 
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/ 

tity  —  —  y^  or  to  the  compound  quantity  ——  +  yj 

as  the  cafe  may  require,  and  fhen  fubftituting  the  faid 
compound  quantity  inftead  of  x  in  the  original  equation. 
For  the  ne v  equation  arifing  from  this  fubftitution,  and  of 
which  y  will  be  the  root,  will  always  (as  we  have  fecn,)  be 
without  the  fquare  of  the  new  unknown  quantity  y.  This 
new  equation  therefore  will  always  come  under  one  of 
thefe  three  forms,  **  +  3a*  =  r,  ;r'  —  3;v  =  r,  and  ix  — 
xi  =  r,  or/  ^  gy  =  r^y^  —  qy  =  r^  and  qy  — /  =  r, 
and  therefore  may  be  rcfolvcd  by  means  of  one,  or  other, 
of  the  four  Problems  above-explained.  And,  when  the  va- 
lue of  y  is  difcovered  by  that  means,  the  value  oi  xm  the 
original  equation  may  be  deduced  from  it  by  fubirafting 

-^  from  yy  if  *r  was  equal  to  j  — 9  or  by  fubtradling 

y  from  — *,  if  x  was  equal   to j?,  or,  laftly,  by 

adding  y  to  ,  if  x  was  equal  to  < —  4-   V*     And,  if 

3  '3 

the  fecond  equation  (which  involves  the  unknown  quan- 
tity y,)  comes  under  the  general  equation  y  +  ^jf  =r  r, 
the  value  of  y  may  be  obtained  to  the  intended  degree  of 
exa£lnefs  at  once,  or  by  a  fingle  procefs,  or  fet  of  arith- 
metical operations,  by  means  of  orie  of  the  three  expref- 
fions  given  by  Cardan's  firft  rule,  which  was  invented  by 
Scipio  Ferreus,  and  which  is  explained  above  in  the  folu- 
tion  of  Problem  i :  and,  if  the  faid  fecond  equation  comes 
under  the  firft  cafe  of  the  general  equation  j^J  —  yj^  =  r, 

or  that  in  which  the  abfolute  term  r  is  greater  than  ^ — ^ 

or 
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or  —  is  greater  than  -^,  the  value  of  y  may  be  ob- 

4  ^7 

tained  to  the  intended  degree  of  exaftnefs  at  once,  or  by  a 
fingle  procefs,  or  fet  of  arithmetical  operations,  by  means 
of  one  of  the  three  expreflions  given -by  Cardan*s  fecond 
rule,  virhich  was  invented  by  Nicholas  Tartalea,  and 
which  is  explained  above  in  the  folution  of  Problem  ii : 
but,  if  the  faid  fecond  equation  comes  under  the  fecond 
cafe  of  the  general  equation  y^  —  37=  ^^  ^"  which  r  is 

.  lefs  than    ^  ^  ,  or  —  is  lefs  than  -2-,  or  if  it  comec 
•      SV3  4  *7  , 

under  the  general  equation  qj  —  /  =  r,  we  fliall  not  be 
able  to  obtain  the  value  of  j?  to  the  intended  degree  of  ex- 
aftnefs  at  once,  or  by  a  fingle  procefs,  or  fet  of  arithmeti- 
cal operations,  by  means  of  either  of  Cardan's  rules,  but 
{hall  be  obliged  to  employ  repeated  proccflcs  of  Mr.  Raph- 
fon's  method  of  approximation  for  that  purpofe,  in  the 
manner  defcribed  in  Problems  iii  and  iv.  And  in  thefc 
latter  cafes  it  will,  I  believe,  be  generally  found  moft  con- 
venient tb  refort  at  once  to  Mr.  Raphfon's  method  of  ap- 
proximation for  the  refolution  of  the  firft  equation,  (of 
which  JT  is  the  root,)  inftead  of  firft  reducing  it  to  one  of 
the  two  forms  f  —  qyz=z  r  and  jy  r— .y  =:  r,  and  then  rc- 
.  folving  the  faid  fecond  equation  by  Mr.  Raphfon's  method: 
and  this,  even  though  the  firft  equation  fliould  have  all  it's 
term§  co.mpleat,  and  ihould  alfo  be  of  the  form  x^  —  fl;r* 
^-.  Jx  =  r,  vrhich  is  the  moft  complicated  and  difficult  of 
all  the  forms  of  cubick  equations,  and  fometimes  admits 
of  three  real  and  pofitive  roots.  And  even  in  the  former 
cafes,  which  may  be  made  to  come  ultimately  under  one. 
Of  other,  of  Cardan's  rules,  I  believe  it  will  often  be  found 

C  c  3  to 
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to  be  mod  convenient  to  rcfort  at  once  to  Mr.  Raphfon's 
m^hod  of  approximation  for  the  rcfolution  of  the  firft 
equation.  Of  fuch  a  rcfolution  I  (hall  therefore  now  pro- 
ceed to  give  one  or  two  examples. 


AN  EXAMPLE  OF  THE  RESOLUTION  OF  A  CU- 
BICK  EQUATION  THAT  HAS  ALL  JT*S 
TERMS  COMPLEAT,  BY  Mr.  RAPHSON'S  ME- 
THOD OF  APPROXIMATION,  WITHOUT 
FIRST  EXTERMINATING  THE  SQUARE  OF 
THE  UNKNOWN  QUANTITY. 

Art.  CXXVIII.  LET  It  be  propofed  to  refolve  by  Mr. 
Raphfon's  method  of  approximation  the  cubick  equation 
x^  —  ^x  —  36A;  =  342. 

•  Here  we  may  obferve,  in  the  firft  place,  that,  if  x  is 
equal  to  10,  xx  will  be  =  100,  and  x^  will  be  =  1000,  and 
3;^;^  will  be  =  300,  and  36^?  will  be  (=  36  X  10)  =  360, 
and  confequently  that  x^  —  l^x  —  36^  will  be  (=;  1000 

■T-300  —36D  =  1000  —  660)  =  340;  which  is  but  a 
little  lefs  than  34.2,  or  the  abfolute  term  of  the  propofe4 
equation  x^  —  ^^x  —  36^  =  342.  Therefore  10  will  be 
a  little  lefs  than  the  true  value  of  x  in  that  equation. 


Let 
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Let  us  therefore,  in  the  fecond  place,  fuppofc  ^  to  b« 
=  ID  +  z. 

Then  we  fliall  have  xx  (=3  10+?*  =  100  +  2X10 

X  2  +  &c)  =  100  +  20Z  4-  &c,  and  x^  {z=  10  +  z^ 
=  1000  +  3  X  100  X  z  +  &c)  =  icoo  +  300Z  +  &c, 
and  2^^  (=  3  ^  '00  +  202  +  &c  =  300  4-  602  +  &c, 
and  36X  (=  36  X  10  +  z  =36  X  10  +  36  X  z)  =  360 
+  362. 

Therefore  x^  —  2^x  —  36*;  will  be  .= 
r     icoo  +  300  X  2  +  &c^ 

J  —  300  —    60  X  2  —  &c  V=  34^  +  204  X  z  &c. 
t—  360  —   36  X  z  J 

But  x^  —  "^xx  —  36^  is  =  342- 

Therefor^  340  +  204  X  z  &c  will  alfobe  =  342,  And 

confequently  (fubtrafting  340  from  both  fides,]  204  X  z 

2  I  \ 

will  be  =  2,  and  z  will  be  =  - —  =  — j  =  o.o09>8o3, 

&c.  Therefore  at,  or  lo  +  z,  will  be  (=  10  4-  0.009, 
803,  &c)  =  10.009,803,  &c  ;  that  is,  the  root  of  the  pro- 
pofed  equation  x^  —  2^^  —  3^^  —  34^  ^'^^^  ^^  nearly 
equal  to  10.009,803,  &c. 

CLE.L 


jirt,.  CXXIX.  This  value  of  x  is  pretty  near  the 
truth,  as  will  appear  upon  trial.  For,  if  we  fuppofe  *  to 
be  =  10.009,803,  we  ihall  have  xx  =  100.196,156,-98, 

Gc4   , 
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Jog,  and  a-^  =  1002.943,783,906,326,624,627,  and  3x»f 
=  300.588,468,296,427,  and  36*  (=  36  X  10.009,8035 
=  360. 352,908,  and  lJt^^  ■—  2^^  —  36^:  = 

(1002.943,783,906,326,624,627  ^ 
—  300.588,468,296,427        I  = 
—  36o.2S^,9oS  J 

{1002.943,783,906,326,624,627^ 
-660.941,376,296^27,      /  =  34^-002,407, 

609,899,624,627;  which  is  greater  than  342  by  lefs  than 
0.00241,  or  the  I4i,742d  part  of  342. 

j/rt.  CXXX.  I  believe  this  manner  of  obtaining  the 
value  of  X  in  the  propofed  equation  x^  —  ^xx  —  36^  «= 
342  to  be  much  lefs  troublefome  ihan,  firft,  to  convert 
this  equation  into  an  equation  of  one  of  the  three  forms 
y3  +  qy  =^r,y^  —  qy  =  r,  and  qy^  y^  =  r,  by  fuppofing 

X  to  be  equal  to  f +  y,  or  -^  +  y,  or)  i  +  y,  and 

fubftituting  I  +  y  inftead  of  it  in  the  propofed  equation 
9c^  —  '^yx  .^—  36;^  =r  342,  whereby  the  faid  equation  would 
be  changed  into  the  equation  —  38 —  39y  *  +  y^  =  342, 
or  y3  —  39^  =  380,  lin  which  the  fquare  of  the  unknown 
quantity  y  is  wanting,)  and  then  refolvingthe  faid  fecond 
equation  y^  —  39y  =  380,  thereby  obtained,  by  means  of 
one  of  the  expreflions  of  Cardan's  fecond  rule,  under 
which  the  faid  equation  falls.  But  I*  leave  the  trial  and  the 
comparifon  of  ihefe  two  methods  of  refolvirig  the  propofed 
equation  x^  —  2^^  "~  3^^  ==  34^  ^^  '^^  induftry  of 
the  reader. 

ANOTHER 


r 
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ANOTHER  EXAMPLE  OF  THE  RESOLUTION  OP 
A  CUBICK  EQUATION  THAT  HAS  ALL  ITS 
TERMS  COMPLEAT,  BY  Mr.  RAPHSON'S 
METHOD  OF  APPROXIMATIG«J,  WITHOUT 
FIRST  EXTERMINATING  THE  SQUARE  OF 
THE  UNKNOWN  QUANTITY. 

Art.  CXXXI.  LET  the  equation  that  is  to  be  refolved 
by  this  method  of  approximation  be  x^  +  15.75**  + 
43.6875^  =  4+0.046,875. 

Now  it  is  evident,  in  the  iirft  place,  that  this  equation 
can  have  but  one  root ;  and  this  root  may  be  found  by  a 
few  eafy  conjeftures  and  trials  to  be  nearly  equal  to,  but 
fomcwhat  Icfs  than,  3.79. 

For,  if  ii  is  fuppofed  to  be  =  1,  we  (hall  have  xx  s=  i, 
and  x^  alfo=  i,  and  confequently  a:^  +  IS*75**  +  43v 
687s*  (=  I  +  15  75  X  I  +43-6875  X  I  =  I  +  15.75 
+  43-6875  =  16.75  +  43-6875)  =  60.4375  ;  which  is 
niuch  lefs  than  the  abfolute  term  440.046,875.  Therefore 
I  is  much  lefs  than  the  true  value  of  x  in  that  equation. 
"VVe  may  therefore  reafonably  conjefture  that  the  faid 
true  value  will  not  be  lefs  than  3,  and,  for  a  fecond  trials 
will  fuppofe  it  to  be  equal  to  3. 

Now,  if  ;r  be  r=  3,  we  (hall  have  xx  =  9,  and  ;v3  =  27, 
and  confequently  x^  +  15.75  X  xx  +  43*6875  X  x  will 

be 
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be  (=  ?7  +  iS-75  X  9  +  43-6875  X  3  =  27  +  I41.7S 
4-  13s. 0625)  =  299*8125;  which  is  ftill  confidersibly  lef$ 
than  440.046,8751  or  the  abfoltite  term  of  the  equation. 
*•  +  'S«75^^  +  43*6875*  ^  440.046,875,  Therefore 
3  is  lefs  than  the  true  value  of  x  in  that  equation. 

"We  will  therefore  in  the  next  place  fuppofc  x  to  Uc 
=  4. 

Then  will  **  be  =  16,  and  **  be  =  64,  and  x^  +  15. 
75  X  «*  +  43'6875  X  -x  will  be  (=  64  +  15.75  X  16 
+  43-<^875  X  4  =  64  +  252.00  +  174.7500)  =  490, 
7500  ;  which  is  greater  than  440.046,875,  or  the  abfolute 
term  of  the  equation  x^  +  iS-TS'^^  +  A3'^^7S^  =  440* 
046>875«  Therefore  the  true  value  of  ^  in  this  equation 
matt  be  lefs  than  4, 

We  therefore  now  know  that  the  true  value  of  x  is 
greater  than  3,  but  lefs  than  4.  We  muft  therefore,  in 
the  next  place,  fuppofe  it  to  be  equal  to  (bme  intermediate 
number  between  3  and  4. 

Now,  finde,  when  x  is  equal  to  3,  the  compound  quan- 
tity ^  +  15.75*;?  +  43«6875jc  is  equal  to  299.8125,  or, 
nearly,  to  300  ^  and  when  x  is  equal  to  4,  the  fame  com-> 
pound  quantity  is  equal  to  490.7500,  or,  nearly  to  490 ; 
and,  when;if  is  equal  to  the  root  of  the  propofed  equation, 
the  fame  compbund  quantity  is  equal  to  440.046,875,  or, 
nearly,  to  440 ;  we  may  reafonably  conjecture  that  the 
cxcefs  of  4  above  3  will  be  'to  the  excefs  of  4  above  tlie 
root  of  the  propofed  equation  in  nearly  the  fame  propor- 
tion 


(    395     ^ 

tion  a$  the  excefs  of  490  above  300  is  to  the  cxcefs  of  490 
above  440,  that  is,  that  i  will  be  to  the  excefs  of  4  above 
^e  root  df  the  faid  equation  nearly  as  190  is  to  5p,  or  as 
19  is  to  5  J  whence  it  Mrill  follow  that  the  excefs  of  4 
;ibove  the  root  of  the  faid  equation  will  be  nearly,  equal  to 

(I .,  or  to  — ,  or)  to  0.21,  and  confequently  that 

the  laid  root  will  be  nearly  equal  to  4  —  0.21,  or  3.79. 
We  will  therrfore  fuppofe  ;?  to  be  equal  to  3.79,  and  try 
\yhat  will  be  the  value  of  the  compound  quantity  x^  -fc 
15.75^;;  +  43.6875* refulting  from  this  fuppofition. 

Now,  if  jr  is  =  3.79,  we  fhall  have  xx  {^  3.79^)  = 
14.3641,  and  ;w2  (=  3.79I')  =  54-439^939'  and  15.75x1? 
(=  ^5-75  X  143^40  =  226.234,575,  and  43,6875x 
(=  43.6875  X  3'79)  =  165.575,625,  and  confequently 

x^  +  15-75^^  +  43'6875*'  (=  54-439>939  +  221^-234^ 
575  +  165.575,625)  =  446.250,139;  which  is  a  little 
greater  than  440.046,875,  or  the  abfoluteterm  of  .the  pro- 
pofed  equation  x^  +  ^S'lS^^  +  43'6875*'  =  440,046, 
875,  Therefore  3.79  will  be  a  little  greater  than  the 
true  root  of  that  equation  :  but  it  will  be  near  enough  to 
the  faid  root  to  be  an  excellent  bafis  of  a  further  approxi- 
mation to  it  in  the  method  taught  by  Mr.  ]^aphfon« 

JrL  CXXXII.  Let  tis  therefore  now  fuppofe  x,  or  the 
root  of  the  equation  x^  4-  '5»75**  +  43-^875.^  i=  440, 
046,875,  to  be  equal  to  3.79  —  2,  and  let  this  compound 
quantity  3.79  —  2  be  fub^itutcd  inftead  of  jf  in  the  terms 
of  the  iaid  equation^ 

Then 
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Then  will  xx  be  (=  3.79,-2;  *  =r 

i7$*  -  ^  X  3  79  X^2  +  &c  =  3T79I*—  7.58  X  %  +&c) 
=  '14.364.1  —  7.58  X  2  4-  &c, 
and  *'  will  be  (=  3.79  — •  z)^  =  3.79!^ 
—  3  X  3*79)*  X  2  +  &c  =  3.79V  —  3  X 
14.3641  X  z  f  hzzTi^^  -.  43-09^3  X  z  +  &€> 
=  54-439>939  —  43-0923  X  2  +  &c, 
and  15.75^*  w£ll  be (=  '5-75  X  14.3641  —  7.58  X2  +  &C 
=  IS-7S  X  14-3641  -  15-75  X  7.58  X  2+  &c,) 
=  226.234,575  —  119.3850  X  2  +  &c, 

and  43-6875^  will  be  (=  M.6%t^  X  3.79  —  2; 
=  43-6875  X  3.79  —  43-6875  X  2) 
=  165.575,625  —  43-6875  X  2  J 

and  confequently  the  trinomial  qi^antity  x^  +  15. 75;^*  + 

43.6875;?  will  be  = 

54-439>939  —    43-09^3  X  2  H^  &c^ 
^+  226.234,575  —  119.3850  X  2  +  &c>  = 
.+  165.575,625—    43.6875  )<  2  .         \ 
446.250,139—206.1648  X  2  +  &c» 

But  the  trinomial  quantity  x^  —  I5.75*'*-  +  43.6^75^ 
is  =  440.046,875. 

Therefore  446.250,139  —  206.1648  X  2  +  &c  will 
alfo  be  =  440.046,875.  And  confequently  (adding  206. 
1648  X  2  to  both  fides,)  446.250,13^  will  be  =  440.046, 

87$ 
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«75  +  ^06.1648  Xz,  and  (fubtraftiilg  440.046,87s  from 
both  fides,)  206.1648  X  z  will  be  =  6.203,264,  and  con- 

fequently  2  will  be  (=  V  J^\  g)  =  0.030,08.  There- 
fore Xf  or  3.79  —  «,  >^illbe  =  3.79  —  0*030,08  =&«  3.759» 
92,  or,  very  nearly,  3. 760 ;  that  is,  th^  root  of  the  pro- 
pofcd  equation  x^  +  IS-IS^^  +  43«6875'«  =  44ao46, 
875  will  be,  very  nearly,  =  3.760. 

jfrt.  CXXXIII,  Now  that  this  number,  3«76o,  is  very 
nearly  equal  to  the  true  value  of  x  in  the  equatioa  x^  4- 
^5-75^^  +  43'6875*  =  440.046,875  will  appear  upoa 
trial,  as  follows  : 

If  X  is  =  3.760,  we  (hall  have  xx  (=  3.760!*)  =  14* 
137,600,  and  x*  (=  3.760!^)  =  53-i57>37^>ooo,  and  15- 
75Ar*  (=  15  75  X  14.137,600)  =  222.667,200,00,  and 
43.6875X  (=  43.6875  X  3.760)  =  164.265,000,0,  and 
confequently  a;'  +  J5.75'^^  +  AS-^^IS^  (=  S3-JS7j37^» 
000  +  222.667,200,00  H-  164.265,000,0  =  440.089,576; 
which  exceeds  440.046,875,  or  the  abfobte  tefm  of  the 
equation  s^  +  1^1-75^^  +  43*6875.»  =  440.046,^75,  by 
only  the  fmall  quantity  0.042,701,  which  is  lefs  than  the 
10,305th  part  of  the  faid  abfolute  term  440.046,875.  This 
is  a  very  great  degree  of  exaftnefs  for  the  refult  of  onlf 
one  procefs  of  Mr.  Raphfon's  method  of  approximation* 
A  fecond  procefs  of  this  method,  by  fuppofing  j»i:  to  be 
equal  to  3.760  —  z,  and  fubftituting  this  compound  quan- 
tity infteadof  .*•  in  the  propofed  equation  x^  -f  i^.j^xx  + 
4.3.6875;*  —  440.046,875,  would  give  us  a  value  of  x  that 

would 
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^rould  be  exa£l  in  the  firft  eight  figures.  Bot  this  I  Ihafi 
ka^  to  the  indaftry  of  the  reader,  as  well  a»  the  bufinefs 
of  refolving  this  equation  in  the  other  way,  by  firft  con- 
'▼erting  it  into  another  cubick  equation  in  which  the 
fquare  of  the  urikno"/n  quantity  fhall  be  wanting,  and 
then  refolving  the  faid  ftcond  equation  by  means  of  one 
0f  the  four  i^roblcms  above-explained  ;  which  method  of 
refolving  it  I  believe  he  will  find  much  more  laborious 
than  the  fotegoing  refolution  of  it  by  three,  or  four,  con- 
jeftures  and  trials  of  very  eafy  numbers  confifting  only  of 
one  figure,  and,  afterwards,  by  only  one  procefs  of  Mr. 
Raphfon'd  method  of  approximation.  But  of  this  the 
reader  will  be  "beft  able  to  judge  when  he  has  refolved 
this  and  a  few  more  fuch  equations  by  both  thefe  me- 
thods. 

i  therefore  think  It  unneceflary  to  add  any  thing  ftlr^ 
lliet  concerning  the  refolution  of  cubick  equations* 


OF  THE  RESOLUTION  OF  BIQUADRATICit 
EQUATIONS,  OK  EQUATIONS  OF  THE 
FOURTH  ORDER,  OR  THAT  INVOLVE  THE 
FOURTH   POWER    OF    THE    UNKNOWN 

QJJANTITY. 

• 

Jrt.  CXXXIV.    THE  number  of  all  the  different; 
forms   of  biquadratick  equations,  or  equations  that  in- 
volve the  fourth  power  of  the  unknown  quantity,  is  no 
lefs  than  46,  the  faid  forms  being  as  follows : 
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2.  91^  -k-  rx  mh 

3.  •  —  r^  :;:  #. 
4*-**  +  r*  =  ^> 

or  r«?  —  ap*  =1=  a 
5-    **  +  j;^*  =  /, 
6.    yr*  —  jr«*.c=  /.    . 

or  jjr*  —   «^  «=  /. 

8.  X*  +  px^  z^  u 

9.  AT^ px^   X^  U 

JO*— pp*  4-  px^  =  /^ 

Or/a?^  —    jp4  =:  /, 

11.  x^  +  jjv*  +  jr^  =  4j^ 

12.  «*  +  jT^*  -^  r;(  2  jite 
}i*  4c*  -^  jf jf*  +  rjf  =  /. 
14,  «♦  —  qx*  —  r«  =;  /• 
IS*"-***  +  «r**  +  r^  =5  i*. 
16 — x^  +  j*»  .^  r4P  =s  X. 
17,— ;v4  —  j4r*  +  r;f  =  X. 

18.  «*  +  >»^  +  r;ir  =  x. 

19.  ;r*  +  >^'  -^  ^  =  J"* 
ZO,     x^  -^px^  +  r;p  =  X* 

21.         a:*  -*.  p9i^  '^ffX    =S    Smr 

22— A'^  +  px^  +  r;r  =  X. 


23* 


n 

24. 

26. 

28. 

29. 
30. 

3»- 
32- 
33- 
34- 
35- 
36- 

37- 
38. 
39- 
40. 

41- 

43-' 
44. 

45-' 
46- 
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— ^*  +  px*  —  Ta:  =  /» 
— *♦  —  /»4f»  -h  r.«  =  /. 

*♦  +  /*'  +  qx*  =  /. 

«*  +  p^  — ^  ?**  =  J"* 

-;v*  +  />*'  +  qx*  =  J-. 

^x*  — /jf'  +  ja?*-  =  X. 
^  +  /^  +  5^**  +  rAT  =r 
A^  +  px^  +  3'Ar*  —  r;^  =r 
x^  +  px^  —  qx^  +  rx  =z 
X*  4-  px^  —  qx^  —  r*  = 
^ — px^  +  qx^  +  r.ii?  == 
^4  ...  ^^^.s  ^  ^;,j«  —  rx  = 

;«4  —  ^a:^  —  ^x*  +  r;f  = 


JP*  — ^flc3  —  ^jj^ 


•*^  +  px^  +  5fA?*  *—  rjf 
.*-♦  +  px^  —  jT^e*  +  rx 
-x^  4-  /A?'  —  ^^  -—  rA? 
•«♦  —  px^  +  y*»  4-  r;^ 

.^4  .«,  ^A?'    ^    yjjl  _  ^^ 


X. 
/• 

X. 

J. 

X. 
X. 

/. 

X. 
X* 
X. 

X. 
X. 
X. 


J^' 
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Att.  CXXaV.  Of  thefe  4d  ibrms  of  biquadratlck 
equations^  27  &nns»  namely^  all  thofe  in  which  x^  is  not 
fiibtrafled  from  the  other  tenns  on  the  left-hand  fide  of  the 
equation,  are  always  poffibIe|  whatever  may  be  the  magni- 
tudes of  the  co-e&cients  pp  q^  and  r,  and  of  the  abfolute 
term  s.    Thefe  forms  are  as  follows : 

!•    «*  =  /. 

2.    **  +  r;c  =  X. 

•    5.     x^  —  qx*  =  /.    * 
6.     *♦  +  /**  =  /. 

8.    «♦  +  jye*  +  r*  =5.  /. 

f  o.  ;»♦  —  j#*  +  r*  =  /. 

11.  ;r*  — jf**  — r«  =s  J. 

12.  *^  +^«'  +  r*  =  J. 
13-  **  +  jp*'  —  r«  SK  X. 

14.  «4  — ^'  +  r#p  s  J. 

15.  **  —  ^;»*  — .  ris;  =t  /. 

16.  «♦   +^*    +   jf«*3=   /. 

17.  «♦+/**  —  ¥»*«/• 

18.  ;r* — /»J  +  ^aBA 

19.  *♦  ■— j^*  —  JAf*  a?  /• 

'   D  d  21; 
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li.  x^  +  px^  +  qx*  —  rx±z  h 

la.  x^^  p^  ~^*f»  +  r«  =  /i 

23.  *♦  +  px^  -—  y;r*  ^rx  =  S. 

24.  *^  — /x»  4-  y^*  +  rx  =  /. 

25.  x^  ^fxK-i-  f*-* — :#vi?  ss  /.  . 

26.  X*  — /*'  —  jx*  +  r^  s  X. 

27.  A*  — ^»  —  jF^»  r—  #-;c  ==  /. 

The  othet  19  forms,  lA  whifch  x^  is  marked  with  th^ 
fign  -^,  or  it  fubtraf^ed  horn  fome  of  the  other  terms  oil 
the  left-hand  fide  of  the  equatioti)  will  fometimes  be  im* 
poflible,  if  the  abfolute  term  /  is  greater  than  the  co^fB-^ 
cients  p^  q^y  and  r,  in  a  very  great  proportion. 

jlrt.  CXXXVI.  And  of  the  foregoing  27  forms  of  bi- 
quadratick  equations,  that  are  always  poffible,  whateret 
be  the  magnitude  of  .the  abfolute  term  />  there  are  20  forms 
that  have  but  one  root.    Thefe  forms  are  a«  follows : 

1.  ;r*  =  J-. 

2.  *♦  +  r;ir  =  j.  . 

3.  iSIf*  —  rAT  =r  /.         - 

4.  **  4-  qx*  ^  s. 

5.  ac+  —  qx*  ==  f .   . 

6.  4P*  4-  /**  =  J-. 

7^     AT*  — ^»ti=Jr.     - 

8.     *♦  +  qx^  +  rx  ss  /I  - 
^.    V  -I-  S'Jif*  —  r^f  sr  xV 

IC. 
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11.  *♦  +^'  +  nv  =s  s^ 

12.  s^  +fx^  — rx  =/. 

13.  flp*  —  px^  —  rx  =:  s. 

14.  x^  +px3  +  qx^  =  s. 
^S-  *♦  + /Jif' —  J**  = /• 

16.  *4  _.^3  _  y^»  _   J. 


uirt.  CXXXVtl.  The  remaining  (even  forms  of  the 
£7  forms  fet  down  in  Art.  135,  which  are  always  poffiblc, 
whatever  be  the  magnitude  of  the  abfolute  term  /,  arq 
thefe  i  to  wit^ 

I.   *♦  —  qx*  +   TAT  =  /. 
a.  AP*  — /x*  +  rx  =  !• 

3.  M^^px^  +  qx^ss  X. 

4.  *♦  +  ppc^  —  q9C*  +  rx  =i  f. 

5.  *♦  —  /*'  +  jTAf*  4-  rx  =  /. 
6»  *^  —  ^x^  +  f  J<f*  —  rx  =  /. 
7.  *♦  —  /Af^  —  qx*  -f  rx  SSI  /• 

Thefe  equations  have  fometimes  three  roots^  or,  in  the 
language  of  modern  writers  of  Algebrai  three  real  and  po*. 
fitivcj  or  affirmative,  roots,  if  the  co-efficients/,  jr,  and  r, 

D  d  a  of 
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of  x',  x\  and  *•,  and  the  abfolute  term  j,  ate  of  certain 
proper  relative  magnitudes  that  are  neceflary  for  that  pur«- 
pofe :  but,  when  the  abfokue  tertn  /  is  very  great  in  com- 
parifon  of  the  faid  co-ci&cients  p^  qx  aud  ''f  they  will  have 
but  one  root.  To  determine  v^hen  they  vtriU  have  three 
roots^  and  when  they  will  have  only  one^  and  what  will  be 
the  limits  of  the  magnitudes  of  the  leaft  and  lead  but  one 
of  the  faid  three  roots^  wpaM  be  a  very  difficult  and  te- 
dious buiinefs,  on  aqcotint.Qf  ija&  great  mindber  of  cafes 
into  which  the  inquiry  would  be  neceflarily  fubdivided^ 
arifing  from  the  variety  of  different  proportions  that  may 
fubfift  between  the  four  quantities^, q^  r,  and/.  But  the 
principle  of  the  inquiry  would  be  the  Do£lrxne  oi  Maxima 
and  Minima^  by  which  it  would  be  our  buGnefs  to  difcover 
what  would  be  the  magnitude  of  the  variable  quantity  ^ 
at  the  inftant  when  the  trinomial,  or  quadrinomial,  quan<» 
tity  that  forms  the  left^iand  lide  of  the  equatioa  in  each  of 
the  faid  feven  forms,  firft  becomes  a  maxin^utn^  or  ceaf^9 
to  increafe  and  begins  to  dec^eafe,f  and  what  would  be  the 
fubfequent  magnitude  of  the  fame  variable  quantity  x  a$ 
the  inftant  at  which  the  faid  trinomial,  or  quadrinomial, 
quantity,  after  having  firft  increafed  to  a  certain  magni-^ 
^  tude,  and  begun  to  dccreafe  from  that  magnitude,  be- 
comes a  minimum^  ox  cqafcs  to  decrcafe.and  begins  to  in- 
cteafcagain.  But  of  this  I  fhall  fay  nothing  more  on  the 
prefent  occafioh,  on  account  of  the  prodigious  length  h 
would  lead  us  to.        •  . 

•  None  of  the  foregomg  fevea  forms  of  biquadratick 
equaticfis  will  admit  of  mora  than  three  real  sfnd  poGtive 
ropts* 

Jrt. 
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.  Art^  CiXXXVIII.  The  remaining  19  fonns  of  biqua** 
dtatick  equationa>  which  may  fometiroes  be  impoflible^ 
whea  the  abfolute  term  s  exceeds  the  co-efRcients  /,  q^ 
and  r  in  ^  very  great  degree,  are  as  follows : 

l,-^^*  -f-  r^  =5  /, 

or  rx  —  X*  =  X. 

2-— J?*  +  yx*  =  /, 

^  or  ^Af*  —  ^*  ss  /. 

ox  pX^  —    J?*   =  /. 

4 — Jp*  +  qx^  4-  rjr  =  /• 
5.— j^*  +  qx*  -^  rpe  Si  s. 

j.^x^  +  ^.v^  +  rx  =  /. 

8,— ;r*  +  px^  -^rx  =s  s. 

9.— 4:*"  '^px^  +  rx  =:  x» 
10.— «r*  +  ^^^  +  qx^  =  J"* 
1 1  .—AT*  +  px^  —  qx*  =  /. 
12,— «♦  — ./Jf'  +  jTJP*  = /• 
13. -AT*  +  /»*  +  ^**  +  rx  :=  S. 
jj^-^x^  +,px^  +  fJP*  —  rx  =  X. 
15-^^*  +>jf'  —  y**  ^  rx  ^  s. 
16.— jr*  +  /*3  —  qt^  '^  rx  ^  s. 
l^.^x^  — ^*  +  jT**  +  r*  s=  /. 
i8.-^Af*  —  px^  4-  ^x*  —  r*  =  X. 

J9 x^  -— /*3  —  jFx*  +  r«  =  X. 

Dd3  None 


i 


(    406    ) 

/  None  of  thcfc  19  forms  of  biquadratkk  equations  can 
have  more  than  two  ircal  and  pofitive  roots,  except  the 
equation  —  x*  +  px^  —  ^^at*  +  r*  =  /  ;  and  that  may 
have  four  roots.  But,  for  the  rcafon  given  in  the  precede 
ing  Article,  I  (hall  enter  no  further  into  th^  confideration 
of  the  number  of  the  roots  of  thefe  equations,  nor  of  the 
limits  of  their  fcveral  magnitudes,  but  fliall  now  proceed 
to  fliew  how ,  all  the  46  forms  of  biquadratick  equations 
fetdown  in  Art.  134  may  be  refolvcd. 


BfiaSB^BS^SBBBtn* 


OF  THE  BIQUADRATICK  EQUATION  *♦  =  /. 

I 

Art.  CXXXIX,  OF  thefe  equations  the  firft  and 
fimplcft  is  the  equation  a?*  =  /.  This  equation  may  be 
refolved  by  two  fucccflive  extradlions  of  the  fquare-root 
of  the  known  quantity,  or  abfolute  term,  s ;  the  firft  of 
which  extraGion§  will  give  us  the  value  of  i/j,  or  /i,  or 
;tf.v,  or  the  fquare  of  the  unknown  quantity  x  ;  and  the  fcr 
cond  will  give  us  that  of  ^Xj,  or  of  \/^xjc^  or  of  tjxe  m^ 
known  quantity  x  itfelf. 


OF 
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OF  THE  BIQUADRATICK  EQUATIONS,  *♦  + 

qx>  =  X,  ^*  —  J**  i=  /^   AND  jr;p*  ~  a?*  =  X. 

Art.  CXL.  IJEXT  to  the  pure  cqu:^tion  a^  =  /, 
the  5th,  6th,  and  7th  equations  fct  dpwn  in  Art.  134,  to 
wit,  the  equations  *♦  +  y**  s=3  /,  k^  —  ^^*  =  j,  and 
T—  **  +  f  Af*  ==  X,  or  qx^  -^  pe^  ^  Sy  arc  the  eafieft  to  be 
refolved.  For  theie  equations  have  the  form  of  quadratick 
equations,  and  may  therefore  be  refolvcd  in  the  fame  man- 
lier as  quadratick  equations  fo  far  as  to  give  us  the  valu^ 
of  XK  J  after  which  the  value  of  x  itfclf  may  be  f^uijd  by 
the  extra£|:ion  of  the  fquarc-rpot. 


WPTT! 


OF  THE  iiTH,  iiTH,  13TH,  14TH,  ISTH,  I6T|I 
AND  17TH  FORMS  OF  BIQUADRATICK 
EQUATIONS  SET  DOWl^  IN  ART.  cxxxiv, 
IN  WHICH  FORMS  THE  CUBE  OF  tHE  TJN- 
KNOWN  QUANTITY  x  is  WANTING. 

Art.  CXLI.  OF  tjie  remaii)lng  ^i  equatjpns  fet  down 
abcjye  in  Art.  134,  thofe  which  ought  next  to  he  confidered 
are  the  ieven  equation^  that  come  next  after  the  loth, 
gamely,  the  nth,  12th,  13th,  14th,  15th,  i6th,  and  17th, 
in  which  the  fecpnd  term  /at^  which  involves  the  cube  of 
*^t)d4  ^'  the 
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the  unknown  quantity,  is  wanting.    Thefe  equations  arc 
as  follows : 

f  •     *♦  *   +  qx^  4.  r»  »  /• 

2.  J«?*  ♦  +  y**  —  rjf  «ss  /• 

3.  d;*  •  —  yjr*  +  rx  ssi  J, 
4*  *^  •  —  qx^  —  rx  =  /• 
5,— Af4  •  +  jf^  H-  r;r  =s  /. 
t.'-^x^  ^  +  y«*  —  rjr  «  X. 
7.— ;r*  ♦  '—  qx*  +  rx  =  s, 

Thefe  feven  forms  of  biquadratic^  equations  ma^be  re-- 
folved  by  the  mediation  of  cubick  equations  by  two  diiFer-» 
ent  methods,  of  which  one  was  invented  by  the  famous 
Monfieur  Des  Cartes^  and  publiflied  in  his  Gcometty  in  the 
year  1637;  and  the  other  was  invented  in  the  middle  of  the 
preceeding  ceptury,  about  the  year  1545,  by  an  ingenious 
gentleman  of  Bohgna  ib  Italy,  whofe  name  was  Liwis 
Ferraru    Both  their  methods  of  reiblving  thefe  equations 
require  a  good  deal  of  calculation,  and  confequently  are 
attended  with  a  good  deal  of  labour  ;  and  t  think  that  in 
this  refpeft  they  arc  nearly  alike,  and  can  fee  no  reafon 
for  preferring  one  of  them  to  the  other.    But  with  rcfpcd 
to  another  very  important  circumftance,  I  mean  the  clear* 
nefs  of  the  ideas  and   reafonings  oh  which  they  are 
grounded,  I  think  Ferrari's  method  greatly  preferable  to 
Des  Cartes's  \  though  (fori  know  not  what  reafon,)  it  has 
been  feldom  mentioned  by  modern  writers  of  Algebra, 
and  Des  Cartes's  method  has  been  generally  adopted  by 
them.    Ferrari's  method  had,  however,  been  duely  ho- 
noured 


%ff  Qoured  hf  the  writers  of  the  century  in  which  it  was  firft^ 

publiflied :  for  BomhelU^  a  learned  Italian  mathematician  of 
that  age,  has  employed  the  greater  part  of  a  very  ufeful 
ireatife  of  Algebrst  itk  esplainbg  it^ 


Of  THE  filQJJADRATICK  EQUATIONS 

M^-^rx  cA  ^^  «4  —  rr  =  /,    and  —  ;•?♦  -f-  r^    =  /,  oR 
r4r  —  *♦  =*  J". 

Jrf.  CXLII.  THE  three  equations  «*^-f-  rx  =  j, 
A*  -r-  ta:  =  /,  and  r*  — •  *♦  s=  J,  may  be  rcfolred  by  ei- 
ther'of  the  two  methods  mentioned  in  the  foregoing  Arti* 
cle  as  having  been,  invented  by  Lewis  Ferrari  and  Des 
Cartes,  becaufe  they  may  be  corifidered  as  falling  under 
the  eguations  at*  +  j:r*  +  r«  *=  /  and  ^  +  y**  —  r*  s=5  /, 
and  —  ;^  +  y«*  +  rAf  Bs  /,  when  q^  or  the  co-efficient 
of  pc^y  is  fuppofed  to  be  »  o.  So  that  there  now  remain 
to  be  coufidered  only  (46  —  i  —  3  —  7  —  3*  or  46 
— '  I4i  or)  32  forms  of  biquadratick  equations,  which  are 
thofe  in  which  the  cube  of  the  unknown  quantity  x  is 
contained. 


OF 


i 
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OF  THE  REMAINING  32  FORMS  OF  BIQUA^ 
DRATICK  EQUATIONS,  OR  THOSE  WHICH  | 

INVOLVE  THE  CUBE  OF  TIJE  UNKNOWN 
QUANTITTr 

^r^.  CXLIII.    ALL  the  remaining  biquadratick  equa-^  \ 

tionS|  (which  are  thofe  that  involve  x^,  qr  the  cube  of  the 
unknown  quantity  x,  and  which  are  32  in  number,)  may 
be  reduced  to  equations  of  fome  pne,  or  other,  of  the  ' 

feven  forms  fet  down  in  Art.  141,  by  fuppofing  «  to  be 

equal  either  to  v —^  or  to  —  rr-  t,  or  to  —  +  y,  a^  ' 

J         ^  ^   ^      ./f    ..    .   ^        /  , 

the  cafe  (hall  require,  and  fubftituting  the  faid  compound  \ 

quantity  inftead  of  i^  ir^  tl^p  terms  of  the  propofcd  equ^-  i 

tion ;  juft  as  the  cubjck  equations  that  involved  the  fquare  | 

of  the  unknown  quantity,  fet  do^yri  in  tjip  foregoing 
part  of  this  Appendix,  were  rciduced  tp  qae,  or  pthe^, 
of  the  three  forms  j'  +  7i  ==  ^1  y^  —  2y  ~  ^>  ^"^  9!?  — 

y^  =  r,  by  fuppofing  x  to  be  equal  cither  tojf« —  -^j  or  to 

•^  +  j^,  or  to  -^ J.     And  confequeqtly  all  tbisfe  32 

forms  of  biquadratick  equations  may  be  ultimately  refolved 
(after  having  been  thus  reduced  to  fome  ene  of  the  faid  feven 
forms,)  by  the  mediation  of  cubick  equations  in  the  man« 
ner  diredled  either  by  the  method  of  Des  Cartes,  or  by  the 
dearer  and  more  intelligible  method  of  Lewis  Ferrari. 

Art,  CXLIV.  As  to  the  reduflion  of  the  32  biquadra-? 

tick 
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tick  equations  that  involve  in  them  the  fecond  term  /^% 
o^  the  cube  of  the  unknown  quantity,  to  one  of  thefeve^ 
forms  fet  down  in  Art,  141,  (in  which  the  cube  of  the  un- 
known quantity  is  wanting,)  by  fuppofing  x  to  be  equal  tg 

one  of  the  three  compound  quantities  y  —  -^^  r-^  —  y^ 

4       4 

and  —  +  >>  and  fubftituting  the  faid  compound  quanti- 
4 

ties  inftead  of  x  in  the  terms  of  the  faid  32  equations,  I 
(hall  not  here  enlarge  upon  it,  but  (hall  leave  it  intirely  to 
the  induftry  of  the  reader,  becaufe  the  limits  of  this  Appen- 
dix will  not  admit  of  fo  copious  an  addition  to  it  as  would 
be  neccflary  to  this  difcufTion.  And  for  the  fame  reafon  I 
(hall  fay  nothing  more  of  Des  Cartes*s  method  of  refolving 
biquadratick  equations  of  the  aforefaid  fevcn  forms  by  the 
mediation  of  cubick  equations,  and  ihall  alfo  decline  a  full 
explanation  of  even  Lewis  Ferrari's  method  of  doing  the 
fame  thing,  (though  I  very  much  prefer  it  to  that  of  Des 
Cartes,)  with  refpeft  to  all  the  feven,  or,  rather,  ten, 
equations  to  which  it  may  be  applied.  But  yet,  as  this 
method  is  both  very  ingchious  and  very  clear  and  intelli* 
gible  in  the  reafonings  on  which  it  is  grounded,  I  willjufl: 
^ive  the  reader  an  idea  of  the  nature  of  it,  by  applying  it  to 
the  refolution  of  an  eafy  biquadratick  equation  that  comes 
vnder  the  laft  of  the  feven  forms  of  biquadratick  equations 
fet  down  above  in  Art.  141,  to  wit,  the  form  — jp*  —  qx* 
4-  r*  =  J",  and  which,  (according  to  Mr.  Montucla*s  ac- 
|:ount  of  the  matter  in  his  curious  and  valuable  Hiftory  of 
jthe  Mathematicks,)  was  derived  from  a  certain  arithmeti- 
cal queflion  that  had  been  propofed  to  Lewis  Ferrari,  and 
the  confideration  of  which  gave  rife  to  this  mofl:  ingenious 
invention. 

OF 
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OF  THE  RESOLUTION  OF  A  BIQUApRATICK 
EQUATION  OF  THE  I,AST  OF  THE  SEVEN 
FORMS  SET  DOWN  ABOVE;  IN  ART  cxli,  , 
TO  WIT,  THE  EQUATION  ^x^—6xx  +  box 
^  36,  OR  60X  —bxx^k*  =»  36,  BY  THE  ME^ 
THOD  INVENTED  BY  SIGNIOR  LEWI3  FER^ 
RARI,  OF  BOLOGNA  IN  ITALY. 

Jrt.  CXLV.    SIGNIOR  LEWIS  FERRARI  w» 

a  native  of  Bologna  in  Italy,  and  a  difciplc  of  the  cele- 
brated Cardan,  a  Phyfician  and  ezntnent  Mathematiciaq 
at  Milan.  Ferrari  h;^d  ^n  uncommon  genius  for  the  ftudy 
of  Algebra,  which  at  that  tinfie  had  b^en  recently  improved 
by  the  two  celebrated  rules  pubjiflied  by  Cardan  for  re- 
folving  certain  cubick  equations  in  which  tht:  fquare  of 
the  unknowti  quantity  was  wanting.  And  the  ability 
which  he  (hewed  In  the  profecution  of  this  fludy  induced 
his  teacher,  Cardan,  to  h;ive  recourfe  to  him  for  his  afr 
fiftance  towards  the  folution  of  a  certain  arithmetical  Pro- 
blem which  had  lately  been  propofed  to  Cardan  and  the 
other  Italian  mathematicians  of  that  time  by  a  map  named 
yohn  Colla^  and  which  none  of  them  had  been  s^ble  tot 
folve.  This  Problem  was  as  follows  :  "  To  find  three  ' 
numbers  that  nuere  in  cotttinu^d  proportion^  or  ofnubich  thefirjl 
was  tothe  fecond  as  the  Jecond  is  to  the  thirdy  and  thai  were  of 
fiich  magnitudes  that  ihejum  of  all  the  three  f  mild  he  equal  t». 
the  number  10,  and  that  the  produB  ariftngfrom  the  multipli^ 
cation  of  the  fir^,  or  leajlj   by  thefecondy  or  tniddh  number ^ 

Jbould 
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JkuMh  iquidu  the  nwahnt  &''  j^onie  of  the  ma^u»;i^ticb^ 
to  whom  John  CoUa  propofed  dbda  P>obkin»  (X)Q^QiYed  i\\^ 
iblution  of  it  to  be  impo(IibIe>  or  fuppofed  that  no  num^ 
bers  could  be  afligned  that  had  the  three  foregoing  proper'^ 
ties.  But  Cardan  v^as  of  a  different  opinion,  and  thought 
that  there  might  be  three  numbers  that  had  thofe  proper* 
ties,  though  he  wa^.  not  ajble  to  find  them.  He  therefore 
applied  to  his  difciple  Lewis  Ferrari  (who  was  at  that  time 
a  young  man,  and  capable  of  intenfe  application  to  fiibjc^is 
of  this  nature,  as  well  as  extremely  fond  of  them,)  and  ex- 
horted him  to  endeavoui'  to  find  a  folution  of  this  Problem  t 
and  Lewis  Ferrari  yielded  to  his  perfuafions,  and  fet  about 
the  bufinefs  with  great  eagetnef^.  tn  the  purfuit  of  this 
folution  he  found  that  the  Problem  might  be  reduced  tof 
the  refolution  of  the  following  biquadratick  equation,  to 
wit,  36  +  6xx  +  **  =  6<5^,  6x  60X  —  txx  —  A-*  S3  36, 
in  which  x  reprefents  the  middle  number  of  the  three  that 
he  was  endeavouring  to  find.  And  therefore  his  attention 
was  then  directed  to  the  difcovcry  of  the  roots  of  this  equa* 
tion.  And  in  the  pfofecution  of  this  inquiry  he  was  fo 
fuccefsful  as  to  find  a  method  of  difcovering  thefe  roots 
which  was  capable  of  being  applied  to  the  refolution  of 
any  other  biquadratick  equation  whatfoever  in  which  .v^, 
or  the  cube  of  the  unknown  quantity,  is  wanting,  as  well 
as  to  that  of  the  particular  biquadratick  equation  6ox  — 
txx  -^  x^  =  36,  which  he  was  then  endeavouring  to  re- 
folve.  The  whole  train  of  his  reafoning,  both  in  firft  re- 
ducing  the  foregoing  arithmetical  Problem  to  the  biqua* 
dratick  equation  dox —  bxx  —  «*  =  36,  and,  aftei^vards^ 
in  his  very  ingenious  method  of  inveftigating  the  roots  of 

th^t 


L 


(    4t4    ) 

tiiat  equation^  I  fliall  now  proceed  to  lay  hdoteihtitziet 
hi  as  full  and  clear  a  manner  as  I  can. 


tHEREDlfctiONOFTHfeFOREGOttTG  ARttW-i 
METICAL  PROBLEM  tO  THE  BIQUADRA- 
TICK  EQiJATION  60;^  —  6:^x  —  .r*  =  36. 

Ji^t,  CXLVI.  THE  foregoing  arithmetical  Problemi 
may  be  reduced  to  the  biquadratick*  equation  6ojr  —  6xx  -^ 
»♦  =  36,  by  proceeding  as  follows  : 

Let  ^  be  put  for  the  fccond  of  the  three  numbers  which 
are  in  continued  proportion^  and  of  which  thefum  is  10^. 
and  the  produd  of  the  multiplication  of  the  firft,  or  leaft, 
and  the  fecond  is  6. 

Then  it  is  evident  that  the  firft,  or  leaftj  of  the  faid  three 
numbers  will  be  — r,   and  confcquently   that  the  third, 

ox*  greatefti  of  them  will  be  a  third  proportional  to  —  and 

X,  and  therefore  will  be  equal  to  the  fquare  of  x  divided  by 

the  fraftion  — ,  and  confequently  to  the  fquare  of  x  mul- 

plied  into  the  reciprocal  of  that  fra£lionjor  into  the  fra£tiocl 

--r-,  that  15,  to  Pix  X  -r-y  or  to  -:?-.     But,  by  another 
6  o  o  •     ' 

condition 
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condidon  of  th^  Problem^  the  fum  of  tXL  the  three  nuni^ 
Ibers  is  equal  to  lo.    Therefore  we  (hall  have  —  +  at  + 

X 


X 


^  =  10 ;  and  confe^iuently  (inultlpljring  all  the  term* 

by  6,)  we  (hall  have  —  +  (5^  +  ^*  =  66,  and  (multiply- 
ing all  the  terms  by  a?,)  36  +  6xx  +  x*  =  6o;c,  and  (fub- 
trafting  txx  +  x*  from  both  fides,)  36  =  6ojif  -^-  6*;^  -^ 
A^,  or  60*  —  6xx  —  *♦  ==  36. 


THE  RESOLUTION  OF  THE  BIQUADRATICK 
EQUATION  60X  -  6xx  -  «♦  =  36,  BY  THE  ME- 
THOD  OF  LEWIS  FERRARL 

Art.  CXLVII.  IN  order  to  refolve  the  equation  6oflf 
— •  6xx  —  X*  =  36,  Lewis  Ferrari  proceeded  as  follows  : 

In  the  I  ft  place  he  added  *4  to  both  fides  of  the  equation; 
by  which  addition  it  became  box  —  6xx  r=  36  +  x*.  He 
xhen  fubtrafted  36  from  both  fides  ;  by  which  it  became 
fco^r  —  6^^  —  36  =  x\  or  A*  =  6c  •?  —  6^-^  —  36,  in 
which  the  highcft  term  ^^  ftands  by  itfelf  on  the  firft,  or 
left-hand^  fide  of  the  equation. 


An. 
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jirk  CStlVltl.  DaTkig  ranged  A#teMi  \A  «ib!fti>ffd«^ 
t^ewis  Ferrari»in  the  pext  phcci  eadeaVQured  tp  find  fudi 
a  quantity  as>  being  added  to  both  fides  of  the  equation, 
would  ihake  hofcb  fides  of  the  new  t^^QX^  produced  by 
fuch  addition  be  exa£l  Algebfdick  fqufttes^  or  be  of  fach- 
magnitudes  th^t  each  fide  of  the  faid  xl^w  equation  fiK)^14 
have  a  finite  Algebraick  quantity  for  It's  fquare-root  5  to 
the  end  that  he  might  afterwards  reduce  the  faid  eqttatioil 
from  a  biquildratick  equation  to  a  quadratic^  equation  by 
cxtraflihg  the  fquarc*roots  of  both  it's  fldcs.  And  for 
this  purpofe  he^  chofe  the  binomial  quantity  2nxx  +  ntif 
in  which^he  letter  n  reprefents  a  quantity  of  which  the 
magnitude  is  to  be  determined  in  a  fubfequent  part  of  the  . 
Inveftigation. 

Now  it  is  evident  that  this  binomiij  quantity  2nxx  4- 
nn  will  anfwer  the  intended  purpofe  with  refpeft  to  x*, 
or  the  left-hand  fide  of  the  equation  x^  =  box  —  6a;»—  36- 
For,  if  we  add  2nxx  +  nn  to  *%  the  fum  will  be  Ji^-f  2nxx 
+  //«  ;  of  which  the  finite  Algebraick  expreifion  xx-\-  nis 
the  exail  fquare-root.  And  tjiis,  it  is  evident,  wiU  be 
trudjk  whatever  b^  the  magnitude  of  «  j  and  confequcntly 
we  are  at  liberty,  with  refpeft  to  the  left-hand  fide  of  the 
equation,  to  take  n  of  any  magnitude  that  we  may  think 
proper.  If  therefore  it  is  poflible  to  take  «  oC  fuch  a  mag- 
nitude that,  if  the  binomial  quantity  2nxx  4-  ««  be  added 
to  the  trinomial  quantity  box  -r  6xx  —  36,  or  the  right* 
hand  fide  of  the  equatign  x^  ==  60*  —  6xx  —  36,  the  fum 
thereby  produced,  to  wit,  the  quinquinomial  qu^tity 
60A?  —  0XX  —  36  4-  2nxx  -h  ««>  or  inx*  —  6jp*  +  60*  + 
nn  —  36,  (hall  likcwifc  be  a  perfe£l  Algebraick  fquarc,  or 

have 
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have  a  finite  Algebraick  expreffion  for  It's  fquare-root,  the 
qtlantity  inxx  4-  nn^  when  n  fliall  be  taken  of  that  parti- 
culair  magnitude,  will  have  the  property  required.  We 
muft  therefore  endeavour  to  find  fuch  a  value  of  «,  (if 
fuch  a  value  can  exift,)  as  will  make  the  quinquiilomial 
quantity  ^nx^  —  6jr*  4-  box  -h  ««  — ^  36  be  a  perfeft 
fquare,  or  of  fuch  a  magnitude  as  to  have  a  finite  Alge- 
braick expreffion  for  it's  fquare-rooC. 

Art.  CXLlX.  Now,  fince,  whatever  be  the  magni- 
tude of  «,  the  trinomial  quantity  ^  +  %nxx  +  nn  will  al- 
ways be  a  perfefl:  fquare,  of  which  the  fquare-ropt  will  be 
XX  +  fty  let  n  be  fuppofed  to  be  of  fome  magnitude  greater 
than  6. 

Then  will  nn  be  greater  than  ^6^  and  inxx  will  be 
greater  than  2  X  6x^,  or  than  itxx^  and,  h  fortwru 
greater  than  txx.  Therefore  36  may  be  fubtraded 
from  ««,  and  6**  maybe  fubtradled  from  2«x*,  and  6 
may  be  fubtraded  from  %n.  Therefore  a«^*  —  6** 
will  be  equal  to  awT— 6]  X  ^%  and  the  binomial  quantity 
nn  —  36  may  be  confidered  as  a  fingle  quantity  equal  to 
the  excefs  of  nn  above  36.  And  confequently,  if  we  put 
aa  for  in  —  6,  and  hh  for  nn  —  36,  the  quinquinomial 
quantity  2«;>r*  —  6**  -f  6o;r  -h  ««  —  36  will  be  equal  to 
the  trinomial  quantity  aaxx  +  6ox  +  ^^.  We  muft  there- 
fore inquire,  whether  it  be  poffible  for  « to  be  taken  of  fuch 
a  magnitude,  greater  than  6,  that  the  trinomial  quantity 
aaxx  +  60A?  +  hh^  or  2«  —  6  Y,  xx  -¥  6o«  +  ;?«  —  36 
0iall  be  a  perfe£i  Algebraick  fquare,  or  (hall  have  a  finite 
Algebraick  expreffion  for  it's  fquare-root. 

E  e  Art. 
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Jrt.CLlh  Since  I  now  that  n  is  taken  =  10.009,803, 
the  trinomial  quantity  aaxx  +  6ox  +  hb  is  =  aaxx  + 
2ai  +  bbf  it  follows  that  x^  -f.  2ff;r*  +  nn  (which,  with 

any  magnitude  of  n^  greater  than  6y  is  equal  to  2if  — ^  X 
X*  +  60X  +  ««  -*36,  or  to  tfjx*  +  60*  +  MJ  will  now 
be  =  aaxx  +  ^abx  +  bb.  Therefore,  by  extradiing  the 
fquare-roots  of  both  (ides,  we  (hall  have  xx  +  n  =^  ax  -^^  b^ 
that  is,  (becaufe  n  is  =  10.009,803,  and  a  is  =  3- 744^302, 
and  ^  is  =  8.012,250)  xx  +  10.009,803  will  be  =3  3.744, 
302  X  «  +  8.012,250.  And  confequently  (fubtrafting 
8.012,250  from  both  fides,)  we  (hall  have  xx-^-  i*997i553= 
3.744,302  X«,  and,  laftly,  (fubtrafking  xx  from  both  (ides,) 
we  (hall  have  i.997>553  =  3'744>3o2  X  *  -  *x,  or  3.744, 
302  X  X  — XX  zs  i.997»553.  And  thus  we  have  atlaft,  by 
the  mediation  of  the  cubick  equation  «'  —  3«»  —  jfm  = 
342,  reduced  the  original  biquadratick  equation  6o;ir  — 
6xx  —  A^«  =  36  to  the  quadratick  equation  3*744,302  X  x 

—  XX  =^  I  •9975553-  It  now  remains  that  we  refolve  this 
quadratick  equation. 

Art.  CLIII.  Let  both  fides  of  the  equation  3.744,302 
X  A? — XX  =^  I -997/55  3  be  fubtrafted  from  3-504,949, 
366,8«i,  or  the  fquare  of  1.872,151,  or  of  half  the  num- 
ber 3.744,302,  which  is  the  co- efficient  of  jr.  And  wc 
ihallhave  3.504,949,366,801  —  3.744,302  X  *  +  **  (= 
3-504i949>36<^»8oi  —  i.997>553)  =  i-507>396>366,8oi. 
Therefore  the  fquare-roo^t;  of  the  trinomial  quantity  3*504, 

949,366,801  —  3.744,302.x  X  4-  xx^  or  of  1.872,151V* 

—  J- 744*302  X  *.  +  XX,  will  be  { =  ^1.507,396,366,801) 
=    1.227,760. 

Now 
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Now  this  trinomial  quantity  has  two  fquarC'- 
roots,  of  which   the   one   is  Icfs   than   1.872,151,    or 

'^''        — ,  and  the  other  is  greater  than  1.872,151,  or 

2 

3*744^3^ — .    The  former  of  thcfe  roots  is  1.872,15 1  —  jr, 

and  the  latter  IS  x  — 1.872,151.  Therefore  we  fhall  have, 
ift,  1.872,151  r-*=  i.227,760,  and confequently  1.872, 
151  =  1.227,760  4-  *,and  *(=  1.872,151 —  1.227,760)  . 
=  0.644,391 ;  and  we  (hall  have,  adly,  x-^  1.872,151 
=  1.2^7,760,  and  confequently  *  (=«  1.227,760  +  1.872, 
151)=  3.099,911V  Therefore  the  two  roots  of  the  qua- 
dratick  equation  3.744)30^  X  x '■^  x»  ^  ^-9971553  are 
0.644,391  and  3.099,911  '9  and  confequently  the  two  roots 
of  the  biquadratick  Equation  6om  —  6*?*  —  at*  =  36, 
(from  which  the  quadratick  equation  3.744,30a  X  x  — 
XX  =  i.997>553  was  derived,)  will  likewife  be  0.644,391 
and  3.099,911. 

Art.  CLIV.  We  will  now  fubftitute  thefe  two  num- 
bers 0.644,391  and  3.099,91 1  inftead of  x  in  the  compound 
quantity  6o;i:  —  bxx  —  ;e*,  which  forms  the  left-hand  fide 
of  the  equation  60^:  —  bxx  •. —  ^*  =  36,  in  order^to  (hew 
that  the  values  of  the  faid  compound  quantity  refulting 
from  thefe  fubftitutions  are  equal,  or  nearly  equal,  to  36,  or 
the  abfolute  term  of  that  equation,  and  confequently  that 
the  faid  numbers  0*644,391  and  3.099,911  are  really  the 
roots  of  the  faid  biquadratick  equation. 

Now,  in  the  firft  place,  if  ^be  =  c.644,391,  ^e  (hall  have 
xpf  (=  0^644,391^*)  =  0.415,239,760, 

£  e  3  and 
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and  x*(  =0.644^391! ♦)  =  0.172,324,058, 
and  confcquently  6pcx  (=  6  X  0.415,239,760) 
=  2.491,438,560, 

and  6047(3=  60  X  0.644,391)  =3  38.663,450, 
and  6ojir  —  6xx  —  ^  (=  38.663,460  —  .2.491^38, 
^  0.172,324  =  38.643,460 
-  2.663,762)  =  3S-999>698» 
t«4iich  differs  frotn  36,  or  the  abfolute  term  6f  the  equatioir 
6o«  —  6^x  —  ;r*  =  36,  by  only  the  very  fmall  quantity 
0.000,362,  which  is  lefs  than  the  119,205th  part  of  the 
faid  abfolute  term.    Therefore  0.644,39 1  ^^  ber^ry 
trcariy  equal  to  the  true  value  of  the  leffer  root  of  the  bi- 
quadratick  equation  60^  —  6^?*  ^  ^  =:  36. 

Ql^E.  D. 

And,  fecondly,  if  a?  is  =  3»099,9i  i,  welhall  have 
XX  (=  3.099,91?!*)  =  9-609,4481207,921, 
.    and  x^  (=  3.099,911)*)  =3  92.341,494,843, 

and  confcquently  6jw  ( =  6  X  9.609,448,207) 

cr  57.656,689,242, 
and  60*  (;=  60  X  3'099>9n)  =  185.994,660, 
;^nd  6o:f  —  6xx  —  x^  {=  185.994,660—57.656,689,242, 

—  92.34  ^494*843  =  i8s-994>66o 

—  149.998,184)  =  35.996,476  5  which 
differs  from  36,  or  the  abfolute  term  of  the  equation  60;^ 
•-  6xx  —  ;c4i=c  36,  by  only  the  fmall  quantity  0.003,524, 
which  is  lefs  tha|i  the  10,21 6th  part  of  the  (aid  abfolute 

term. 
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term.  Therefore  3.099,911  muft  be  very  nearly  equal  to 
the  true  value  of  the  greater  root  of  the  biquadratick  equa* 
tion  60X  —  6xx  —  A^  =  36. 

Q^E.D. 

jirt.  CLV.  We  have  now  a^  laft  found,  in  th^  method 
invented  by  Lewis  Ferrari,  that  the  two  root?  of  the  bi^ 
quadratick  equation  box  —  6a**  —  ;r*  =  36  are  0.644,39  ^ 
and  3.o99,9U-  But  of  thefe  roots  the  lelftr  has  no  rela- 
tion to  the  arithmetical  Problem  above-mentioned,  from 
which  this  equation  was  derived.  For,  finice  »  was^put 
for  the  middle  number  of  the  three  which  we  were  rot 
quired  to  find,  and  the  produft  of  the  multipHcatiou  of 
the  faid  middle  number  and  of  the  Icaft  number  is  fup-» 
pofed  to  be  equal  to  6,  it  follows  that  the  faid.  middlo 
number  muft  be  greater  than  the  fquare-root  of  6,  that  k, 
than  2.449,490,  &c,  and  therefore,  ^yJrf/(?r/,  greater  thati^ 
0.644,391, -or  the  leffer  root.of  the  equation  6oa?  —  6a:^ 
—  x^  =  36.  Therefore  the  faid  middle  number  will  be 
equal  to  the  greater  root  of  the  faid  equation,  to  wit, 
3.099,911.  And  confequently  the  leaft  of  the  ft  id  thre^ 
numbers,  which  we  were  required  to  find  by  John  Colla'ii 

Arithmetical  Problem,  will  be  {=  — ^•orU.07c. 

3-099^911       '   .  ^^' 

539,  and  the  greateft  will  be  a  third  proportional  to  thq 

firit  and  fecond,  that  is,  to  1.935,539  and  3.099,911,  and 

confequently  willbe  (=i5S2i^  =9-6o9.448.^07.9ar . 

=  4.964,739 }  fo  that  the  three  numbers  rpquired  will  be 
^'935»S39»  3'099»9"»  and  4.954.^39. 

C^E.  I. 

'       -  Ee4  The 
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The  fum  of  thcfc  three  numbers,  (which  ought  accord* 
ing  to  the  conditions  of  the  Problem  to  be  equal  to  to,) 
will  be.^  I o  000,189,  which  exceeds  the  number  10  by 
only  the  fmall  quantity  0.000,189,  ^hich  is  lefs  than  the 
52,piQth  part  of  10.  The  three  numbers  I.93  5,539  and 
3.099,911  and  4.964,739  therefore  anfwer  the  conditions 
of  John  CoUa's  Problem  to  a  very  confiderable  degree  of 
exa^nef^. 

Q^E.  D. 

JrU  CLVI.  We  have  now  gone  compleatly  through 
the  refolution  of  the  biquadratick  equation  box  —  6xx  — 
x^  =  36  in  the  method  invented  by  Lewis  Ferrari,  and 
have  obtained  the  values  of  both  it's  roots  to  a  confidera- 
ble degree  of  exaftnefs ;  but  not  without  a  great  number 
of  different  procefles  and  operations,  and  a  great  deal  of  Ia« 
bour  of  calculation.  And  yet  this  is  one  of  the  fimplefl; 
and  eafieft  biquadratick  equations  of  pne  of  the  fevcn  forms 
fet  down  aboVe  in  Art.  141,  that  could  be  pitched  upon 
for  an  example  of  this  method  of  refolving  equations  of 
this  kind.  I  am  therefore  inclined  to  think  that  it  will  be 
always  mod  convenient  in  pra£tice  to  refolve  equations  of 
thefe  forms,and,  i  fortiori,  to  refolve  all  other  afiefted  bi^ 
quadratipk  equations  whatfoeyer  (except  the  three  equa- 
tions, iv* +  5rx*  =  /,**— yAT*—/,  and  gx*— ;t*=jr,  vhichmay 
be  refolved  in  the  manner  of  quadratick  equations,)  by  Mr. 
Raphfon's  jnethod  of  approximation,  which  will  b^  foun4 
much  lefs  laborious  than  the  foregoing  method  of  refolv- 
ing them.  But  that  the  difference  of  the  two  methods  of 
fefolution  it)  this  important  refpe£l  may  be  the  more  ap- 
parent, I  fhall  Qow  proceed  to  exhibit  a  refolution  of  the 

foregoing 


«   J 
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foregoing  biquadratick  equation  6o9c  —  6jtx  •—  *♦  =:i  36  by 
Mr.  Raphfon's  method  of  approximation. 


A  RESOLUTION  OF  THE  FOREGOING  BIQUA- 
DRATICK  EQUATION  6ojf—6^x  —  *4  =  36  BY 
Mi^.  RAPHSON'S  METHOD  OF  APPROXIMA- 
TION. 

jfrt.  CLVII.  SINCE  X  is  the  fecond  of  the  three  num. 
bers  fought  in  the  Arithmetical  queftion  that  gave  rife  to 
this  equation  ^ — and^  by  one  of  the  conditions  of  that 
queftion,  the  produ£l  of  the  multiplication  of  the  firft,  or 
leaft,  of  thofe  numbers  into  the  fecond  is  equal  to  6 ;-— it 
follows  that  the  faid  fecond  number  (which  is  greater  than 
the  firft  number,  or  other  fa£lor  of  the  produft  6>)  muft 
be  greater  than  the  fquare-root  of  6,  that  is,  than  2 '449) 
490,  &c.  We  will  therefore  fuppofe  it  to  be  nearly  equal 
to  2.7,  and  try  whether  that  number  will  anfwer  the  con- 
ditions of  the  Problem, 

Now,  if  ;r  is  =  2.7,  the  firfl,  or  Icaft,  number  will  be 

(=  — ]  =  2.2?:^,  &c,  and  the  third,  or  greateft,  number 

will  be  a  third  proportional  to  2.222,  &c,  and  2.7,  and 

confequently   viU    be   (=:  r-   =  r-J  = 

^         <  ^       2.222,&c         2.222,  &c' 

3.280  &c.    But,  by  the  laft  condition  of  the  Problem,  the 

fum  of  the  three  numbers  fought  is  =  10.  Therefore  the 

futn 
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fum  of  the  ihrce  numbers  2.M%,  &c»  1,7*,  and  '3.2So,  &e 

ought,  if  thofe  numbers  are  nearly  equal  to  the  numbers 
fought,  to  be  nearly  equal  to  10.  But  the  fum  of  thofe 
three  numbers  is  equal  only  to  8.202  &c,  which  is  much 
Icfs  than  10.  Therefore  the  true  value  of  Jf  muft  be 
greater  than  2.7. 

We  will  therefore,  in  the  next  place,  fuppofe  it  to  be 
rs  2«5S  2nd  try  whether  this  number  will  anfwer  the  con- 
ditions of  the  Problem. 

Now,  if  jf  is  =s  2.9,  we  Qiall  have  —  (=  — )=; 

2.069,  a%)  eonfequently  the  third,  or  greateft,  numhef 

^illl,c  (=  ^'^^^'^  =  ^)  =  4.064-    Therefore  the 
^         2.069  2.069' 

fum  of  .the  three  numbers  fought  will,  upon  this  fecond 

fuppofition,  be  (=  2. 069  +  2.900  4-  4064)  =  9.0331 

which  is  ftill  too  little*    Therefore  *  muft  b^  grcateip 

ihan  a*9* 

.  We  will  therefore,  in  the  third  place,  fuppofe  x  to  be 
='3- 

And  then  we  (hall  have  —    =  — )  =  2,  and  con- 
^  3 

fcquently  the  third,  or  greateft,  number  (=  — — ^=2^) 

2  z 

=  4.5.     Therefore  the  fum  of  the  three  numbers  fought 

will,  upon  this  fuppofition,  be  (=  2  +  3  +  4.5)  =  9.5  ; 

which  is  ftill  too  little,  though  the  quantity  by  which  it  falls 

fhort  of  the  number  10  (to  which  it  ought  to  be  equal  if 

the 
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the  middle  number  x  was  cxaftly  equal  to  3,)  is  only 
0.5.  Therefore  the  true  value  of  99  mufl;  be  a  little 
greater  than  3. 

We  will  therefore,  in  the  fourth  place,  fuppofe  x  to  b<!J 

And  then  we  (ball  have  —  (=  — )  =  i*9354>  *»<! 
*  3.1'  ^^"^ 

confequently  the  third,  or  greateft,  number  will  be  (  = 

5lLiUlL=  1^)  =4.9653,    Therefore  the  fum  of 

I-93S4  1-9354^       ^y  ^4 

the  three  numbers  fought  will,  upon  this  fupjpolitidn,  be 
(=  '•9354  +  3-IOO  +  4.9653)  =  10,0007 ;  which  is 
a  very  little  greater  than  10.  Therefore  3.1  muft  be  a 
little  greater  than  the  true  valuc.x)f  the  middle  number  Xj 
but  will  be  fo  near  to  it  as  to  make  an  excellent  bafis  for  a 
further  approximation  to  the  faid  true  value  by  Mr.  Raph- 
fon's  method.  We  will  therefore  now  put  an  end  to  our 
conjcftures  and  trials,  and  proceed  by  Mr.  Raj>hfon*» 
method* 


Art.  CLVIII.  Let  us  therefore  fuppofe  x  to  be  equal 
to  3;  I  —  «,  and  fubftitute  the  faid  compound  quantity 
3.1  -*  z  inftead  of  x  in  the  terms  of  the  propofed  equa- 
tion (>ox  —  6xx  -y  ;)f*  =  36. 


Then  we  (hall  h^ve  ^-,^(2=3.1  —  5?,* 
ssyT,*  —  2  X  3.1  X  z  .+  &c)  =  9,61  -  6.2  X  Z.+  &c, 
and  x^  (=  3a  -^+  =  3^1^*—  ^  X*3^'  X  z  +  &c 
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=  92'3S2i  —  4  X  29.791-  X  2s  +  &c) 
=  92.3521  —  119.164  X  z  +  &c. 


and  6qx  (=  60  X  3.1  —  2  =  60  X  3.1  —  60  X  z) 
=  186.0  —  60Z, 


and  6xx  {:=  6  X   9.61  —  6.2  X  z  +  &c  =  6  X  9.61 
—  6  X  6.2X2+  &:c)=57.66-.37.2  X  z+  &c, 
and  confcqucntly  6ox  —  6xx  —  a:4  = 

r  186.0000— 60*0000  x«l 

—     92.3521+ 1 19.164X2  J 

*=    35.9879+96.3640  Xr. 

But  60jr  — -  6xx  —  4r^  ig  as  36. 

Therefore  35.9879  +  96.3640  X  z  will  alfo  be  =  36. 
And  confequently  96.3640  X  z  will  be  (=  36.0000 — 

35.9879)  =•  0.012 1,  and  z  will  be  (=     '     ■    )  =  0.000, 

125.  Therefore  «,  or  3.1  —  2,  vrill  be  (==  3.100,000  — 
0.00O1I25)  =  3*099,875  ;  that  isy  the  greater  of  the  two 
roots  of  the  biquadr^tick  equation  6o«  —  6xx  —  4?*  =  36, 
or  that  which  is  equal  to  the  fecond  of  the  three  numbers 
required  to  be  found  by  the  foregoing  Arithmetical  Pro- 
blem, will  be  3.099,875. 

Q.  E.  I. 

Jrt.  CLIX.  This  value  of  Xy  to  wit,  3*099,875,  it 
fomcwhat  more  exaft  than  the  value  of  it  found  above, 
in  Art.  153,  by  the  method  of  Lewis  Ferrari,  which  was 

3.099,911. 
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3.099,91 1-    For,  if  the  middle  number  x  be  fuppofei  to 

be  =  3.099,87*?,  the  lead  number  will  be  (= r — \ 

=    1.935,561,  and  the   greateft  number  will  be   (ss: 


confequently  the  fum  of  the  three  numbers  fought  will  be 

(=  '-935*561  +  3*^9,^75  +  4-964,568)  =  9-999.904; 
which  falls  fliort  of  the  number  10  (to  which  it  ought  to 
be  equal,)' by  the  very  fmall  fraftion  0.000,096,  which  is 
lefs  than  the  fra£lion  0.000,189,  by  which  10.000,189,  or 
the  fum  of  the  three  numbers  fought,  as  obtait^ed  by  the 
method  of  Lewis  Ferrari  in  Art.  155,1  exceeds  the  faid 
number  lo. 


A  COMPARISON  BETWEEN  THE  PROCESSES 
USED  IN  THE  FOREGOING  RESOLUTION  OF 
THE  BIQU ADR ATICK  EQUATION  6ox  —  bxx— 
x^  =  36  BY  Mr.  RAPHSON'S  METHOD  OF  AP- 
PROXIMATION, AND  THE  PROCESSES  USED 

^  IN  THE  FORMER  RESOLUTION  OF  THE  SAME 
EQUATION  BY  THE  METHOD  OF  LEWIS  FER- 
RARI  IN  ART.  147, 148, 149,  150, 151, 152,  &  153. 

Jrt.  CLX.  WE  have  feen,  in  the  laft  article,  that  the 
value  of  X  obtained  by  the  refolution  of  the  biquadratick 
equation  tox  —  bxx  —  x  =  36  by  Mr.  Raphfon's  me- 
thod of  approximation,  (though  only  one  procefs  of  the 
faid  approximation  was  employed  for  the  purpofe,)  to  wit, 

the 
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the  iiumtM^3.099,875,  was  fomewhat  more  exa£l  than  the 
former  yalue  of  X,  to  wit,  3.099,911,  which  was  found 
above  in  Art.  147,  -  -  -  153,  bjr  refolving  the  fame 
equation  by  the  method  of  Lewis  Ferrari.  And  yet  the 
labour  of  finding  the  number  3.099,875  by  Mr.  Raphfon's 
method  of  approximation,  has,  it  is  evident,  been  much 
lefs  than  that  of  finding  the  number  3*099,911  by  the  me- 
thod of  Lewi^  Ferrari.  Bat  this  will  appear  ftill  more 
clearly  by  recapitulating  the  feveral  proceffes  which  went 
ufed  in  thofe  different  inveftigations  of  the  value  of  x. 

Art.  CLXI.  In  refolving  the  equation  6ox  —  6xx  •— 
«*  =  36  by  the  method  of  Lewis  Ferrari,  our  firft  ftep 
was  to  arrange  the  terms  of  the  equation  in  a  new  man- 
ner, fo  as  to  bring  the  term  x^  to  be  the  only  term  on  the 
firft,  or  left-hand,  fide  of  the  equation  ;  whereby  it  was 
converted  into  the  equation  «*  =  60;V  — (>xx  —  36. 

Our  fccond  ftep  was  to  add  to  both  fides,  of  this  equa- 
tion the  binomial  quantity  2nxx  4- ««,  in  which  n  denoted 
a  quantity  of  which  the  magnitude  was  to  be  determined 
afterwards.  By  this  addition  we  obtained  the  equation 
x^  +  2nxx  H-  nn  =  6ox  —  6xx  —  36  +  2nxx  +  nn;  of 
which  equation  the  firft,  or  left-hand,  fide,  to  wit,  the  tri- 
nomial quantity  at*  H-  2nxx  -+-  nn^  is  a  perfect  Algebraick 
fquare,  the  fquare-root  of  which  is  the  binomial  quantity 
XX  +  «.  And  this,  we  obferved,  muft  always  be  true, 
whatever  be  the  magnitude  of  the  afiumed  number  «. 

W^  then,  in  the  third  place,  proceeded  to  confidcr 
what  was  the  lower  limit  of  the  magnitude  that  ought 
to  be  given  to  the  number  «,  to  the  end  that  it  might  be 
poffible  for  the  quinquinomial  quantity  6ox  —  ^oxx  — 

36 
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36  +  2«jfAr  +  nn  to  be  a  perfeS  Algebraict  fquarc ;  and 
we  found  that  it  was  ncceflary  that  the  faid  number 
ihould  be  of  fome  magnitude  greater  than  6.  Wc 
therefore  fuppofed  it  to  be  of  fome  magnitude  greater 
than  6.  And  hence  it  fWlowed  that  6xx  would  be 
lefs  than  2nxxj  and  that  36  would  be  kfs  than  nn^ 
and ,  that  the  quinquinomiaL  quantity  6xx  t-  36  + 
Q.nxx  +  nn^  (which  formed  the  fecond,  or  right-hand, 
fide  of  the  laft  equation  x^  +  inxx  +  nn  =■  box  —  (^xx 

—  36  +  2nxx  +  nn)  would  then  become  equal  to  the  tri- 
nomial quantity  60**  +    2«  — t^  X  xx  -h  nn  —  36,  or 

2«— 6l.X  XX  +  6o;f  H-  nn-^j^i  or,  if  we  put  aa  ^  %n 

—  6,  and  hb  =  ««  —  36,  to  the  trinomial  quantity  ^^Jtjr 
+  60X  +  bb^  and  therefore  that  the  laft  equation  x^  -f 
^nxx  +  nn  zs,  box  —  bxx  — -  36  +  inxx  -f  •  mt  would 
thereby  be  converted  into  the  equation  x^  +  tftxx  4-  mn 
=  aaxx  +  6oa'  -J-'  W,  in-  which  ^he  trinomial  qiutotity 

aaxx  +  6oAr  +  bb  is  of  fuch  a  form  as  to  be  capable  of 
becoming  a  perfeft  Algcbraick  fquare,  of  which  the  bino- 
mial quantity  ax  +  b  will  be  the  fquate-root,  provided  tlic 
quantities  aa  and  bb  are  of  certain  proper  magnitudes  with 
refpefl  to  the  number  60. 

'  We  then,  in  the  fourth  place,  proceeded  to  demonftrate 
that  we  were  at  liberty  to  take  n  of  any  magnitude,  greater 
than  6,  that  we  thought  fit,  and  to  fliew  that,  if  Mrc  took 
it  of  fuch  a  niagnitude  as  to  make  it  equal  to  the  root  of 
the  cubick  equation  n^  —  2^n  —  3677  ^  342,  thcquanti- 
ty  6ox  would  be  equal  to  2a kv^  or  to  2  X  ^/fln^^  X 
^/Itm  -• —  36,  and  confequently  that  the  quanthy  aaxx  + 
6qx  +  bb  would  be  equal  to  aaxx  +  2ahx  -f.  bb. 

Abd 
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And  then^  in  the  fifth  place,  we  refolired  the  ciihicli 
equation  «'  —  6nn  —  36/1  =  342,  and  found  it's  root  tp 
.be  10.0091803  ;  which  we  therefore  chofe  for  the  magni- 
tude to  be  afligned  to  the  quantity  n  in  the  equation  x^  + 
2fixx  +  ««  =  aaxx  +  6ox  +  bb,  and  thereby  (becaufc 
2abx  is  in  this  cafe  =  6o;r)  we  converted  the  faid  equation 
into  the  equation  *♦  +  2nxx  +  nn  =  aaxx  +  labx  +  bhj 
in  which  there  was  then  no  unknown  quantity  but  jt,  and  of 
which  the  right-hand  fide  aaxx  +  2abx  +  bbisz  perfcft 
Algebraick  fquare,  to  wit,  the  fquare  of  the  binomial  quan- 
tity ax  +  by  as  well  as  the  left-hand  of  it^  or  the  trinomial 
quantity  x^  -|-  2nxx  +  ««,  which  we  had  before  obferved 
to  be  the  fquare  of  the  binomial  quantity  xx  '^  n. 

We  then,  in  the  fixth  place,  cxtra£led  the  fquare-rodtt 
of  the  two  trinomial  quantities  **  4-  2nxx  +  "«  and  aaxx 
+  2abx  -I-  W,  which  form  the  two  oppbpte  fides  of  the 
equation  *♦  +  Uxx  -i^  nn  =:  aaxx  -h'  2ab  +  bh  j  and  we 
thereby  obtained  th^  quadratick  equation  xx  •\-  n  z:^  am 
•f  b,  or  XX  -f-  10.009,803  x:  ax  -^  b,  or,  becaufe  ad  is 
(=  219  —  6  =:  2  X  10009,803  —  6  =  20.019,606  —  6) 

=  14.019,606,  and  W  is  (=  ««— 36=10  009,803!*'  —  36 
==  100.196,156,098,809  —  36)  =  64.196,156,098,809, 
the  quadratick  equation  xx  +  10.009,803  =  ^"14.019, 
606  X  X  -fV'64.196,1 56,098,809,  or  (becaufe  ^ij^^oig^ 
606  is  =  3-744>302,  and  ^64.196,156,098,809  is  = 
8,012,250,)  the  quadratick  equation  xx  -f  10.009,803  = 
3-744i302  X  X  +  8.012,250.  The  fquaring  the  number 
»,  or  10.009,803,  and  the  extrafting  the  fquare-roots  of 
the  two  numbers  aa  and  W,  or  14*019,606  and  64.196, 

156, 
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I5^)^9^>^09'  (^I^ich  are  neceflary  operations  to  the  com* 
pleat  attainment  of  the  quadratick  equation  xx  +  n  zsi 
ax  +  b,or  XX  +  10.009,803  =:  3.744,302  X  x  +  8.012, 
250,)  are  operations  that  make  this  fixth  ftage  of  ©ur  in- 
veftigation  rather  tedious  and  troublefome. 

In  the  feventh  place  we  ^reduced  the  quadratick  ecjuation 
a!x  +  10.009,803  =  3.744,302  X  *  -H  8.012,250  into  a 
proper  form  for  being  refolved ;  by  firft  fubtra£iing  8.012, 
250  from  both  fides  of  it,  which  produced  the  equation 
^x  +  I'PQTjSSS  =  3-744i3o3i  X«  x ;  and  then  fubtrafting 
XX  from  both  fides,  which  produced  the  equation  1.997, 
553  =  3'744>302  ^  x-^xx,  or  3.744,302  X  x  —  xx=s 
.1  •9973553- 

And,  eighthly,  and  laftly,  we  refolved  the  quadratick 
equation  3.744,302  X  x  —  xx  :=  i'9973553>  and  found 
It's  two  roots  to  be  0.644,391  and  3.099,911.  And  in  per- 
forming this  refolution  it  was  fteceffary  to  fquare  the 

number  1.872,151,  (which  is  equal  to  3'744>3Q  j  ^^^j 

likewife  to  extrafk  the  fquare-root  of  the  number  1.507, 
396,366>8oi,  which  was  found  to  be  1.227,760. 

•V 

Now  all  thefe  eight  procefles  of  this  refolution  of  the  bi- 
quadratick  equation  6qx  *-*-  6xx  —  «♦  =i  36  by  the  me- 
thod of  Lewis  Ferrari,  form  a  very  confiderable  body  both 
of  clofe  and  cautious  reafoning  and  of  troublefome  arith- 
metical calculation. 

.  Ff  Art. 


•  I 
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Art.  CLXII.  Now  to  tbefeptocieflbs  we  are  to  compare 
die  proceiTes  afed  in  refohring  the  (amc  equation  6C4r— ^ 
d«r—-  A^  =  36  in  Art  X57  and  1 589  by  Mr.  Raphfon's 
method  of  approximation.  Thefe  procefles  were  as  fol* 
lows  : 

The  firft  ftep  of  thtt  refoIttti<yn  was  to  obfenre,  that, 
fince  the  prbduft  of  the  muhipfieation  of  the  leaft  of  the 
three  numbers  fdught  by  the  middle  mimber  x  was  equal 
to  the  number  6,  the  faid  middle  number  x  muft  be  greater 
than  the  fquare*root  of  6,  or  than  2.44994901  &c,  and,  in 
confequence  of  this  obfervation,  to  conjedure  that  it  might 
be  equal  to  2.7,  and  to  try  the  tSkOt  of  fuch  a  fuppofi- 
tion.   The  refult  of  this  trial  was^  that,  if  x  was  foppofed 

to  be  equal  to  2.7,  the  leaft  number  would  be  (=  — ) 

2.7/ 

SB  ft.229,  &C9  and  the  gveateft  number  would  be  (ce 
-j2 JL.  =  — ''^ .    )  =  3.280  &c,  and  confcquently 

that  dbe  fum  %A  the  three  numbers  fought  would  be  = 
8.202,  &C9  inftead  of  being  =  lo,  as  it  ought  to  be  by  the 
coaditioas  of  the  Problem.  And  hence  we  conchided 
that  the  faid  middle  number  would  be  greater  ifaan'  2.7. 

We  then,  in  the  feeond  place,  fuppofed  the  faid  middle 
mimber  Jir  to  be  s  2.9,  and  tried  ^  effb£ls  of  that  fuppe- 
fitton.    Aad  the  refult  wasi  that,  upon  this  fiippo&idB, 

the  leaft  number  would  be  (±=  — j  =   2.069,  ^^  ^^ 

grcateft  number  would  be  (=  2±iL45  =  i:^\  = 
•  ^  2.069  2.069/ 

4-0^4 
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4.o64»  Md  cottfequeiitly  tkat  the  fom  of  the  three  mimbert 
fought  wovAA  be  ^^ojj ;  which  is  IgCs  tlnot  lo,  to  whicb^' 
by  the  conditions  of  the  Problem,  th^  faid  fnm  ought  to  be 
equsd.  We  therefore  concluded  that  the  faid  niddto  num-i; 
ber  muft  alfo  be  greater  than  2.9.' 

'  We  then^  in  the  third  place,  foppdfcd  the  fatd  middle 
mimber  to  be  ==:  3,  and  tried  die  eSt&toi  that  fuppofi- 
fton.  And  the  refuk  vnis,  that,  upon  this  fuppofitibn,  the 

leaft  nunftber  would  be  (=  — )  s  2,  and  the  greatcft 

0 

number  would  be  (=  ^ — ^  =  — )  r=  4.5,  and  confe- 

quently  that  the  fam  of  the  three  nun^bers  fought  would 
be  =  9.5  ;  which  ilill,  like  the  former  refults,  is  lefs  than 
10,  but  Siffers  from  it  by  only  a5.  We  therefore  con- 
cluded that  the  faid  middle  number  muft  aUb  be  greater 
than  2i  but  that  their  difference  would  be  but  fmalL 

We  then,  in  the  fourth  place,  fuppofed  the  middle  nunii* 
her  ;if  to  be  ^  3.1,  and  tried  the  efie£ksof  that  fuppofition. 
And  the  refnit  was>  that,  upon^  this  fuppofition,  the  leaft 

number  would  be  (=  — )  s=  1.93545  and  the  greateft 

Would  be  (=  ^^ —  =    2lJ.  )  ==  4.o<J53,  afid  confe- 

^         1.9354  1-9354'     .^^^^' 

quently  that  the  fum  of  all  the  three  numbers  would  be  ca 

iO.cx)07  ^  which  is  a  very  little  greater  than  10,  to  which^ 

by  the  conditions  c^  the  Problem-,  it  ought  to  be  equal.  W^ 

therefore  concluded  that  3a  muft  be  greater  than  the  £lid 

middle  number  x,  but  that  it  woiild  exceed  it  by  a  very 

Ffa  fmaU 
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taoB.  quantity^  and  therefore  that  the  faid  number  3.1  ! 

vottld  be  an  excellent  bafis  on  which  to  found  a  further 
approach  to  the  true  Talue  of  the  faid  middle  number  Xj  or 
to  the  root  oi  the  biquadratick  equation  6ox  —  6xx  •—  x^ 
=3  369  by  Mr.  Raphfon's  method. 

! 
We  dien>  in  the  fifth  place,  (uppofed  x  to  be  =:  3.1 

—  2|  and  fubftituted  the  faid  compound  quantity  3.1  —  z 
inftcad  of  x  in  the  terms  of  the  equation  60*  —  6xx  —  | 
x^  zs  269  and  refolved  the  new  equation  refulting  from  | 
fuch  fubilitution  in  the  manner  dire  Aed  by  Mr.  Raphfon,  | 
And  the  refult  was,  that  z  was  s  0.000,125,  ^^^  confe^ 
quently  that  3.1  —  z,  or  the  faid  middle  number  Xf  would 

be  (=  3.100,000  —  0.000,125)  =  3*099,875.  I 

jtrt.  CLXIII.  Now  thefc  conjeftures  and  trials  of  the 
four  fmall  numbers  2*7,  2  9,  3,  and  3.1,  as  probable  near 
values  of  the  middle  number  x  of  the  three  numbers 
fought  in  the  above-mentioned  Arithmetical  Problem,  to- 
gether, with  the  fingle  prc>ce(s  of  Mr.  Raphfon's  method  of 
approximation  by  fubftituting  3.1  —-2  inftead  of  ^  in  cbe 
terms  of  the  equation  60*  —  6xx  -i-  a?-*  =  36,  and  re- 
folying  the  new  equation  thereby  obtained,  feem  to  be 
much  lefs  dii&cult  and  laborious  in  point  of  calculation, 
and  likewife  leis  fubtle  and  abilrufe  in  the  reafonings  em- 
ployed in  them,  than  the  eight  different  flages,  or  procefies, 
of  the  former  refolution  of  the  fame  equation  604:  —  6xx 

—  *♦  =:  35  by  the  method  of  Lewis  Ferrari.  And  there- 
fore I  think  we  may  now  fairly  conclude  that  Mr.  Raph- 
fon's method  of  refolving  biquadratick  equations  by  ap- 
prosimation  is  very  much  to  be  preferred,  in  praftice  at 

lead. 
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leaft,  to  the  method  of  Lewis  Ferrari  with  refpcd  to  all 
biquadratick  equations  of  the  feven  forms  fet  down  above 
in  Art.  141,  and  alfo  of  the  three  forms  fet  down  in 
Art.  142,  that  is,  with  refpe£t  to  all  fuch  biqaadratick 
equations  as  are  without  the  term  px^,  or  the  cube  of  the 
unknown  quantity. 

jfrt.  CLXIV.  And,  if  the  aforcfaid  method  of  re^ 
folving  equations  of  this  kind  by.  approximation  accord- 
ing to  the  directions  of  Mr.  Raphfon  deferves  to  be  pre- 
ferred to  the  other  method  of  refolving  the  fame  equa- 
tions invented  by  Lewis  Ferrari,  it  ought,  hfortiori^  to  be' 
preferred  to  the  obfcure  and  fubtle  method  of  refolving 
equations  of  the  fame  kind  that  has  been  given  us  by 
MonGeur  Des  Cartes  in  his  Geometry.  And  therefore  I 
think  it  may  be  confidently  affirmed  that,  whenever  wc 
have  occafion  to  refolve  a  biquadratick  equation  of  any  of 
the  aforefaid  forms,  or  in  which  the  cube  of  the  unknown 
quantity  is  not  contained,  the  beft  methbd  that  can  be 
taken  for  that  purpofe  will  be  to  find,  at  firft,  a  tolerably 
near  value  of  the  root  fought  by  a  few  conje£kurc8  and 
trials,  made  with  fmall  numbers,  confifting  only  of  one  or 
two  figures  each,  and  afterwards  to  make  a  nearer  ap« 
proach  to  the  true  value  of  fuch  root  by  one,  or  two,  or 
more,  procefles  of  Mr.  Raphfon^s  method  of  approxi- 
nnation^ 

'  Jrt,  CLXV.  And,  if  the  faid  method  of  refolving 
equations  by  approximation  in  the  manner  taught  by  Mr. 
Raphfon  deferves  to  be  preferred  to  the  methods  of  re- 
folving biquadratick  cq[u^tion8  invented  by  Lewis  Ferrari 

F  f  3  and 
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Md  Monfieiir  Des  Ctrtm  with  rtfytCt  to  («ch  of  tlmfe 
eqmtioos  aB  are  without  the  c«be  of  the  unknown  qiian* 
tkjt  i^  muft)  if&rtiorif  be  preferable  to  thofe  methods  of 
xcfotwrng  biqutdritick  equations  of  other  kinds,  or  that  in« 
volve  in  them  the  cube  of  the  unknown  quantity ;  becaufe 
thofe  other  biquadratick  equations  cannot  be  refolded  bj 
the  methods  of  Lewis  Ferrari  and  of  Des  Cartes  till  they 
}iave  been,  firftt  reduced,  by  fome  of  theTubftitutions  men- 
tipned  abori:  in  Art^  i43»  to  fome  of  the  feven  forms  men- 
tioned in  Art.  141,  in  which  the  cube  of  the  unknown 
i|ll^tity  is  wanting ;  and  thcfe  reduAions  require  a  good 
44{al  of  calculation,  and  much  increafe  the  length  and  tiou* 
Vk  of  refolvipg  them  by  either  of  thofe  methods*  Th^rc* 
litre  we  may  conclude  that,  in  the  bufinefs  of  refolviojg  bi*^ 
4il^4fa4^k  eqi^ationa,  it  will  always  be  more  <»nvenient  to 
^f  f^coMti^  to  Mr*  Rapbfi:m's  method  of  leiblTingifcem 
^  fifpfoximatioiit  <ban  to  attempt  the  refoiutton  of  dbem 
by  ihfi  m^thpda  of  ^iither  Lewis  Ferrari  or  Des  Cartes, 
fl^edicr  the  faid  equations  do^  or  do  not,  involTe  in  them 
ib/a  ^ub^of  the  unknown  quantity;  excepting  only  the 
fbicre  equations it*  +  j^*  e=  s,  ^*  — y**  =5^/,  ai^d  qfc*  --» 
jf^  s=  /,  which  may  be  refoWed  in  the  manner  of  quadra* 
tick  equations. 

jtri.  CLXVL  It  is  tnie  indeed  that  the  principles  of 
Lewis  Ferrari's  method  of  refolving  biquadratick  equa^ 
tions  in  which  the  cube  of  the  unknown  quantity  is  want« 
U)gt  have  been  extended  by  Dr.  Waring  (the  learned  Lu- 
cafian  PrpfeiTor  of  Mathematicks  in  the  Univerfity  of  Cam^ 
bridge,}  in  his  Aieditatioms  Al^ebraic^j  page  92,  and  likewife 
by  thi?  lat«  eminent  A^ebrajAj  Mr  Thomas  Simpfon  of 

WoolwicI^ 


(    439    ) 

Woolwich  Academyi  in  the  6th  edition  of  Jus  AJge« 
bra,  page  15c,  (and,  I  believe,  in  fome  of  the  fbrmec 
edition3,  but  not  in  the  firft  edition  of  it,)  to  biqua- 
dratick  equations  that  have  all  their  terms  compleat* 
But  the  labour  of  the  calculations  that  are  required 
in  fuch  a  method  of  proceeding  is  (UU  greater  thaa 
that  of,  firft,  reducing  a  biqoadratick  equation  of  diat 
kind  to  one  of  the  feven  forms  fet  down  in  Art.  141,  and 
afterwards  refolving  the  reduced  equation  by  the  rules  of 
Lewi^  Ferrari's  method.  I  have  tried  both  thefe  methods 
of  refolving  thofe  compleat  equatiQn^  in  the  cafe  of  a  bi- 
quadratick  equation  that  not  only  had  all  it's  terms  com- 
pleat, hnt  which  had  four  real  and  affirmative  rocrts^ 
Vhich  is  the  ipoft  intricate  and  difficult  form  of  biquadra* 
tick  equations  that  can  be  confidered  :  and  therefore  I  can 
fpeak  pofitivdy  on  the  fubjefl:.  And,  from  the  experience 
I  have  derived  from  thefe  trials,  I  will  venture  to  recom- 
mend it  to  my  leaders,  whenever  they  have  occ^fion  to  re- 
folve  a  biquadratick  equation  of  any  kind  (except  of  the 
three  forms  above-expepted,  which  may  be  confidered  as 
quadratick  equations,)  to  have  recourfe  at  once  to  Mr* 
Raphfon's  method  of  refolving  th«m  by  approidmation^ 

Jrt.  CLXVII.  Before  I  quit  this  fubjefl  of  biquadra- 
tick equations,!  will  give  one  more  inftance  of  the  refolu- 
tion  of  one  of  thefe  equations  by  the  foregoing  method  o^ 
Lewis  Ferrari  y  and  that  (hall  be  in  the  cafe  of  an  equa- 
tion that  involves  in  it  the  fecond  term  fx^y  or  the  cube  of 
the  unknown  quantity,  and  therefore  will  afford  an  exam- 
ple of  theredu^ion  of  one  of  thofe  biquadratick  equations 
to  one  of  the  feven  forms  fet  dov^a  ^bov^  inArt«44i«  before 

Ff4  the 
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the  above-dcfcribcd  procefles  of  Lewis  Ferrari's  method  of 
rcfolution  can  be  applied  to  it.  And  the  equation  I  (hall 
ehufe  for  this  purpofe  ftiall  be  one  that  may  be  derived 
from  the  fame  Arithmetical  Problem,  propofed  by  John 
CoIIa,  from  which  we  derived  the  foregoing  biquadratick 
equation  6ox  —  6xx  —  «^  =  36  which  has  been  the  fub- 
jeft  of  the  foregoing  articles.  'We  will  therefore  now  re- 
fume  the  coniideration  of  the  faid  Arithmetical  Problem, 
and  give  another  folution  of  it. 


ANOTHER  SOLUTION  OF  THE  ABOVE-MEN- 
TIONED ARITHMETICAL  PROBLEM,  THAT 
WAS   PROPOSED    BY    JOHN    COLLA,    AND 
.  PRODUCED  THE  FOREGOING  BIQUADRA- 
•  TICK  EQUATION  6oAf  —  6xx  -  a^*  =  36. 

jfrt.  CLXVIIL  LET  the  leaft  of  the  three  numbers 
that  are  in  continued  proportion  be  denoted  by  the  letter 
Xy  inftead  of  the  fecond  of  thofe  numbers  which  was  fa 
denoted  in  the  former  folution  of  this  Problem. 

Then,  fince  the  produG  of  the  multiplication  of  the  firft, 
or  leaft  J  number  into  the  fecond  number  is,  by  one  of  the 
conditions  of  the  Problem,  equal  to  6,  it  follows  that  the 

fecond  number  muft  be  =  — . 

But,  by  another  condition  of  the  Problem,  the  third,  or 
greateft,  number  is  a  third  proportional  to  the  firft  and  fe- 
cond. 
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cond.    Therefore  the  faid  gr^ateft  number  muft  be  equal' 
to  the  fquarc  of  the  fecond  number  —  divided  by  the  firft 

number  .r,  and  confequently  muft  be  =  —  =  — j-. 


But,  by  the  third  condition  of  the  Problem,  the  fum  of 
thefe  three  numbers  will  be  equal  to  lo.    Therefore  wc 

(hall  have  x  +  —   +  ^  =  lo  5  and  confequently  (mul- 

tiplying  all  the  terms  by  Af%)  x*  +  ixx  +  36  =  icw?',  and 
(fubtradiing  x^  4-  6xx  from  both  fides,)  10^*  —  ^  —  txx 
=  36,  or  —  ;r*+  ioa:'  —  (^xx  =  36.  Therefore,  in  order 
^folve  the  foregoing  Arithmetical  Problem,  it  will  benc- 
ceflary  that  we  fliould  refolve  the  biquadratick  equation 
\ox^  —  A^  —  6xx  =  36,  or  —  x^  +  ioat'  —  txx  =  36, 
which  involves  in  it  tl^e  cube  of  the  unknown  quantity  x. 


OFTHE  RESOLUTION  OF  THE  BIQUADRATICK 
EQUATION  10^^  —  a;4  _  6;rx  =  36  BY  THE 
METHOD  OF  LEWIS  FERRARI. 

JrU  CLXIX.     IN    this  equation  icjc^-  —  ;c4  _.  ^^^ 

=  36  the  value  of  x  muft  be  lefs  than  — ^  or  2.5.     For, 

4 

fince  the  produfl:  of  the  multiplication  of  the  firft  and  fe- 
cond of  the  three  numbers  which  we  are  feeking  is  only 

equal 
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equal  to  6>  it  is  evident  tbat  jr,  or  the  lefler  of  diofe  two 
numbers  muft  be  lefs  than  the  fquare-root  of  6,  or  than 
2.449,490»  &c,  and  confequently,  a  fortiori^  lefs  than  2.5, 
which  k  greater  than  2449>490,  &c.    It  will  therefore 

be  equal  to  the  excefs  of  2.5,  or  — »  above  fome  other 

quantity,  which  we  will  call  j^  or  to  the  compound  quan- 
tity 2#5  — /. 

Now  let  this  quantity  2.5  —  jf  be  fubftituted  inftead  of 
X  in  the  equation  10**  —  *•♦  —  bxx  =s  jjS.  This  may  be 
done  in  the  manner  following : 

Since  «r  «s  =:  2*5  •«-  /»  we  Audi  have 

.w<=2.5-j,)»=r2T^*-2X2.5X^+J9)^6»25-5!jr+;y, 

and  ;r»  ( ===  2^7^' «  aTsI*  ~3  X  2^5^  X  JF  +  3  X  2.5  X  jry  — J* 
=  23I'-  3  X  6.2J  X^  +  ^.sy3  -  y)  =  15.625  -ia.75y 

+  rsyy  —j'^ 

and**(=2.S^*  =  275^^  —  4  X  ^^^'Xjr  +  dX^^Xjy 
—  4  X  2.5  X/  +/=:^*— 4  X  15.625  X;4-6x6.25 
X  yy  —  lo.o  X>'  +  y^)  =  39.0625  — 62.500  X  jr  + 
37.50  X  >j^  —  lo.o  X  JJ  +  /. 


Therefore  10^'  wiilbc(=:ioXis.'&25  — 18.75^+7.5)^— y 
=  10  X  15.625—  10  X  i8.75jr  +  10  X  T.$yj  -  10  X  /) 
=  156.25  —  l%^.sy  +  7syy  ~  iqy% 


and  6^^  will  be  (==  6  X  6.25  —  5jf  +  >y  =  6  X  6.25  —  6 
X  5j^  +  6  Xjy)  =  37'50  — 3Gy  +  6yy, 

sind 
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and  confisquently  iok'  —  6x»  —  x^  win  be  s^s 

^     is6,is  -  ^875  X jf  +  75;y  —  10/  ^ 

I  ~ 37-S^  +  30-0  y^y  —  tyy'  X 

^—  39-0625  +  62.500^  —  37.50;;;  +  10/  —  f^ 

=  79.6875  -.  95.00;  +  3K50jy  ♦  -  >♦. 


B«t  10**  —  69CX  -—  jj*  is  ««:  36. 

Therefore  79-6875  — 95.00;  +  ^I'S^yy  — y^  will  alfo 
be  =r  36.  And  cpnfequently  (adding  95.00^  +^*  to 
both  fides,)  79-6875  +  3i.5oj>;  will  be  =  36  +  95.00^ 
+  J?*,  and  (fubtrading  31.50;;?  from  both  fides,)  79.6875 
will  be  =  36  +  95.00;  •—  31.50;^  +  y\  and  laftly,  {fub- 
tra£ling  36  from  both  fides,)  43.6875  will  be  ;=  95*00; 
—  3i'59jy  +  y^i  ^^  y^  —  i^'S^yy  +  9S*ooy  win  be  =i 
43-^875,  or  /*  —  31.50;^  +  95;^  will  be  =  43-6875. 
And  thus  we  have  now  converted  the  firft  equation 
ioif3  IP*  6*x  ^—  4f^  =  36,  whii:h  involved  in  it  the  cube  of 
the  unknown  quantity  x,  into  the  equation  ^^  — -  3i«5ojj; 
+  95jr  =  43.6875,  in  which  the  cube  of  the  unknown 
quantity  y  is  wanting,  and  which  therefore  is  capable  of 
being  refolved  by  the'^  method  of  Lewis  Ferrari. 

jlrt.  CLXX  To  refolvc  this  equation >♦  ~  ^I'SOyy 
+  95;^  ;;=;  43.6B75  by  the  method  of  Lewis  Perrari,  wc 
muft  add  31.50;;;  to  both  fides  of  the  equation,  by  which 
we  (hall  obtain  the  equation;?*  +  95^  =  43.6875  + 
Z^'i^yy  *  ^^^  ^^  ^^^  ^^^  fubtraiS:  95^  from  both  iides, 
by  wbi^b  means  we  ihall  obtain  the  equation  y*  =^  43* 

^875  +  ii-5^  ^  9Sy^  ^^  >*  ^  i^'S^yy  —  95y  +  43- 

6875, 


L- 
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6S75»  in  which  the  term  jp^  ftandsby  itfelf  on  the  lefr* 
hand  fide  of  the  equation^  as  it  ought  to  do  in  order  to 
prepare  the  equation  for  the  fubfequent  operations  of  this 
method  of  refolution. 

In  the  next  place  we  muft  add  the  binombi  quantity 
Tayj  +  tM  to  both  fides  of  the  laft  equation  jp*  =  Si-spyj? 
—  95/  +  43-6S75.  And  we  AalL  thereby  obtain  the 
equation  J*  +  2nyf  +  tin  ^  S^-S^^J  —  9SJ^  +  43^^5875  . 
+  2«yjr  +  firt,  in  which  the  trinomial  quantity  y^  +  2nyv 
+  00,  that  is  on  left-hand  fide  of  the  mark  of  eqqality  =, 
is  a  perfeft  Algebraick  fquare,  of  which  the  binomial 
quantity  ^j  +  n  is  the  fquare-root.  1  he  value  of  the  af- 
fumed  quantity  n  remains  ftill  to  be  determined  :  but^ 
whatever  it*s  value  is,  the  binomial  quantity  j|y  +  n'will 
equally  be  the  exa£l  fquare-root  of  the  trinomial  quan- 
tity j»*  +  2nyy  +  tin. 

In  the  third  place,  let  aahc  put  =  2»  +  3^*5^9  <^*A 
»bcput  =  iw  +  43.6875. 

Then  will  the  quinquinomial  quantity  31.50)^^  —  95^ 
+  43-6875  +  2nyy  +  nn  (which  is  equal  to  2«+3i.5oi 

X  n—  9Sy  -¥  nn  -{-  43-^875*)  ^  =  «W  —  9SJ'  +  ^*  5 
and  confequently  the  equation  ;>♦  +  2nyy  +  iwi  =  31. 
S^—9SJ  +  43-6875  +  2nyy  +  ««  will  become  j?*  + 
'2nyy  +  «w  =  aayy  --  q^y  +  bb. 

In  the  fourth  place  we  muft  endeavour  to  take  the 
qoantity  noi  fuch  a  magnitude  (if  poffible,)  that  2ab  (hall 
be  equal  to  95.    For,  if  that  be  once  cffcacd,  we  fhall 

havQ 
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W'  liave  y*  +  2nyy  -h  nn  =:  aayy  —  zahy  4-  Wj  in  wlac& 

^'^  equation  the  trinomial  quantity  aayy  —  oxihy  4-  hb^  which 

'i^  forms  the  fecond,  or  right-haml,  fide  of  the  equation,  U  a 

perfe£l  Algebraick  Square,  (to  wit,  the  fquare  of  the  re£- 
dual  quantity  ay  —  b^  or  of  the  refidual  quantity  b  —  ^O^* 
^  well  as  the  trinomial  quantity  y^  +  2nyy  +  ««,  which 

?  forms  the  left-hand  fide  of  the  equation :  and  confequent* 

^  ly,  if  this  can  be  done,  we  (hall  be  able  to  reduce  the  equa- 

!;{  tion  from  a  biquadratick  equation  to  a  quadratick  equation 

^  by  extracting  the  fquarertoots  of  both  it's  fides. 

i^  Art*  CLXXL    Now  2ab  will  be  =:  pj,  when  ab  is  = 

-5^,  and  aabb  is=— I  .     But  aabb  is  =  2«  +  3iTsc|  X 

««  +  4j'6«75  =  2n^  +  3i-5««  +  B7.37SO«  -f-  IJ?^. 
15625.  Therefore  2ji  will  be  =  95,  when  2«^  +  3r.5«« 

' — ^*  ^^ 

+  87.37 5o«  +  '^n^*^S^^5  *s  equal  to  —J  ,  or  to  —  > 

2  4 

or  to  ? — 5.,  or  to  2256.25,  or  when  n^  +  i5-7Sww  +  43. 

4 
6875/1  +  688.078,125  is  =  1 128.125,  or  when«3  +  15* 
75««  4-  43.^875*  is  =  (i  128. 125  —  688.078,125,  or) 
440. 046,875.  Now  this  is  evidently  a  poffible  equation; 
becaufe,  if  we  fuppofe  n  to  increafe  gradually  from  o  ad 
infinitum^  each  of  the  three  quantities  n^^  ^S'TS^^t  »^ 
43.6875«  will  at  the  fame  timclncreafe» gradually  from  o 
ad  infinitum^  and  confequently  their  fum,  or  the  trinomial 
quantity  «*  +  I5.75««  +  43«^875«,  will  alfo  increafe 
gradually  from  o  ad  infinitum^  apd  confequently  wiH,dur« 
ing  it's  increafe,  become  fucceffively  equal  to  all  quanti- 
ties whatfoever,  how  fmall  or  how  great  foever  \  and  there- 
fore 


(    446    ) 

fote  it  wffi,  at  foAe  inftant  of  time  during  it's  faid  incrcafe, 
become  eqdal  to  die  quantiff  440kOi^bfys.  We  mnft 
thereibre  now  reMte  the  cobick  equation  h*  +  15.75ml 
+  43*^^75*  ^  440*046,875,  and  take  the  number  n 
equal  to  the  root  of  this  equation ;  and  dien  we  (h^  hate 
iahf  =  gsyy  and  y*  -4-  2nyy  +  nn  (which  has  been  (hewn 
to  be  equal  to  aayy  —  gsy  +  W)  will  be  =  aayy  —  2aiy 
+  W.  Now  this  equation  «'  +  15.75110  +  43'^^7S^  =* 
440.046,875  has  been  refolved  above  in  Art.  r;;i  and  132, 
and  it's  root  has  been  found  to  be  nearlj  equal  to,  but 
fomewhat  lefs  than,  3.760.  We  muft  therefore  take 
n  =s  3.760,  and  then  we  fliall  hare  y*  +  2nyy  +  nn  = 
aayy  —  2aby  +  W,  and  confequentlj,  (extra£ling  the 
fquare-roots  on  both  fides,) yy  -h  n^ay^^byox  b^^ay^ 
acconiing  as  ay  is  greater  or  lefs  than  b^  ox  yy  +  3*760 
s=  /ly  —  ^,  *or  ^  —  07,  according  as  ay  is  greater  or  lefs 
than  b. 

Art.  CLXXII.    We  muft  next  compute  the  values  of 
if  and  3. 

Now,  fince  m  is  =  an  +  3  '-50,  and  ib  is  =  nn  -(-  43. 
6875,  and  n  is  s:  3.760,  we  fliall  have  ja  (=:  ^  X  3*760 
+  31.50  =s  7.520  +  31-so)  =s  39.020',  and  tf  (=3.7601* 
+  43'^J875  =  14-1376  +  43»^875)  =  57.825^1,  and  con- 
fequentlj a  (s:v^39.02o)  =5.6.246,  and  ^(s^57-825i) 
sss  7.6o4»  Therefore  the  laft  equation  j^j  -H  3.760  =  of 
•—  A  eab'-^ay,  according  2l%  ay  19  greater,  or  lefs,  than 
b^  win  now  be  converted  into  the  equation  yy  +  3.760 
ae  6.246  X  y  ^  7.604,  or  7.604  -*-  6.246  -h  ji,  accord- 
ing as  6.246  X  ji  is  greater  or  lefs  duin  7.604.    We  muft 

therefore 
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Aerefore  Inqnire,  whether  6.146  X  ji  is  j^fcateT  or  left 
than  7.604. 


-  Jft.  CLXXni.    Now  6.246  X  y  Will  be  greater,  or 
lebf  than  7.604^  according  as  >  is  greater,  or  letsj  than 

2! — X,  or  i.ai7»    We  muft  therefore  inquhr,  whether 
6.346 

J  is  greater,  or  lefs,  than  1.2 17. 

Nbw^  if  J  were  =  1.2 17,  we  fliould  have  jy  =  1.481, 
089,  and  J*  =  2.l93>36i,  and  confequently  31.5)^  (  = 
^1.5  X  i.48j/>89)  =  46.6S4>303»and95j^(=95  X  1.217) 
=  115-615,  and  j^*  —  susyy  +  9Sy  (=  a-iPSiS^Si  — 
46.654*303  +  115-615  =  117-808,361  —  46.654,303) 
=z  7I.I54»058.  But  this  number  is  much  greater  than 
the  number  43*6875,  or  the  abfolute  term  of  the  equation 
y^  —  21'Syy  +  9Sy  =  436875.  Confequently  1.217  i« 
grdatcr  than  tfaetnte  value  of  y  in  that  eqoatio»»  There* 
fore  &246  X  y  muft  be  lefa  than  7*604^  or  ay  muft  be  leTs 
than  L  Therefore  the  fquare^root  <^  the  trinomial  q«aa* 
tity  avy  -^  2^  4-  U  will  hot  -^ay^  and  not  ay  — t. 

We  fliail  therefore  have  yy  -h  a  =  *  —  «y,  ory/  + 
3.760  A  7.604  «-•  6^246  X  y.  And  confequently,  (adding 
<S.^46  X  y  to  both  fides,)  we  ftall  haveyy  +  6.146  X  y 
+  3.760  cs  7.6o4,  and  (fubtrading  3760  from  both 
fides,)  yy  +  6.246  X  y  =  3*844.  And  thus  we  kate  re- 
duiscd  the  biqu^sattck  equation  y^—^  3i.5yy  4-  9ST^ 
43.6875  to  the  quadratick  equation  yy  +  6*246  X  y 
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s  .3.844.    This  quidratick  equation  we  muS;  now  rc« 

folve. 

Art.  CLXXIV.  To  both  fides  of  thequadratick  equa- 
tion f)  +  6.246  X  ^  =  3«844j  add  3*1 23K  or  the  fquarc 
of  half  the  co-efficient  6*246  of  y  in  the  faid  equation. 
And  we  fliall  havc^jr  +  6.246  X  j>  +  3023!*  (=  3.844  + 

3.123V  =  3-844  +  9-7S3>"9)  =  13.597,129.  There- 
fore (extra&ing  the  fquare-roots  of  both  fides,)  we  flialL 
have  jr  +  3.123  =  3.687,  and  (fubtrafting  3.123  from 
both  fides)  y  =  0.564.  Therefore  the  root  of  the  biquadra- 
tick  equation  J*—  31.5}^  +  95^  =»  43-6875  will  be  = 
0*564. 

Therefore  x^  or y^  or  2.500  —  j,  will  be  (  = 

a.  500  —  0.564)  =  1.936  J  that  is,  the  root  of  the  firft 
equation  io;r*  —  bxK  — .  *♦  =  36,  or  the  lead  of  the 
three  numbers  in  continued  proportion  which^  in  the 
Arithmetical  Problem  above-mentioned,  we  are  required 
to  find,  will  be  =  J  .93 6. 

Q^E.  I. 

ArU  CLXXV.  Since  the  firft  of  the  three  numbers 
fought  is  thus  found  to  be  =  i*936>  the  fecond  will  be 

(=  -^ — ^)  =  3*099,  and  the  third,  or  greateft,  of  them 
will  be  t=  5ii*=  9J23i^)  =4.555.    And  thrfc 

1.936  1.936       /  ^^^^ 

numbers 
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numbers  will  aafwer  the  conditions  of  the  Problem  to  a 
tolerable  degree  of  exaftncfs,  their  fum  1.935  +  3.099 
+  4-955  being  =  9.990,  which  is  very  nearly  ecjual 


to  10. 


■^rt.  CLXXVI.  And,  if  we  fubftitute  th?  pumb^r 
1.936  inftead  of  *  in  the  compound  quantity  io*»  —  bxx 
—  X*,  we  ihall  find  that  the  refult  will  be  pretty  nearly 
equal  to  36,  or  the  abfolute  term  of  the  equation  ro;«^  — 
6**--  *♦  =  36,  by  the  refolutjon  of  which  jhefaid  num- 
ber has  been  obt^e4> 

For,  if «  is  =  1.936,  we  fliall  hare  mx  (=T93^»)  =5 
3.748,096,  and  xf  (=  i."^5)  =  7.256,313,856,  and 
**  {=  1n936I*)  =  14.048,223,625,216,  and  confequenj- 
ly  6xx  (=  6  X  3-748,096)  =  22.488,575,  and  iO;r»  (= 
10  X  7-a5<5.3»3'85«)  =  72-5<J3.»38,5<5o,  and  io*»  — 
6xx  —  X*  (=  72.563,138,560  -.  22.488,576  —  14.048, 
223,625,216  =  72-563,i3«,s6o-  36.536,799,625,216) 
=  3<S-o*<S,33*,934,784  5  which  exceeds  the  abfolute  term 
36  by  only  the  fmall  quantity  0.026,  8cc.  or  about  the 
1384th  part  of  36.  This  is  as  great  a  degree  of  exaanefs 
as  ought  to  be  expefted  from  the  foregoing  refolution  of 
the  equation  10*^.^  6xx  -  *♦  =  36,  becaufe  the  value  of 
«,  or  the  root  of  the  cubick  equation  «»  +  i^.-j^nn  + 
43.6875«  =  440.046,875  (uppn  which  the  fubfequcnt 
operations  of  the  foregoing  refolution  depend,)  was  found 
pnly  to  four  places  of  figures,  or  to  be  =  3 .  769. 
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'Art.  CLXXVII.  Wc  haye  now  compTeady  gone  through 
the  relblation  of  the  biquadratick  equation  t04p)  — -  bxx 
— .  jr*  5=  36  by  the  method  of  Lewis  Ferrari  5  which  has 
been' longer  and  more  troublefome  than  the  refol^tion  of 
the  former  equation  6o;p  —  txx  ^  .iv*  =  36,  becaufe  of 
the  neceffity  we  were  under  pf  getting  ri^  of  .the  ^\ihe  of 
the  unknown  quantity  x^  or  of  converting  the  equation  loa?^ 
'—  bxx  —  ;f*  s=  36  into  the  equation  /  —  %^-ST)  +  9S? 
rr  43*6875,  before  the  method  of  Lewis  Ferrari  could  be 
applied  to  it :  and  ^is  converfion  of  the  firft  equation  into 
the  fecond  (which  was  performed  in  Art.  169 J  requiroi 
fome  tedious  (ubftituti^ns  and  redu£lions.  And  in  the 
fubfequent  part  of  the  refol^tion  there  was  alfo  apother 
difficulty  that  did  not  occur  in  the  refolution  of  the  for- 
mer equation  60^  —  d^x  —  4?*  =  36  by  the  feme  method 
of  Lewb  Ferrari ;  namely,  the  necefiity  of  determining 
whether  ay  was  greater  or  lefs  than  ^,  in  order*  to  deter- 
mine  whether  ay  —  by  or  b  —  ay^  Mra$  ^h^  fquare-root  of 
the  trinomial  quantity  aayy  —  taby  +  bb*  So  that,  upon 
the  whole,  I  conceive  that  the  reader  wiU  have  found  the 
foregoing  refolution  of  this  equation  a  very  tipdious  and 
frouble£ftme  piece  of  ^alcuktipa.  B^t  by  Mr.  Rapbfon^^ 
l»ethod  of  approximatioii  we  might  have  found  the  root  of 
this  equation  to  the  fame,  fir  a  greater,  degree  of  exa£i« 
nefs  with  a  fourth  part  of  the  labour  employed  in  due 
^regoing  refolution.  This  I  (hall  now  endeayour  to^ 
Ittake  appear  by  exhibiting  a  refblution  of  this  fam^  equa* 
f ion  io«*  —  6xx  -^  ;r*  3=  j6  performed  by  Mn  Raphfoo^ 
faid  method. 

ARESOu 
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A  RESQUJtlON  C8F  THE  BICgJADRATIGK 
EQUATION  lo^  -  6xx  -  «♦  =  36  BY  Mu.- 
RAPHSON'S  METHOD  OF  APPROXIMA- 
TION, 

Jri.  ClSSmU.  SWCR  jf  is  tlt^  leaft  of  the^hree  t)um- 
bers  fought  in  the  above-mentioned  Arithmetical  Problem; 
•—and,  by  one  of  the  conditions  of  the  Problem,  the  pro- 
^u€t  of  the  multiplication  of  the  leaft  of  thefc  numbers  by 
the  ftcond  \^  equal  tp  6 ;  it  fQllo)ys  that  the  Ipaft  pumbpr 
^  jnuflt  b?  lefs  thap  the  fquarj8-root  qf  6,  that  is,  thatj 
2.449,490,  &c.  We  will  therefore,  in  the  firft  place,  fup^ 
pofe  it  to  be  =  gt.3>  and  try  the  refult  of  this  fuppofition. 

Now,,  if  .v,  or  the  leaft  number,  is  :?:  2.3,  the  fecond 
pumber  will  be  (==  •— r.  =  .r--^)  =  2.608,  and  the  third, 

or  greateft,  number  will  be  (  ^  ^ =     ^  '   *^    ' )  =s 

^  ^2.3  2.3      / 

2.957  ;  and  confequently  the  fum  of  the  three  numbers 

wHl  be  f  =  2.3  +  2.608  +  2.957)  =  7.865.    This  \s 

much  lefs  than  10.     Therefore  the  leaft  number  jp  muft 

be  confidcrably  lefs  than  2.3,  to  the  end  that  the  fecond 

(which  is  =?:  — ,)  may  be  greater  than  before,  and  that, 

ik^  greateft,  (which  is  a  third  proportional  to  x  and  — , 

G  g  a  '  an4 


\ 
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ttd  therefore  1$  =  ^,)  may  Ukewife  be  greater  diatl 

before,  and  that  the  fum  of  the  three  may  be  nearly  equal 
to  ID.  Wc  will  therefore,  in  the  fccond  place,  fuppofe  9f 
to  be  =  2,  and  try  therefult  of  thi^  fuppofitiop. 

Noir,if*is=s2,welhallhaTe  —  =={^  =  3>5m4 
5^(=s  J—  =  —\  =  4.5  ;  and  confequently  the  fum  of 

the  tl^rcjc  numbers  x,  _,  and  -^  viU  be  (^  2  +  3  + 

4.5)  =  p.5  J  which,  as  well  as  the  former  rcfult,  Js  lef$ 
than  10,  but  falls  Ihort  of  it  by  only  0.5.  Wc  will  there- 
fore, in  the  third  place,  fuppofe  x  to  be  =3  1.9,  and  try 
the  rcfult  of  this  fuppofition. 

6  6  V 

Now,  if  A?  IS  =  1.9,  wp  fliallhave  — -  (=s  —J    ^ 

3.i57,andi^(=_X  -   x—  =  —  X-  X 


J.9        ^    ^'         1.9         1-9  ?-9       '      ^      -^  ^ 

and  confequently  the  fum  of  the  three  numbers  will  be 
(=  1.900  +  3.157  +  5.245)  ;=  10.302  5  which  is  greater 
than  10.'  Therefore  1.9  muft  be  a  little  lefs  than  th^ 
trije  value  of  at.  But  it  will  be  near  enough  to  it  to  be 
made  the  bafis  of  a  nearer  approach  to  the  true  value  of 
;e,  or  the  root  of  the  equation  loar'  —  6xx  —  »♦  =  36,  by 
Mn  Raphfon^s  method  of  approximation* 

^  "  Art. 
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Jirt.  CLXXIX.  Let  u$  therefore  fuppofe  «  to  fee  :s^ 
J.9  +  zy  and  let  us  fubftitute  1.9  +  2  inftead  of*  in  tbo 
terms  of  the  Equation  10^^  —  6xpq  —  ;v'*  =  36. 

Then,  fince  *  is  =  1.9  +  »,  wc  Ihall  have 
^x  (=  1^9+^,*  =  iTgl*  +  2  >C  1.9  X  z  +  &c  =  i^* 

+  3.8  X  z  +  &c)  =  3,61  +  3.8  X  z  +  &c, 
ihd  *3  (=iVT^'  =  t^'  +  3  X  i3*  X  z  +  &c 

=i^5+3X3.6iXz+&c=i^»+io.83Xz+&c) 

^6.859  +  10.83  X  z  +  &c, 
wd^(=ir9Tl?,4  =  1^4  +  4  xTgl*  XZ  +  &C 

=  i^*  +  4  X  6.859  X  :i  +  &c 

ssTgl*  +  27.436  X  z  +  &c) 

J=  13-032 1  +  27.436  X  z  +  &c. 

Therefore  i6;r»  will  be  (i±5  10  X  6.859+ 10.83  Xz+&C 
i=  10  X  6.859  +  10  X  10.83  X  z  +  &g)  5=  68.59  -j- 
J08.3  X  z  +  &c, 

and  6Pix  will  be  (=  6  X  3.61  +  3.8  x  z  +  &c 

•     .==6  X  3.61  +  6  X  3.8  X  z  +  &c) 
as  21.66  +  22.8  X  z  +  &c, 
and  confequently  lOx'  «*  6«;r  —  x^  will  be  = 

{68.59      +  108.3  X  z  +  &c    ^^ 
—  21.66         —      2^,8XZ  —  &C        >.    rr. 
^   —  13.0321  —    27.436  X  z  -  fcc-'. 

Gg3  '^  •'   '     '  ^** 
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.   _  J       68.5906  +  108.300  X  i  +  Jc^  T 

""  1  —  34-6921  —  50.136  X  «  —  &C       I 

=  33-^979  +  58.064  X  «  +  &c. 

But  10*'  —  (>xx  —  **  is  =  36. 

Therefore  33.8979  +  58.064  X  z  will  alfo  be  =  36. 
And  cotlfcquentiy  58.064  X  fc  )»rill  be  (=  36  -  ^3.^979) 

a=  2.102I1  and  %  wiilbc  =  ■  *       *  ==0.035.    Therefore 

jr,  or  1.9  +  2,  will  be  (=  1,9  +  O.036)  =  1^36 1  that 
is,  the  root  of  the  equation  ie«^  —  6xx —  *♦  =  3.6  will 
be  =  1.936. 

<J;^E.    I. 

And  thus  we  have  found  l3ie  root  \>f  tfne  Uqtiadratick 
-equation  lO^J  —  6xx  —  at*  =  36,  by  only  one  procefs  of 
Mr.  Rapfafon's  method  of  approximadon^  to  the  fame  de- 
gree of  exTtBtack  as  it  was  found  by  the  former  long  refb- 
Itttion  of  it  by  the  method  of  Lewis  Ferrar^  which  was  at- 
tended with  fo  many  difficulties  and  fuch  a  quantity  of 
ipalcuiation.  And  from  thh  and  the  former  examples  of 
the  gre^t'iifef&lfief!^  of  t^is  nfdthbd  of  rafolving  equations 
by  approxiiiiation,  Ipre&me  nfty.  readers  will  be  ready  to 
join  with  me  in  concluding  generally,  that,  whenever  there 
is  occafion  to  refolve  a  biquadratick  equation  of  any  form^ 
whether  it  does,  or  d()e§  not^  ihvdive  in  it  the  cube  of  the 
unknown  quantity,  fexcept&yg  only  the  three  equations 
X*  +  qx^  ^  /,  J?*  —  gr*>  =s=  s,  and  f  **  —  *♦»/,  which 
may  be  confidered  as  quadratkk  equations>)  and  even 

whenever 
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%heneircf  Acre  Is  occaCon  to  rcfolve  a  cubick  equation  of 
any  kini,  except  the  cubick  equation  y^  +  ^xs=z  r,  whicH 
comes  under  Cardan's  firft  rule,  and  the  cubick  equation 
y  —  jy  =a  r,  in  the  firft  cafe  of  diat  equation,  or  when  r 

is  greater  than  ■  ■    ,  ,  or  - —  is  greater  than  •*--,  ivhich 

tpomes  under  Cardan's  fecond  ruk,  it  will  always  be  found 
moft  contenient  and  expeditious  to  refelre  it  bv  this  me- 
thod of  approximation. 

Art.  CLXXX.  As  to  equations  of  higher  orders  than 
biquadraticks,  no  accurate  methods  of  refolving  them  liave 
yet  been  difcovered ;  and  therefore  in  thefe  equations  it  i^ 
abfolutely  neceffary  to  haverecourfe  to  the  methods  of  ap- 
proximation to  afcertain  'the  values  of  their  roots.  And 
of  all  thefe  methods  I  confider  that  of  Mr.  Raphfon  as  the 
inoft  convenient.  And  therefore  I  (hall  here  reprint  a  tra6t 
upon  this  fubje£i:  which  I  publi(hed  about  three  years  ago  at 
the  end  of  a  large  volume  in  o£lavo  (containing  feveral  ufe- 
f  ul  mathematical  trads,)  that  is  fold  by  Mr.  White,  book- 
feller,  in  Fleet  Street.  The  title  of  this  tra£i;  is  as  foUows  ; 
Obfsrvations  m  Mr.  Rafbfotfs  Method  df  refolving  AffeBed 
Eqtiations  of  all  Degrees  by  Approximation :  and  the  principal 
objed  of  it  is  to  facilitate  to  beginners  the  underitanding  of . 
Mr.  Raphfon's  own  treatife  on  the  fubje^i,  and  to  remove 
fome  difficulties  that  may  occur  to  them  in  the  perufal 
of  it,  and  which  arife  chiefly  from  Mr.  Raphfon's  having, 
in  fome  of  his  Problems,  adopted  the  obfcure  and  perplex- 
ing do£trine  of  negative  quantities  and  negative  roots  of 
equations,  and  made  ufe  of  the  ambiguous  and  myfterious 
language  which  that  dof^rine  naturaPy  introduces :  and  I 
G  g  4    ,  have 
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liave  alfo  endeatouredi  to  compare  Mr.  Raphfon's  method 
of  refolving  equations  by  approximation  with  that  of  Sir 
Ifaac  Newton,  (from  which  it  difiers  but  little,)  and  to 
form  aq  eftimate  of  their  refpe£live  merits ;  the  refult  of 
which  comparifon  is,  that  I  confider  Mr.  Raphfon's  me- 
thod of  refolring  them  as,  upon  the  whole,  more  conve* 
Hient  than  that  of  Sir  Ifaac  Newton.  .And  I  prefer  it  in 
z  ftill  higher  degree  to  the  methods  of  refolving  afle^ied 
equations  by  approximation  recommended  by  Monfieurde 
Lagny  and  Dr.  Halley.  But  of  this  fubjeft  it  is  unnccef- 
fary  to  fay  any  thing  further  on  this  occaGon,  as  the  reader 
will  find  all  I  have  to  offer  upon  it  fet  forth  in  the  follow- 
ing Difcourfe.  And  therefore  I  here  put  an  end  to 
this  Appendix. 
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OBSERVATIONS 


OK 

,.     MR.  RAPHSON'S  method' 

OF 

RESOLVING  AFFECtED  EQUATIONS  OF  ALL  DEGREES 

BY 

APPROXIMATIOK 


Art.  L  X  N  the  foregoing  TraA  1  hare  given  a  pretty 
foil  ^jqpbnatioft  of  Monliettr  de  Lagny's  Method  of 
EaBtradkig  the  Roots  of  Nuitoben  hj  Apptoximiidon, 
aAd  I  have  Kke\vtfe  ttventidntd  Nfr.  Rsi)[ihfon*«  more  &«« 
pic  and  cafy,  thotigh  left  exaft,  method  of  pctforriinig 
the  fame  thing.  But  both  thefe  methods  may  be  applied 
to  the  refolution  of  all  forts  of  equations,  thofe  which  arc 
called  afftElei  equations  *^  or  in  vrhich  the  unknown  qaan« 

titf 

*  This  e^rpreffioB  of  cgf^^  fifmxtkns  feems  td  require  ftJme  Aarthet 
etplanat'ien.  It  was  introduced  by  «he  tekbrated  Vieta j  the  greit  («• 
.ther  ^lid  reitbrer  of  Aigebrs.  He  has  many  e^preiliotis  peculiar «» 
4ihlifeiF,  ibtd  wiiich  Ihive  it^  been  adopted  by  fiibre^vent  Aigebvitilb. 

,  Amongft 


tify  occurs  in  more  than  one  term,  as  well  as  thofe  wtudii 
are  called  ^{/r^equations,  or  in  which  the  unknown  quan* 
tity  occurs  in  only  one  term,  and  which  are  refolved  by 
the  mere  extraction  of  the  roots  of  giren  numbers.   And 

m 

Atnongft  thcfe  are  the  followiifg  ones.^He  ddls  a  fet  6f  quantities  in 
continual  geometrical  prof)ortion,  (fuch  as  the  quantities  i^x,  x^,  x^, 
x^fX^t  jfi,x7f  &c,)  a  fet  of /color  qinmitiesy  or  mc^tudines  fcalares  5 
and,  when  there  are  fereral  of  thefe  fcalar  quantities  connected  with 
each  other  by  the  (igns  +  aiid  ->-,  or  by  Addifi<Ai  and  8obtra£ti«ir« 
(as  in  the  compound  quantity  jr'  -{-  ax^  —  ^x^i)  he  calls  the  higheft 
quantity,  or  that  which  is  fartheft  in  the  fcale  of  quantities  i,  x^  j*^, 
;r3,  x^y  x^,  x^j  ar7,  &c,  (to  wit,  the  quantity  x^  in  the  faid  compound 
quantity  x^  +  ax^  -*  ^**'/)  tbepowet  of  the  iTundamenial  quantity  X4 
or  of  the  fecond  term  in  the  faid  fcale ;  and  he  calls  the  lower  fcalar 
quantities,  which  areinvelved  in  the  fecond  and  third  terms  of  thtf 
faid  compound  quantity  x^  -}'  ^^^  **  ^x^,  to  wit,  the  quantities  «^ 
and  «^,  (or,  in  our  prefent  language,  the  inferiour  powers  oixy)  fcalar 
quantities  of  a  parodic  degree  to  ;r',  or  the  power  of  the  fiondamental 
quantity  «.  This  word  parodlc  I  take  to  be  derived  (though  Vicfis 
does  not  tell  us  fa,>  from  the  Greek  words  mt^k  and  ^^  which  figniff 
jv#ar  and  a  nvqjft  or  read^  becaufe  thefe'inferiotir  fcalar  quantities,  x^  and 
m^fht  in  the  way  aryou  paft  along  in  the  fcale  of  the  afbrefaid  quan- 
tities 1, 4f,  **,  **,  ;r*,  4r*,  jr*,  *7,  &c,  from  i  to  x'^y  which  he  calls  thi 
power  of  X  in  the  faid  compound  quantity  x^  +  ox^  —  b^x^,  Thefe' 
inferiour  fcalar  quantities  x^  and^r*  are  therefore /oroijftV,  or JttuiiiediH 
the  wc^  to,  or  are  leading  to,  the  faid/My^,  Or  higher  fcalar  quantity, 
*5.  He  then  proceeds  ta  define  a  pure  power  and  an  qffeSled power,  an^ 
tells  us,  Utizt  a  pure  power  is  a  fcalar  quantify  that  is  not  aflfe^ted  with* 
er  mixed  with,  any  parodtc,  of  inferiour  fcalar  quantity,  and  that  an 
iiffeQedpower  is  a  fcalar  quantity  that  is  mixed,  or  cQnneS:ed  by  Addi-- 
tlon,,  or  Subtrafi^ion,  with  one,  or  more,  inferiour,  or  parodu,  fcalar 
quantities,  combined  with  co-efiicients  that  raife  them  to  the  fame  di^^ 
nenijfiii  asthe/nraivr  itfelfi  9r  make  them  bomo^et^wi  to  it«  and  confe- 

quently^ 
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Sn  alLaflefled  equations-  beyond  biquadraticks,  or  thofe  o( 
the  fourth  power,  thefe  methods  of  approximation  are  th^ 
only  methods  that  can  be  taken  for  difcovering  theit 
roots^  or  the  values  of  the  unknown  quantities  contained 
}n  th^m«  And  even  in  cubick  and  biquadratick  equations^ 

though 

quently  capable  of  being  added  to  it,  of  fubtrafted  from  Jr.  Thus  Jir* 
alone  is  a  pure  power  of  4r,  namely,  its  fifth  power;  and  ^5  ^  ax^  — • 
^x^  is  em  cffeQed power  oixy  namely,  its  fifth  power  qffeiled  fy,  or  coft^ 
neSiedwitby  the  two  parodic^  or  inferiour ScAhr  quantities,  *3  and  *♦# 
^hich  are  multiplied  into  6b  and  a,  in  order  to  make  them  bomoge" 
nems  lOt  or  of  the  fame  dimenjton  wb,  x^  itfelf,  and  confequeutly  capa^ 
ble  of  being  added  to  it,  or  fubtra6^ed  from  it.  And  he  Teems  to  have 
ufed  the  word  cffe^ed  in  fpeaking  of  fuch  a  compound  quantity  as 
*5  +  ax^  —  b^x^y  becaufe  the  magnitude  of  the  high^ft  power  of  ;r, 
te  wit,  x^y  was  changed,  or  altered,  or  made  greater,  or  lefs,  than  it 
would  otherwife  be,  by  the  addition  of  the  parodic  quantity  ajt*,  and 
jhe  fubtraftion  ©f  the  parodjc  quantity  fP'x^ ;  which  increafe,  or  dimir 
nution,  or  change,  in  the  principal  quantity  **  he  feemed  to  think  might 
be  well  expreffed  by  faying  it  was  offered  by, its  conneftion  with  the 
faid  parodic  quantities.  There  are  fome  expreilions  \n  his  book  that 
fatisfy  me  that  this  was  the  idea  he  annexed  to  the  wprd  qffeSied.  See 
Schooten's  edition  of  Vieta's  Works,  publiflicd  at  Leyden  in  Holland, 
in  the  year  1646,  pages  3  and  4. 

This,  then,  being  the  meaning  of  the  expreffions  a  pure  power  and 
an  affeHed. power y  the  meaning  of  the  correfponding  cxpreflions  of  a 
pure  equathn  and  cm  affS^ed  equation  follows  fropn  itof  icpurfe :  apurt 
equaticm  fignifying  an  equation  in  which  a  pure  power  of  an  unknown 
quantity  is  declared  to  be  equal  to  fome  known  quantity;  fuch  as  the 
equation  x^  =  79 ;  and  an  affeSied equation  fignifying  an  equation  m 
\vhich  a  power  of  ai^  unknown  quantity  affected  by,  or  conne6led,  ci-* 
ther  by  Addition  or  Subtra&ion,  with,  fome  inferiour  powers  of  the 
fame  unknown  quantity,  (multiplied  into  proper  cp-efficients  in  order 
to  make  them  bomogeneous  to  the  faid  higheft  power  of  the  faid  un* 
^nown  quantity,)  is  declared  to  be  equal  to  fome  known  qufiiitity ; 

fud^ 
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Aoogh  parttcniar  mtAioit  hzn  htm  Inireoeed  hf  matfie* 
mtia»i»»  for  the  «ecurate  rdblntian  of  miaft  pf  dis  cafits 
•f  dicfe  sqaatioosy  (to  wk,  Ae  rules  called  Cacdaa^s  Rtilea 
fiv  the  icibltttioii  of  moft  cafes  of  cttbidi;  equali^^s,  an4 
|be  ruiet  invented  hj  Lewis  Fcnari  of  Bologna  ia  Italy^ 
abont  ijie  year  X545)  and  explained  at  large  in  Bombelli's 
iklgebra,  in  the  year  I579>  and  thofe  afterwajds  iQTente^ 
Iy  M.  Des  Cartes^  and  puUilhed  ia  hi?  Qeoim^try  w  the 
fear  16379  for  the  refolution  of  hi^a&atick  oquaUooej^ 
Jiy  the  mediation  of  cuUck  eqitationSi)  it  witt  be  found 
Aat  thefe  methods  of  approKimation  will^  for  die  mpft 
party  enahle  us  to  find  the  values  of  their  roots  to  any 

Iboh  M  fbe  equation ^r«  -f  eur^  -^  l^^  =  79.  Th»  I  take  to  be 
tlhe  original  meaning  of  the  expreflicm  an  eff^Bed  iqmttton.  But,  as 
ibe  laoguage  of  Vieta  has  not  been  adopted  by  fnbfequcnt  writers  of/ 
AVgebffa,  I  ihould  tjiink  it  would  be  more  cenivenient  to  calt  there  by 
ibme  other  name.  And,  perhaps,  thoie  of  ^qmial^  triwmkii^  fuadri'^ 
momralf  qmnquimmk^,  and,  in  general,  that  of  multmomial  equations, 
^mM  be  as  convenient  as  any.  Thus,  a*t  +  ^^  =  ^»  ^^  **  + 
fw:»  =  f*,  and  jr^  -f-  «*«•'  =:  r^  and  x^  +  a^x  =  r^,  and  x*  +  ax^ 
r=r  r^f  might  all  be  called  bivgrnial  equations,  becaufe  fhey  would  be 
fqoations  in  whicli  a  hiwmial  quantity,  or  quantity  confifting^f  two 
terms  that  involved  the  unknown  quantity  x^  is  declaFed  to  be  equal 
to  a  known  quantity ;  and,  for  a  like  reafon,  the  equations  ^  +  ax^ 
•I-  *«jr  =  r»,  and  a-*  —  <i;r*  +  ^»  =.  r*,  and  *♦  —  a:^^  4-  b^x  rsz  r*, 
|md  jrs  -f  «;r4  -1.  ^»A'3  2=:  r»,  and  xi  -f.^x4%.  ^»x8  ~  rs,  and  x^  + 
f V^  -t  ^^^  3E  r' ,  might  be  called  trinomial  ^uations.  And  the  like 
aamcs  might  be  given  to  equations  of  a  greater  number  of  tenns.  Dr, 
Hutton,  I  obl^rve,  in  his  excellent  new  Mathematical  and  Philofophi- 
fal  Di^ionary,  x\ift  now  publiflicd,  (Feb.  2, 1795,)  ^^^*  ^^^"^  ^^^" 
*Mm</ equations  \  which  is  likewife  a  very  proper  name  for  them,  and 
lefs  obfcure  than  that  of  /»^<5?^^  equations.  And  Mr.  Kerfey,  in  his 
fxcellent  Treatife  of  Algebrs^,  publilhed  in  the  year  1673,  likewife 
tadU  theGfi  <vmp^/;7</equations. 

^  pro^fe4 
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ftopoMd$fft$e  of  €xa£hie&,  wkh  ie&  ttiQ^U^  tk»  tito 
particular  and  accurate  metliods  above-mentioncfl,  whuh 
We  been  Invented  for  that  purpoXe.  Sq  that  tbefe  m^ 
thods  of  refolviag  equations  by  approximation  ougl^  to 
he  confidered  ^  of  the  higheft  utility,  and  as  being  abf^* 
lutely  QecejQTary  to  the  completion  of  the  Dodrin^  «f 
the  Refolvtion  of  AJgebriuck  Equations,  which  4s  tfac^ 
IBoft  important  branch  of  the  Scien<;e  of  Algebia. 

jfrf,  II.  But  it  is  410C  fo  eafy  to  determine,  ^hich  of 
ib^fe  two  methods  of  approiiiination,  Mr.  R^pbfon^s,  or 
Mth  de  Lagny^s,  deferves  to  be  preferred  to  the  other  pa 
thefe  oecafioiis.  Mr.  Raph&Mi's  U  certainly  much  Smfinv 
than  the  other,  becaufe  it  proceeds  by  oonfidcriog  the 
JKW,  or  transformed,  equa^n,  (refukii^;  from  the  fi}}^ 
^tutioa  ^  «  +  s;,  or  tf  —  s,  instead  of  ff,  in  the  orjgin%l 
<n}uafion,}  as  being  only  a  fimple  equation,  and  reiblyiiig 
it  accordingly,  or  by  the  ^aere  operation  of  Divifionii 
i^hereasy  in  Mr.  de  Lagny's  method,  (he  faid  new,  or 
transfbrsuedi^  equation  is  <;onfidered  as  a  quadratick  equa-p 
tion,  apd  reiblved  accordingly  y  which,  when  a  (or  the 
iirit  near  value  of  the  root,  that  is  fuppofed  to  be  already 
^uipwn,)  is  a  number  confiftii^  of  five,  or  fix,  figures,  pro-e 
^jluces  a  great  deal  of  labour,  and  often  a  great  dea^  of 
]>erp]exity.  I  am  therefore  inclined  to^  give  ^be  preferenpp 
to  Mr.  Raphfoci's  merhed  in  refolving  all  affefted  equa- 
tions, more  efpeciajly  when  ibc  number  a  ponfifts  of  morp 
than  two  figures :  but  it  muft  he  confefled  that  the  cele^ 
grated  Dr.  Hall^y  (who  had  much  experience,  and  was  a«i 
excellent  judge  of  thefe  matters,}  was  of  a  different  opl- 
4i}on|  aad  gav?  the  |)rc^rew5  %9  H^*  4e  I-^uy'P  .W^^ 

vdiich 
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wlilch  be  has  therefore  taken  the  pams  to  explain  in  » 
better  manner  than  had  been  done  by  Mr.  dc  Lagny 
Limfelf,  and  likewife  to  illuftrate  by  examples,  in  his 
Traa  in  the  Philofophical  Tranfaftions,  Number  210, 
intitted^  "  A  jNVw,  ExaB^  and  Eqfy^  Method  of  finding  tie 
**  Roots  ^  any  Equations  Generally,  and  4hat  without  any 
^previous  ReduBion^*  which  was  publiibed  in  the  year 
1694.  On  the  other  hand  we  may  obferve,  that  Mr. 
Itaphfon  always  continued  to  give  his  own  method  the 
preference,  after  the  publication  of  the  trafts  of  Mr.  dc 
Lagny  and  Dr.  Halley  upon  the  fubjeOr,  as  weH  as  before 
their  publication,  when  he  tells  us  he  had  himfelf  had  the 
thought  of  adopting  the  principle  which  was  afterwards 
followed  by  Mr.  de  Lagny  and  Dr.  Halley,  of  treating 
the  transformed  equation  as  a  quadratick  equation,  but 
had  deliberately  rcjcfted  it  on  account  of  the  greater  eafe 
^d  fimplicity  of  the  other  method^  in  which  the  faid 
transformed  equation  is  confidered  and  treated  as  a  fim- 
yle  equation.  And  Sir  Ifaac  Newton,  in  his  method  of 
Tefofving  equations  by  approximation,  (which  ^fiers  very 
Ettic  from  Mr.  Raphfon^s,)  feems  alfo  to  prefer  ilr.  Raph- 
lbn*s  pra£lice,  of  treating  the  transformed  equation  as  a 
mere  fimple  equation,  to  that  of  Mr.  de  Lagny  and  Dr- 
Hatleyt  of  treating  the  faid  equation  as  a  quadratick  equ^ 
tion.  I  therefore  cannot  but  recommend  it  to  all  young 
Algebraifts  to  ftudy  Mr.  Raphfon's  excellent  Treatife  on 
this  fubje£b, intitled,  Analyjis  Mquaiionum  UniverfalisyVritk 
great  attention,  and  to  endeavour  ta  make  themfelves 
matters  of  it,  by  going  carefully  through  all  the  examples 
given  in  it,  and  performing  all  the  arithmetical  operations 
contained  jin  them.    And  I  will  venture  to  fay  that  they 
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will  thereby  acquire  more  ufeful  knowledge  in  Algebra, 
towards  the  bufinefs  of  refolving  afFedlcd,  or  compound, 
or  multinomial,  equations,  than  by  reading  all  that  has 
been  written  by  Harriot  and  Des  Cartes,  and  his  learned 
Commentator  Van  Schooten,  and  all  his  other  Commen- 
tators, and  their  numerous  followers,  on  the  boafted  doc- 
trine of  the  Generation  of  Equations  one  from  another^ 
by  fuppofing  :e  —  a  to  be  =  o,  and  *  -—  i  to  be  =  o, 
and  X  —  ^  to  be  =  Q,  and  ;r  +  <i  to  be  =  o,  and  m  +  e 
to  be  =?  o,  and  fo  on  ;  and  then  multiplying  the  binomial 
quantities  x  —  j,  *  —  i,  x  —  c,  x  +  d,  ^  i^  e^  &c,  into 
each  other,  andlikewife  all  the  abftrufe  and  intricate  mat- 
ter th^t  has  been  delivered  by  Sir  Ifaac  Newton,  and  Mr. 
Gravefende  and  Mr.  Mac  Laurin,  and  other  learned  Alge- 
br^(b  of  modern  times,  on  the  invention  of  Divifors, 
which  is  grounded  on  that  dodrine  of  the  Generation  of 
Equations  from  each  otiier. 

.  Art.  III.  Yet  in  reading  this  excellent  Tre^tife  of  Mr. 
^afi^fon,  which  I  fo  much  recommend,  there  will  now 
and  then  occur  fome  difficulties  which  are  not  inherent  in 
the  fubjed  itfelf,  but  which  might  have  been  avoided,  if 
IV^r.  JUphfon  had  not  unfortunately  adopted  the  perplex* 
lag  do{itrines  of  modern  writers  of  Algebra^  about  nega- 
tive quantities  and  negative  roots  of  equations.  The 
qa^tities  called  negative  are  fuch  as  it  is  impofiible  to  form 
any  clear  idea  of,  being  defined,  by  Sir  Ifaac  Newton  and 
other  Algebraifts  *,  to  be  fuch  quantities  as  are  lefs  than 

notbiftgf 

'*  Qaamitate«  vel  i(#}iMa/^v«r  font,,  feu  naajores  Nibilo,  v<*l  Ng^an 
tiva,  Uax  Nihilo  tninores.— Newton's  Aritbmetica  Umn/er/alis^  pag^e  3, 

Hh  Wboa 
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nothingy  or  as  arifefrom  the  fultraBion  of  a  greater  quafdHf 
from  a  lejfer^  which  is  an  operation  evidently  impoffible  to 
tc  performed  :  and,  as  to  the  negative  roots  of  an  equa- 
tion, they  are  in  truth  the  real  and  pofitive  roots  of  ano- 
ther equation  confiding  of  the  fame  terms  as  the  firft 
equation,  but  with  different  figns  +  and  —  prefixed  to 
fome  of  them  ;  fo  that,  when  writers  of  Algebra  talk  of 
the  negative  roots  of  an  equation,  they.  In  faft,  jumble 
two  different  equations  together,  and  fuppofe  the  propofed, 
or  firft,  equation  to  have  not  only  its  own  proper  roots 
(which  they  call  its  afjirmattve^  ox pofttive^  roots,)  but  to 
have  likewife  the  roots  of  a  different  equation,  which  they 
call  its  negative  roots.  Thus,  for  example,  they  would 
fay,  that  the  quadratick  equation  xx  +  J{x  —  320,  has 
two  roots,  to  wit,  the  pofitive,  or  affirmative,  root,  +  16, 
and  the  negative  root,  —  20.  But  this  latter  number, 
20,  is,  in  truth,  the  root  of  a  different  equation,  to  wit,  of 
the  equation  xat  —  4x  =  3:20.  So  that  this  kind  of  ab- 
furd  and  fantaftick  language  only  tends  to  the  confound- 
ing  together  the  two  different  equations  4?*  +  4^  =  3^^* 
and  xx  —  \x  —  320,  and  confidering  them  as  if  they  were 
one  and  the  ^ame  equation.  Now  this  perplexing  Ian- 
guage  is  unfortunately  ufed  by  Mr.  Raphfon  in  this  va- 
luable Treatife,  and  tends  to  throw  an  air  of  myftcry  and 

When  a  greater  quawtky  is  taken  from  a  leffcr  of  the  Tame  kind,  the 
remamdcr^bccomes  of  the  oppofite  kiad.— — A^^r  Laaris's  Algebra^ 

page  5.  .  ,        •       . 

An  affirmative  quantity  is  a  quantity  greater  than  nothmg,  and  is 
known  bv  this  fign,  +  i  a  negative  .quantity  is  a  quantity  lefs  than  no- 

thing,  and  is  known  by  this  fign^-  . Smlfiderfi^^  Algeka.Yoh  I. 

pag?  5^»  Article  a.         ^  .      s    .    "  "        . 

;  .  .  obfcurity 


(    4^7    ) 

obfcurity  upon  fome  of  the  Problems  folved  in  it,  from 
which  they  would  otheriwire  have  been  intirely  free.  As 
a  proof  of  the  truth  of  this  obfervation,  I  (hall  here  infert 
one  of  the  faid  Problems,  the  folution  of  which  is  by  this 
means  rendered  fo  obfcure,  that  I  had  a  good  deal  of  trou- 
ble to  find  out  the  meaning  of  it ;  though,  if  this  language 
had  been  avoided,  and  the  prpper  and  natural  language, 
belonging  to  the  conditions  of  the  Problem,  had  been  ufed 
in  its  ftcad,  there  could  not  have  been  the  leaft  difficulty 
in  underftanding  it.  This  Problem  is  the  24th,  in  page 
32  of  the  ad  edition  of  the  book,  and  is,  verbatim  et  Itttera* 
fimy  as  follows. 


PROBLEMA    XXIV- 

^auATzoNUM  Quints  Potest ATis  Adfbctarum  Sojlutio. 

Proponatur— flftfdfjfl  +  ^aaaa-^ioaaa  +  i^^aa  =  io,ooo« 

Hoc  eft,  — ^  aaaaa  +  baaaa  —  caaa  +  daa  =yi 

Theor.  A?  --^  '^  ^^^^  "^  ^ggf:  —  ^gggg  —  dgg 

Sit  ^  =  -  5 
/  +  igggs  -^^ggg  —  hggg  —  *i:  =  — -  387s  ^ 

4%f^+2i^-S^j-^i:-3rg^g-= -967s)  (-3875,0) +,4«;v 


y+ 
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4Aga  +  2'ft-5«K?-3<KP=  -  7659*736)  -  4*0,36*96 

(+>o5S=* 

-4,6 

-     '*"  '^^^ 

^  =  ~  4o45 

/+ «y«<: + ^«?  -  *^«E?  -*/«  =  -  519603^9465465625 

( +  ,00080428  =  X  . 

-^  4iS4S 

+    ,000,804,28 


«  =  -  4iS44>i9S,7^ 


To  this  folution  I  have,  in  my  copy  of  Mr.  Raphfon's 
Traft,  fubjoincd  the  following  Note  : 

Humerus  4*544>I95)72  eft  radix  aquationis  «'  +  ja* 
+  2oa^  +  155^^  =  10,000;  quod  hie  obfcure  innuitur 
fub  fpecic  radids  negative  sequationis  —  aS  +  yn*  — 
20a^  +  ^S5^*  ^  1 0,000.  Omnc$  fere  difficultates  qui- 
bu8  permutri  cultioris  ingettii  viri  ab  Algebra  difcenda  et 
excolendadeterrentur,^x  hifce  radicibus  negativis  et  aliis 
quantitatibas  negatiTis,  fieu  (ut  hodierni  Algebrae  fcrtpto- 
res  al|/drde  loquuntur,)  nihilo  minoribus,  Ortum  habent* 

In  this  Problem  the  letter  a  Is  ufed  for  the  unknown 

quantity,  or  root  of  the  equation,  which  is  ufually  denoted^ 

by  the  letter  x ;  and  the  letter^  is  uf«d  for  the  firll  near 

^  :  .1  value 
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value  of  the  root  of  the  equation,  which  in  the  two  fore-, 
going  Tra^s  has  been  denoted  by  the  letter  « 5  and  the 
letter  jp  is  ufed  for  the  difference  between^,  the  firft  near 
vducof  the  root  of  th«  <eqaatiQiit  und  tf,  iU  tutie  valuc^ 
which  difference  haa  been  denoted  in  the  two  foregoing 
•  Trafts  by  the  letter  2.  So  that,  if  we  exprefs  the  enuncia- 
tion of  the  foregoing  Problem  in  the  i^otation  that  has  been 
ufed  in  the  two  foregoing  Trafts,  it  will  be  as  follows  : 

Propoftatur  —  xxxxx + "jxxxx  —  lOxxx  + 1  %^x  *=  10,000, 

Sive  —  «'  +  74?*' —  203C3  +  j55Arjf  ±=  10,000, 

Hoc  eft,  —  xnxxtn  +.  hxi^nK  —  cssxjf .+  4xx  =yi 

3iye  -  flff*  +  **♦ -*  i»^ -4- </**  rz /. 

frir    '  f  ^  'aluiaa  4-  cana  —  haaaa  —  3aa 

loeon  z  :=*' ,'.    ... — —J — r ', 

ifiaua  -f  ^da  "^  ^aaaa  "^ 'j^caa     ' 

f-^a^  +  ca^  —  ia^  —  da"- 
4^fl'  +  zda  ^  s^   —  3^^* 


jfrt.  IV.  Here,  then,  the  equaticmprbpofed  by  Mn 
Raphfon  to  be  refolvc4,  is  faid  to  be  -^  *•  -4*  7**  —  %ox^ 
+'  isSft-jc  =  10,000,  er  155^^*  —  20x^  +  ^x^  -^.«*  sa 
fo,ooo.  But  this  is  not  the  equation  herefolires;  and> 
indeed,  it  is  not  a  poffible  equation,  becaufe  the  greaiteft 
poflible  magnitude  of  the  compound  quAntJty  i;sxx  '^ 
20jp3  +  jx^  —  xS  is  that  which  it  has  wken  the  infinitdy 
fmtU  increment  of  tie  binomial  quantity  20a^  +■  «*  be^ 
comes  equal  to  the  contemporary  increment  of  the  bino^ 
mial  quantity  1554?^*+  jx^,  that  is>  (if  wc^ut  *,  or  i 
with  a  point  placed  oyer  it>  for  theUnfiifttely  fmallincre* 

H  h  3  ment 
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mcntof  X,)  whenao  x  2a^x  +  5JK4i becomes  oqualto 
'55  X  *'*^  +  7  X4Ar^*,  or  when  6oa?*  +  5**  is  ss  310*  + 
aSor',  or  when  6o;ip+5*i  is  =  310  +  aSxx,  or  when  5**  - 

a8jr;i?  +  (JOjt  is  *  310,  or  when  jr^  •— +  12»  is  « 

62,  or  when  *'  —  5.6x4f  4-  12*  is  =  62  j  and  that  is  when 
X  IS  nearly  =  5.5  5  at  which  time  the  compound  quantity 
ISS^^  —  ^0*^  +  7**  •—  «•*  will  be  nearly  equal  to  2733, 
as  will  appear  by  fubftituting  5.5  inftead  of  x  in  the  terms 
of  the  faid  quantity  155;^*  —  20tftf>  +  'jx^  —  *• :  and 
this  quantity  2733  (which  is  the  greateft  poflible  magni- 
tude of  the  compound  quantity  155**  —  20*'  +  7*^  — 
*%)  h  very  much  lefs  than  10,000,  or  the  abfolute  term  of 
the  equation  I55ir»  —  209t^  +  jx^  —  Af5  53  icsooo,  and 
confequently  the  faid  equation  is  impofiible*  Bur  Mr. 
Raphfon,  though  he  fets  down  this  equation  I55«;ir— « 
20*'  +  ^x* «.—  ar5=  10,000,  as  the  equation  that  is  tabe  rc- 
folved,  yet  really  means  to  refolve  a  quite  difietent  equa- 
tion, to  wit,  the  equation  that  rcfults  from  fuppofing  x  to 
be  a  negative  quantity,  or  from  fubftituting  the  powers  of 
-—  Xy  to  wit,  -*-  pcXf  —  x^^  +  ^,  an4  —  xS,  in  the  terms 
of  the  faid  equation  ISS^^  —  20^*  +  7**  —  jf'=  10,000, 
inftead  of  the  .like  powers  of  +  x^  to  wit,  +  xx,  +  k\ 
+  x^,  and  +  ^5  }  by  which  fubftitution  the  faid  equation 
will  be  coihrerted  into  the  equation  155  X  '^  xx  —  20 
X  —  *^  +  7  X  +  *♦  —  I  X  -^»f'  =  10,000,  or  I5s;if* 
+  20**  +  ^xl*  +  x^  =t  ro,coo,  which  is  evidently  a  pof- 
Cble  equation,  and  of  which  the  root  is  4*5449195972,  or 
the  fame  number  which  he  obtains  by  his  folution  of  the 
Problem,  and  which,  with  the  fign  —  prefixed  to  it,  he 
calls  the  negative  foot  of  the  propofed  equation  155^^  — 

20** 
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!iOAf^  +  ^x^  —  ;p5  r=:  10,000.  Now  all  this  pcrplextty 
would  have  been  avoided,  if  Mr.  Raphfon  had  propofed  at 
firft  to  find  the  root,  or,  in  the  language  of  modern  yrrit^s 
of  Algebra,  the  afirmative^  or  poftUve^  root,  of  the  equa(- 
tion  i55APAr  +  ^ox^  +  ']x^  +  ;v5  =  10,000,  or  x^  +  7**  + 
aojc*  +  I5S«AP  =  10,000,  which  equation  is  evidently 
pofTible,  and  can  have  only  one  root.  And  then  all  the 
fteps  of  his  folution  would  have  been  clear  andeafy,aswiU 
appear  by  refolving  this  equation  x^  -H  7**  +  ^ox^  + 
\^^xx  =  10,000  according  to  the  principles  of  his  me- 
thod ;  which  may  b6  done  in  the  manner  following  : 


THE  RESOLUTION  OF  THE  AFFECTED  EQtJ  V- 
TION  xs  4-  7^+  +  20*^  Arxi^xx^^  10,000,  BY  Mr. 
RAPHSON'S  METHOD  OF  APPROXIMATION. 

Art.  v.-  IN  confidering  this  equation  «5  -4-  ^x^  ^ 
%ox^  +  iSS^^x  =  10,000,  it  is,  in  the  ift  place,  eafy  to 
fee  that  x  muft  be  greater  than  i.  For,  if  we  fuppofe  m 
to  be  =  I,  we  (hall  have  xx  =  i,  and  x^  =  i,  and  *•*  = 
I ,  and  A?^  =s  I ;  and  confequently  xS  +  >ix^  +  20«*  + 
155*^;?  will  be=i  +7  +  20  -hi  55  =.183  J  which  is 
very  much  lefs  than  the  abfolute  term  10,000;  Therefore 
I  muft  be-  much  lefs  than  x* 

In  the  fecond  place,  if  we  fuppofe  ^r  to^  be  =  10,  we 

(ball  have  xx  =  loo^  and  x^  =  looo,  and  :c*  =  lo^ooo, 

H  h  4  and 
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tAd  )cS  ss  iO0)dOD ;  fo  that  ^  alone  will  be  equal  to  thtf 
abfolttte  term  iO|Ooo,  and  confequently  x^  +  jx^  -f  20Jr^ 
+  155^  mud  be  very  much  greater  than  the  faid  abfo 
lute  term  i  and  confequently  lO  muft  be  much  greater 

Thirdly,  fince  x  is  lefs  than  lO  and  greater  than  i,  let  us 
fuppofe  it  to  be  equal  to  5.  Then  wc  fliall  have  xx  =  25, 
and  x^  =3  125,  and  x*  =  625,  and  x^  =  3125,  and  confe- 
.^uently  ^5  +  7**  +•  zox*  +  155**?  (=  3125  +  7  X  625 
+  20  X  125  +  15s  X  25  =  3125  +  4375  +  2500  + 
3875)  =  I3>875  s  which  is  greater  than  the  abfolute  term 
iO|O00.  Therefore  5  is  greater  than  the  true  value  of  x  in 
the  equation  x5  +  7**  +  20**  +  1$$^^  =  10,000. 

Wc  will  therefore,  in  the  4th  place,  fuppofe  at  to.  be 
t=?  4.  And  then  wc  fliall  have  xx  =  16,  and  x^  ==:  64, 
and  x^  anfc  256,  and  *'  «  I024v  and  confequently  x*  + 
7**+  Mir*  +  155^*  («  1024+  7  X  256  +  20.  k  64 
4-  155  X  16  tw  1024  +L  1792  +  1280  +  2480J  =  6576  i 
W&icfa,  is  lefa  than  the  abfolute  term  10,000.  Therefore 
4  ti  k(d  than  the  true  vjihie  of  at  in  the  equation  ^5  4. 
'jx^  +  tow*  +  i55*x  =  x^ooo.  • 

It  ^^pniars  thetefote  that  the  ro^t  of  the  equ^i^o  x^  4- 
yir*  +  26>*  4-  155*^  **  io,bo?>  ts  greater  than  4,  bet 
'ibfs  &ktA  5.  And  either  df  th^fe  values  might  very  well 
ferve  for  a  firft  near  value  of  the  fftid  root,  tfe  for  the  baCs 
of  a  further  approximation  to  it.  Mr.  Raphfon  makes 
kheSct  a  a,  HihXh  te  ptzttt  th«)i  tfte  ttith. 


^rt. 
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Art.  VI.  I;et  us  then  fuppofe  n,  or  the  firft  near  value 
^i»in  Ac  equathm  x^  +  7»i-  -f  ao«'  4- 155^*  =  10,006, 
16  be  =  5  J  and  let  z  be  the  difference  by  which  it  exceeds 
the  true  valirt  of  <e.  Then  will  ;p  be  *«*  /r-^ ;«,  and  tonfc- 
quently  xx  wilj  j>e X=c  g-— 2>3  z=z  aa  —  2^2  +  &c,  and 
^3  will  be  (t=  d  ^  z^)  isa  a*  — *  5/i*i'  -h  &ci  and  «♦  wffli 
bej[» X^I^*).  ==  V  —  4tf^is  +  ggcj^and  i^.wjll  be  ( = 
7—^5)  =  fl5  ^  5ji4z  +  &ci  nierefbre'^3f+  y;i;*'-fi  ioic» 


+    155^5^  will  be  == 


+      7  X^«*  — 4'«'2  -f-  &c,I 

-i-    20  X  fl5  —  3fl*«  +  &c',  I 

^:*"  155  Xaa  —  2az,    +  &c» J 


But  jc'.  +  7^  +  20»'  +  iS5*^  is  ==  ic^poo, 

Therefote  a^  +  7^*  4-'  20(2'  +  155^/1  ^—  ;^^»*2:  —  28 A 
—  boa^z  —  3iOflz  H-  &c,  wili  alfo  be  =  10,000,  and 
conrequently  (adding  ^a^z  +,28<2'z  +  doai^x  +  31002 to 
both  iides,)  we  (hall  have  "o^  +  70*  ^  jtOtf^  +  I55fl»  «i= 
io,oco  +  ^a^  +  28fl*«  +  6Ga^z  +  Jiotfx,  or  ^-. 
caufe  a  \^  =  5j  ^^^  cohfequently  aS  +  7^  +  200^ 
+  155^^  is  =  13,875,  as  has  been  (hewn  in  Art.  5,) 
we  fliall  have  13,875  =  10,000  +  5^3*2  +  280*2  + 
6oa^z  +  310^2,  and  confequently  (fubtracSing  io,ooo 
from  both  fides,)  3875  =  50*2  +  280*2  +  6ca*2  ^ 
31002  =  2  X  Ijo^  +  28a'  +  6oa^  +  3100.  There- 
fore 
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fore  «   win  tc   =  —r ^  ,  ^^7^,    ,     • 

(^  _    387s 

^      S  X7\*  +  a8  X^l'H-  bo  x7^  +  3io  x  5^ 

3^75 ^ 

S  X  tes  4r   2J^  X  125    +   bo  X  25  +  310  X  5 

til =.  3875)  Th,,,, 

3"s  +  3500  +  1500  -h  1550       9675^        '^ 

fore  a  —  z,  or  ^,  will  be  (=  tf  —  0.4  =  5.0  —  o^,)  = 

4.6  i  and  4.6  will  be  a  fecond  near  valae  of  the  root  of  the 

equation  ;c5  +  7**  +  ao**  +  155**  =  lo>o.oo. 

We  muft  next  try  whether  this  fecond  near  value  of  x 
is  greater  or  kfs  thanks  true  value.;  and  for  this  purpofc 
we  muft  fubftitute  it,  inftead'of  x,  in  the'  compound  quan- 
tity x^  +  7**  +  20*'  +  iss^x. 

Now,  if  we  fuppofc  j?  to  be  =:  4.6,  we  fliall  have  xx  {= 
4^61*)  s=  21. 16,  and«^  (=:  4^^)  =  97'33<5j  and  *♦(= 
4^61*)  =  447^7456,  and  **  (=  4^')  =  2059.62976,  and 
j^S^x  (=  155  X  21.16)  =  3279.80, and  20a*  (=  20  X 
97-33<5)  =  1946.72^0,  and  7;v*  (=  7  X  447-7*5<^)  = 
.3134.2192,  and  confcquently  je'  +  7**  +  2o;if*  +  155^* 
(=  2059.62976  +  3134.2192  +  1946.720  +  3279.80) 
=  10,420.36896}  which  is  greater  than  10,000,  or  the 
abfolute  term  of  the  equation  x'  +  7**  +  20*'  +  155** 
=  10,000.  Therefore  4.6  will  be  greater  than  the  true 
value  of  AT  in  that  equation. 


Art. 
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Aff*  yil.  To  Slid  a  third  near  vaUeof  the  loot  of 
this  equation,  let  a  be  fuppofed  to  be  =  4.6^  an  J  z  fep  the 
difference  by  which  a^  or  4.6,  exceeds  the  true  value  of 
the  laid  root.  . 


Then  we  ffiall  have,  as  before,  «  =  ^  —  z,  and  confe*- 
quently  :m  (=  a  —  zf.)  z=z  aa  —  %az  -H  &c,  aad  x^  [^ 
m  ~.z.^)  =  «'  —  3^'2  +  ^c,.and\y^,(— a  -^-T^f)  =:  <j* 
—  4tf3z  -f  &.C,  and  A?'  (.=  fi  —  z'^)  ==  ^i*  —  55^2  4  &c» 

and  7«4  (=  7  X  a^—^a^z  -^  i*)^,)^  »  7^*  — :  28/j'a5  -J- 

^&c,  andaojf'^te:  7o^a^^^a-x  ?4--Sc,)  =:iO/jf*  — 6odftB 

4.  &c,  arid  isfA-iV  (=  155  X-tf<i  — 2^»  +&C,)  ==  is$iw 

•—310^2  +   &c,  and  x^  +  7;^*  +  20A?'  +   155^^*  = 


7** 


—  5(2*Z  +  &c,      ^ 

—  .  28tf^Z.+  ..&Cy 


+     20J5  —    6o<2*?  +  &c,. 
+  155^^  —  3ioaz    4-..&C. 

But  x'  +  7a^  +  20*3  +  i^s^^  IS  ~  lOjOOG.   , 


Therefore 


will  Hkc- 


a^  —  ^a^z  +  &c,  "" 
4-  7^*  —  28j*z  +  &c, 
+  2Cfl* —  fiod^z  +  &c, 
I  +  155^^  —  3^^^^;  +  &c,  J 
wife  be  =  I  o,ooq,  and  confequently  (adding  ^a^z  + 
2%a^z  -f  6oa^z  +  310^2  to  both  fides,)  a^  +  7a*  + 
20^3  +  155^^  will  be  .=  10,000  +  5^*2  4-  28a'2  + 
6o^i*z  +  3io<22. 

But  it  has  been  fliewn  In  the  laft  article,  that  a'  +  7^ 

+  2oa' 
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+  aotft  +  tSS^y  ^  4^*  +  7  X  4-^*  +  20  X^6,^  + 
155  X  4.6^1  is  »  io»420.36896. 

Therefore  10,420.36896  will  be  =  10,000  4-  5^«  + 
^iU's  +  6oa^a;  4-  310^  ;  and  confequcntly  (fubtrafting 
10,000  from  both  fides  of  the  equation^)  420.36896  will 
be  =  ^a^  +  28^*2  +  6c^i*2  +  310(72  (=  5  x  4^0*  X 
2  4  28  X  ijrS^'  X  2  +  60  X  4Jb\*  X  ^  +  310  X  4.6 
X  z  =  5  X  447-745«  X  2  +  28  X  97.336  x  z  +  60 
X  ll.l5  Xa  +  310  X  4.6  X  «  =  2238.7280  X  »  + 
3725.408  X  a  4-  1269.60  X  z  +  1426.0  X  »)  =:=  7f>59* 

7360  X  »,  «d  confequently  z  wiU  be  (=  7659.7360^ 
=  0.0548,  or  nearly  0.055.  Therefore  x^ox  a  —  «,  or 
,4.6 —  2,  will  be  nearly  (=*  4.6  -r  0.055,)  =  4*545 »  ^^ 
confequenlly  this  number  4.545  will  be  a  third  near  valu^ 
of  the  root  of  the  propofed  equation  at*  +  74?*  +  20a^ 
-I-  J55x«r  =:  10,000. 

CLE.  I. 

Now  let  this  ntimber  4.545  be  fabftitiitcd  inftead  of*jnt 
m  the  compound  quantity  x^  +  'jx^  +  20#*  -^  1 55^^, 
in  order  to  difcovcx  whether  the  refalt  will  be  greater,  or 
kfs^than  io,cgo,  or  the  abfolute  term  of  the  propofed 
equation  **  Hr  7^  +  20x^  +  *55*'*'  ==  io,ooo* 

Now,  If  X  be  fuppofed  to  be  =  4.545:,  we  (hall  have  xx 
(=r  4.545'*)  =  20.657,025,  and  AT*  ( =  4^545^')  =  93-886, 
J78>625,  and  Af*  (:g  4'54S\^)  =  426.7i2,68i,850,62s,and 
**  C=  4-S4Sl')  =  i939-409>'39>0Xi,o90,625^and  confe- 
qucntly 
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qucntly  7;f*(=:  7  y^  426.712,681,850.625)  es  2986.988, 
77*»954>37S>  an5r2o^^  (=  20  X  93-886, 178,625)  1= 
,1877.723,572,^0,  and  155^^1=155  >^  20.657,025)=! 
3201.838987^,  and  x^  +  'j^  H.  20*3  +  I554r;r  (=  i^jg^ 
409,139,011,090,625  -f  2986.988,772,954,375  4.  1877, 
723>572iS<5c>  +  3201.838,875)  =  10,005.960.359,465, 
465,625  %  whicb  1$  greater  than  jc,ooo,  or  the  abfolutc 
term  of  the  equation  x^  +  'jx^  +  29*5  +  155*^  =  io,0O0, 
Therefore  4.545  will  be  greater  than  the  true  value  of  » 
in  that  equation. 

Art.  y III'  To  find  a  fourth  near  value  of  the  root  of 
this  equation  x^  +  7^:*  +  2oa?»  +  i^Sxx  =  10,000,  let 
a  be  fuppofed  to  be  =  4.545,  and  z  be  fuppofed  to  be  the 
difference  by  which  ^ ,  or  4.545,  exceeds  the  true  value  of 
the  faid  root; 

Then  we  fliall,  as  before,  have  ;r  =  a  —  z,  and  confe.* 
quently  xx  (=^  a— z|*)  =:  aa  ^  2az  +  &c,  and  x^  (== 
i  —  2)3)  =  flS  ,^  2a^z  +  Bcc,  and  x*  (=:^a  —  ^♦)  =  «♦ 
•—  4fl'2  +  ^c,  and  x^  C=tj  —  ^«)  =  ii<  —  5fl-»2  +  &c, 
and  7;r*(i=  7  X  a*  —  4//^z  -i- &c,)  =  7^*  —  2SaHt  +  &c, 
and  20;ic'  (=:  20  X  <»'  —  3a*z  -h  &c,)  =  20a^~^6oa*z 

+  &c,  and  I55jr*  (=  155  X  tftf  — 2a«  +  &c,)  =  iSJitf 
—  310^  +  &c,  and  confcquently  x^  ^  jx^  +  20*'  + 
-15s**  =« 

13'  —      ^a^z  4.  &c,  ^ 

+        7^*  —    23a'z  +  &c,    I 

+      20^ 60a'z  +  &c,    J 

+   1550*  — 3iotf2    4- &c.  J 

But 
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+  loai  +  155^^,  or  4Tbl»  +  7  X  ^7)' 
155  X  4*6/*,  is  »  10,4.26.36896. 

Therefore  10,420.36896  will  be  - 
^9a^z  +  6o«*a;  4*  310^3;  5  and  conf 
10,000  from  both  fides  of  the  equ?. 
be  =  5^*2  4-  28tf'z  +  6c^i^z  +  7 
2  +  28  X  4^6^'  X  z  +  60  X 
!X  X  =  5  X  447-745<5  X  s  4- 
X  1I.I5  X  a  +  310  X  4.6  y 
9725.408  X  »  +  1269.60  X 

^360  X  *,  and  confequeni 

=i  0.0548,  or  nearly  cc- 
,4.6  —  3,  will  be  nearly  ( 
confequently  this  nunV 
of  the  root  of  the  p 
4-  i55*»f  =  ^^> 


) 

p,  agrees  with  die  number 
its  figures. 

:^  refolution  of  the  equation 

—  10,000,  has  been  performed 

fct  forth,  in  as  clear  a  manner 

nings  upon  which  the  arithmc- 

.  re  grounded,  as  well  as  the  faid 

.  nd  by  fo  doing  the  fubjeft  is 

■.'iidn  in  Mr.  Raphfon's  very  con- 

f  treadng  it,  (in "which  all  the 

fv  ij>  •xnd  only  the  arithmetical  opera- 
J  thai,  though  the  above  refolution 
D  is  threC)  or  four,  times  as  long  as 
T  am  fully  perfuaded  that  it  may  be 
^rnf  In  a  third,  or  fourth,  part  of  the  time 
:•->  a  thorough  comprehenfion  of  Mr, 
on  of  it  ^  even  if  he  had  not  puzzled 
i  ng  of  the  negative  root  of  the  equation 
Gjr^  +  155XX  =  10,000.     But  that  this 
more  clearly,  I  will  now  repeat  the  forc- 
n  of  this  equation  in  the  ftyle  and  manner 
fr>n,  by  omirting  the  feveral  reafonings  fet 
^regoing  anicles,^nd  making  ufe  of  a  Canon, 
,  for  the  purpofc  of  computing  the  fecond, 
iourth  values  of  z,  in  the  fame  manner  as  Mr. 
» donc- 


^.     Since  each  of  the  three  firft  fucceffive  near 
'.  jf^cr  the  root  of  the  propofed  equation  x^  +  jx* 

+  204p3 
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r  " 

Bttt  *•  +  7*"*  +  20;r^  -I-  1$S^^  IS  =  1(3,000. 

Therefore /z^  +  7^*  +  2oa*  +  155^^  —  5^*2  +  &c, 
.—  28^*2;  -f  &c>  —  6ofl»z  +  &c,— ^310^2;  f  &c>wjll 
likewife  be  =  10,000  j  and  confequcntly  (adding  s^"^^  + 
28a'a?  -h  6oa'z  +  310^2  to  both  fides,)  a^  +  74*  -h  20fl» 
+  I55^a  will  be  =s  10,000  +  50*2  +  aSa^z  +  6oa*z  + 
310^13^ 

But  It  has  been  fliewn  in  the  laft,  article,  that  a^  4-  ^a* 
+  20a*  +  iSS/i/Ti  or  4.545I5  +  7  X  4^^45)4^  4-  20  X 
4-545^'  +  ^iTS  X  4-S4sl%  ^s  =  10,005.960,359,465 1465> 
625* 

Therefore  10,005.960,359,465,465,625  will  be  = 
10,000  ■+■  S^^z  +  2ia^z  +  6oa^z  +  310^2  ;  and  con- 
fequently  (fubtrafting  10,000  from  both  fide?,)  5.960,359, 
465,465,625  will  be  =  ^a^z  +  2Sa^z  +  60a*z  +  310^2 
{=r  5  X  4.545'*  X  «  +  28  X  4.545! >  X  K  +  60  X  4T545I* 
X  z  -h  310  X  4.545  X  z  =  5  X  426.712,681,850,625 
X  2  +  28  X  93.886,i>8,625  x  z  +  60  X  20.657,925 
X  z  +  310  X  4.545  X  z  =  3133.563,409,253,125  X  z 
-h  2628.813,001,500  X  z  +  1239.421,500  X  z  4-  1408. 
950  Xz)  =  74^0-74759^0,753,125  X  z.  Therefore  z 
^l  be  (=  ^'9^^>359,465,465>625 
''"*  "     V         7410.747,910,753,125  ^-^""  ,owz^,^o,  diia 

*,  or  a  —  z,  or  4.545  —  z,  will  be  (=  4.545,000,00  — 
©•000,804,28)  =  4.544>i9S,72.  .Therefore  4.544,195,72 
will  be  a  fourth  near  value  of  the  root  of  the  propofcd 
equations?  +  7^*  +  2o;c*  +  155^;^  =  io,oco. 

This 
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This  number  4-S44jt95,72,  agrcc«  with  Ae  ntirnfaer 
fotmd  by  Mr.  Raphfon,  in  all  it$  figures, 

Jrt.  IX.  TTie  foregoing  refolution  of  the  equation 
«'  +  7^  +  20A?s  +  i55Arx==  10,000,  has  been  performed 
at  great  length,  in  order  to  fet  forth,  in  as  clear  a  manner 
as  poflible,  the  feveral  reafonings  upon  which  the  arithme- 
tical operations  ufed  in  it  are  grounded,  as  well  as  the  faid 
operations  themfelves.  And  by  fo  doing  the  fubjefl:  is 
rendered  fo  much  eafier  than  in  Mr.  Raphfon's  very  con- 
cifeand  comprefled  way  of  treating  it,  (in  "which  all  the 
reafonings  are  dropped,  and  only  the  arithmetical  opera- 
tions are  exhibited,)  that,  though  the  above  refolution 
of  the  faid  equation  is  three,  or  four,  times  as  long  as 
Mr.  Raphfon's,  yet  I  am  fully  peffuaded  that  it  may  be 
read  and  underllood  in  a  third,  or  fourth,  part  of  the  time 
that  is  neceffary  to  a  thorough  comprehenfion  of  Mr. 
Raphfon's  refolution  of  it ;  even  if  he  had  not  puzzled 
the  matter  by  talking  of  the  negative  root  of  the  equation 
—  «'  +  7Jf4  —  20a:*  +•  155^*  =  10,000.  But  that  this 
may  appear  the  more  clearly,  I  will  now  repeat  the  fore- 
going refolution  of  this  equation  in  the  ftyle  and  manner 
of  Mr.  Raphfon,  by  omitting  the  feveral  reafonings  fet 
forth  in  the  foregoing  articles,^nd  making  ufe  of  a  Canon, 
or  Theorem,  for  the  purpofc  of  computing  the  fecond, 
third,  and  fourth  values  of  z,  in  the  fame  manner  as  Mr* 
Raphfon  has  done. 

Art.  X.     Since  each  of  the  three  firft  fuccefEve  near 
values  of  x,  or  the  root  of  the  propofcd  equation  x'  +  7x* 

+  20*5 
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+  ao*f'  +  iSS^^  =  iO|Ooo,  firom  which  the  fiext'ncar  ira- 
lucs  of  it  arc  derived,  to  wit^  the  three  npmbcrs  5,  4-6, 
and  4.545,  and  which  arc  fucceflively  denoted  by  the  letter 
tfy  is  greater  tjian  the  true  value  of  x  in  the  faid  equation, 
pr  than  the  root  of  the  faid  equation,  it  follows  that  the 
fecond,  and  third,  and  fourth  near  values  of  x  will,  each 
of  them>  be  fucceflively  denoted  by  the  refidual  quantity 
#  — ^  z  ;  and  confequently,  by  applying  the  reafonings  ufed 
in  Art.  6,  in  order  to  obtain  the  values  of  z,  and  o(a — z, 
pr  *>  we  fliall  find  that  2  will  be>  fucceflively,  nearly  equal 

to  thcTalue  of  the  fcaton  ^^^^^^.^toa^+iica  '' 
and,  therefore,  that  a  —  2;,  or  ^,  will  be,  fucceflively, 
nearly  equal  to  the  v^ue  of  the  quantity  a  —  thefradion 
a^^^a-  +  ^oa?^lS^a^•- 10.000^    This,  then,  is  the 

TTiijorem,  or  Canon,  by  the  appllcatibn  of  which  we  arc 
to  compute  the  fecond,  and  third,  and  fourth,  near  va- 
lues o(  a  —  z,  or  ;r,  after  taking  5  for  the  firft  near  value 
of  it,  or  for  the  firft  value  of  a. 

Now,  if  fl  is  =  5,  we  (hall  have  2  =  the  fraftion 
o^  -f-  7fl^  +  2oa^  -t-  ^55^^  —  10,000  3875   _ 

5fl*  +28^^  +  toa^  4^  310a  ^   9675   *" 

Therefore  fl  —  z  will  be  (=  5  -  0.4)  =  4.6  j  which  will 
therefore  be  the  fecond  near  value  of  x,  or  of  the  root  of 
the  equation  x^  4-  ^jx^  4-  20;r5  4.  155^1?^  ===  10,000. 

Secondly,  if  a  be  =?=4»6,-  we  {hall  have  z  sr 
g^  .4:.  7^^  +  20a^  4-  155^^  -^  ^Q»QQP  ^^  420.36896 
5a^  4-  28rt^  4-  6ofl*'4-  310^  7^59-73^^ 
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ss  0.0548,  or^  nearly,  0.055.  Therefore  «  -^  »  will  be 
(=s  4,6  —  0.055)  ==  4-545  9  which  will  therefore  be  the 
third  near  value  of  x^  or  of  the  root  of  the  equation  «'  -h 
7«*  +  20Jf^  +  155;?*  =  10,000. 

Thirdly,  if  «  be  =  4.545,  we  fliallhavc  z  =a 
tf^+7fl^+20flJ+i5Sag—TO,ooo_  5.960,359^65,465,625 
5fl+  +  28fl^+6otf*+3io<i  ""  74»o-747>9io>753>i3iS 
=  0.0005804,28.  Therefore  a  —  z  will  be  (=  4.545  — 
0.000,804,28!)  =  4'544>i95>7*  ;  which  will  therefore  be 
the  fourth  near  value  of  Xf  or  of  the  root  of  the  equation 
*'  +  jx^  +  2®^'  +  155^^  =  10,000.  Q^^'  !• 

jfrt.  XL     Mr.  Raphfon's  Canon,  or  Theorem,  for  the 
value  of  Zy  is  expreffed  more  concifely  than  the  foregoing 

Theorem,  z  =  '  ■, ^   ■   .    ^  ^-       ' 

5^*  -H  28fl^  +  6ofl*  +  310^ 

For  he  ufes  the  letters  b,  r,  d^  and^,  for  the  co-efficients  7, 

20,  and  155,  of  the  fourth,  third,  and  fecond,  power  of  <* 

in  the  equation  x^  +  7^*  +  zox^^  i^^xx  =  10,000,  and 

for   10,000,  the  abfolute  term  of  that  equation,  refpcc- 

tively  J  which  produces  the  following  Canon,  or  Theo* 

,/or  the  value  of  2,  to  wit,  z  =  — 7- — 7-- rr — 4-i. 

But  it  appears  to  me  that,  though  we  may  feem  to  gain 
fopaething  in  point  of  brevity  by  ufing  this  very  general 
notation,  we  lofc  as  much  in  the  article  of  perfpicuity, 
which  is  a  matter  of  much  greater  importance.  How- 
ever, this  latter  refolution  of  the  equation  x^  +  7;?*  -|* 
ar*'  +  is$xx  =  10,000,  which  is  expreffed  in  Mr, 
Raphfon's  concife  ftyle  and  manner,  and  the  foregoing 

I  i  "   more 
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more  explicit  refolution  of  it  in  Art*  ;,  6,  f,  and  8^  (in 
which  the  reafonings,  on  which  the  feveial  arithmetical 
(Operations  are  groanded,  are  diftin&ly  fet  forth  and  re* 
pea  ted, )  are,  both  of  them,  the  fame  in  fubftancCy  and 
are,  as  I  believe,  the  very  bed  method  that  can  be  taken 
for  difcovering  the  root  of  the  faid  equation. 

jfrt.  Xn.  It  has  been  obfervcd  above  in  Art.  2,  that 
Sir  Ifaac  Newton's  method  of  refolving  numeral  equations 
by  approximation  differed  but  little  from  Mr.  Raphfon's, 
both  methods  being  founded  on  the  fame  principle  of  con- 
(idering  the  newj  or  transformed,  equation,  (refulting 
from  the  fubftitution  of  a  •{-  z,  or  a  —  z,  inftead  of  x, 
in  the  original  equation,}  as  a  mere  fimple  equation,  or 
negle^ng,  or  omitting,  all  the  terms  of  it  which  involved 
in  them  any  higher  power  of  «  than  its  fimple  power ; 
which  reduces  the  refolution  of  all  equations,  of  whatever 
orders,  to  the  refolution  of  a  fimple  equation,  or,  rather, 
to  the  refolution  of  feveral  fuccefiive  fimple  equations,  by 
which  we  make  continual  approaches  to  the  true  value  of 
the  root  of  the  original  equation.  In  this  grand  principle 
Sic  Ifaac  Newton's  method  and  Mr.  Raphfon's  method 
pexfefkly  agree  ;  and,  in  finding  the  fecond  near  value  of  x, 
or  in  making  the  firft  approximation  to  the  true  value  of 
jr,  after  having  obtained,  by  conjefture,  or  trial,  or  in  fome 
other  manner,  the  value  of  what  has  been  here  called  a,  or 
a  firft  near  value  of  ^,  or  the  root  fought,  there  is  not  the 
fmalleft  diiFerence  between  them.  But  in  the  inveftiga- 
tion  of  the  third,  and  fourth,  and  other  following  near 
values  of  x^  there  is  a  littlp  difference  in  their  manner  of 
proceeding,  which  the  reader  may  be  glad  to  fee  examined. 

Ifhall 


] 
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I'  {hall  therefcH'e  now  compare  the  two  methods  ^tOi* 
gether,  ia  the  cafe  of  a  very  eafy  equation,  by  which  Sir 
Ifaac  Newton  himfelf  has  thought  proper  to  illuftrate  his 
method. 


A  COMPARISON  BETWEEN  SIR  ISAAC  NEW- 
TON'S AND  Mr.  RAPHSON'S  METHODS  OF 
RESOLVING  NUMERAL  EQUATIONS  BY  AP- 
PROXIMATION. 

Art.  XIII.  SIR  ISAAC  NEWTON's  method  of 
rcfolving  numeral  equations*  by  approximation,  is  ex- 
plained by  himfelf  in  his  curious  little  Traft,  intitled, 
Analyjis  per  JEquationes  Numero  Terminorum  InfinitaSj 
(which  was  written  in  the  year  i666y  and  communicated 
to  Dr.  Ifaac  Barrow,  and  to  Mf.  John  Collins,  and  to 
other  learned  men  of  that  time,  in  the  year  1 669,)  by  an 
example ;  which  is  as  follows  : 

^   Art.  XIV.    Let  it  be  required  to  refolve  the  cubick 
equation  ;tf^  —  2*  =  5. 

.  Here,  in  the  firft  places  it  is  eafy  to  fee  that  x  is  fome- 
what  greater  than  2,  but  much  lefs  than  3.  For,  if  x  is 
taken  equal  to  2,  we  (hall  have  %x  =  4,  and  A3  =  g,  and 
confequently  x^  —  2;r  ( =  8  —  4)  =  4 ;  which  is  lefs  than 
5,  or  the  true  value  of  x^  —  2pc  in  the  propofed  equation : 

I  i  2  and 
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and,  if  x  is  taken  equal  to  3,  we  (hall  have  2x  =  6,  and 
*3  r=  27,  and  confcquently  jr'^— 2*  (=  27  —  6)  =21  5 
which  is  very  much  greater  than  j,  or  the  true  value  erf 
x^  —  2x  in  the  propofed  equation.  Therefore  the  true 
value  o£"x  in  that  equation  mud  be  much  lefs  than  3,  and  a 
little  greater  than  2.  Let  it  therefore  be  fuppofed  to  be 
equal  to  the  quantity  2  +  z,  in  which  z  denotes  the  un- 
known quantity  by  which  the  true  value  of  x  exceeds  2« 
And  kt  2  +  2  he  fubftituted,  inftead  of  x,  in  the  propofed 
equation  x^  —  a^r  =  5.    This  may  be  done  as  follows  : 

Since  a?  is  =  2  +  z,  we  Ihall  have 

4r3  (="?j5  +  3  xl\*  Xz+3X2X«!  +  «5  =  8+3 
X  4  ^  2  +  3  X  22%  +  z^)  =  8  +  I2Z  +  6zz  +  2% 
and  2**  (=   2  X  5"+~2)  =4  +22,  and  confequcntly 

X^-^2X{=:  S    4-  I2Z  +  6ZZ  +  Z'  —  4   —  22>  =  4    + 

loz  +  62Z  +  23.  But  x^  —  2*  is  =s  5.  Therefore 
4  +  102  4-  622  +  2S  will  alfobe  =  5,  and  confequcntly 
(fubtrafting  4  from  both  fides,)  lOz  +  6zz  +  z3  will  be 
=  I  ;  and,  (fubtrafling  62Z  +  z'  from  both  fides,)  loz 
will  be  =  I  —  622  —  2^  Therefore  z  will  be  = 
,  _  622  -  2'  I  (6z2  +  2'  ^  ^   -6^2— z3 

10   .  ID  I        10  10 

I  '•  .      fez  4-  a* 

that  is,  2  is  lefs  than ,  or  o.i,  by  the  quantity j^j — . 

Therefore  .v,  or  2  +  z,  is  lefs  than  2  +  — ,  or  2  +  o.i, 

6z2  4-  z*      « .  « 
or  2.1,  by  the  faid  quantity j  which,  on  account 

of  the  fmallnefs  of  z,  (which  is  lefs  than  •^,)  will  be  a 

very 
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very  fmall  quantity  in  comparifon  of  z,  or  of  —  ,*and,  m 

fwrtiori^  in  comparifon  of  2,  and  confequently  may  be  nc- 
gleflied.  And  therefore  2.1  will  be  a  fecond  near  value 
of  «p,  or  the  root  of  the  propofed  equation  af j  —  2r  =  S> 
that  will  be  a  little  greater  than  its  true  value^  but  nearer 
to  it  than  any  other  number  that  confills  of  only  two 
places  of  figures. 

<^E.  I. 

This  is  the  firft  ftep  of  Sir  Ifaac  Newton^s  approxima- 
tion to  the  root  of  the  equation  »*  —  2^  =  5,  after  the 
affumption  of  the  number  2,  by  conje£iure  and  tjrial,  for 
its  firfl  near  value.  And  in  this  firft  ftep  of  the  approxi- 
mation Sir  Ifaac  Newton's  and  Mr.  Raphfon's  methods 
Cxa£Uy  co-incide. 

Art.  XV.  But  in  the  next  ftep  of  the  approximation 
to  the  value  at,  in  the  faid  equation  x^  —  %x  =  5,  the 
two  niethods  are  fomewhat  different  from  each  other, 
though  the  number  of  new  figures  of  tJie  true  value  of  x^ 
that  are  cxa£l  rn  the  next  near  values  of  it  refulting  from 
both  methodsvis  the  fame.  The  difference  between  the 
methods  in  this  fecond  ftage  of  the  approximation  is  as 
follows  : 

Mr.  Raphfon  correfis  the  value  of  x^  or  the  root  of 
the  original  equation  x^  —  2*  =  5,  already  found,  to 
wit>  2.1,  (and  which  is  known  to  be  fomewhat  greater 
t||ian  the  truth,)  by  fubtra£ting  from  it  the  unknown 
ijuantity  by  which  it  exceeds  ;r,  and  which  we  may  call  v^ 

I i  3  and 
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and  fubftituting  2.1  —  v  inftead  of  ;r  in  the  fald  original 
equation,  *'  —  2;tf  =  5,  whereby  it  is  transformed  into 
another  cubick  equation,  in  which  v  will  be  the  only  un- 
known quantity  ;  and  then  he  finds  a  near  value  of  v  by 
refolving  the  faid  transformed  equation  as  if  it  were  only  a 
fimple  equation,  or  by  negleding  the  terms  which  involve 
the  fquare  and  cube  of  v,  on  account  of  their  fmallnefs, 
juft  as  we  before  negle£ted  the  terms  6zz  and  2^  in  the 
foregoing  transformed  equation  loz  +  6zz  +  z^  =  i 
for  the  fame  reafon.  But  Sir  Ifaac  Newton  takes  no  fur- 
ther notice  of  the  original  equation  «*  —  2.r  =  5,  till  he 
has  compleated  the  whole  procefs  of  his  approximation  ; 
but,  inftead  of  the  faid  original  equation,  he  confiders  the 
former  transformed  equation,  lOz  +  6zz  +  zs  =  i, 
which  was  derived  from  it,  and  inveftigates  the  value  of 
its  root,  z,  to  a  greater  degree  of  exadinefs  than  that  to 
which  it  was  before  obtained.  And  this  he  does  in  the 
manner  following : 

Since  it  has  been  feen  that  z  is  lefs  than  0.1,  let  the 
quantity  by  which  o.i  exceeds  it  be  called  v,  fo  that  a 
(hall  be  =  o.i  —  v ;  apd  let  o. I  —  v  be  fubftitutcd,  in* 
ftead  of  z  in  the  transformed  equation  loz  +  6zz  +  z' 
=  I.    This  may  be  dope  as  follows  : 

Since  z  is  =  o.  i  —  v,  we  fliall  have 


zz  (=  0.1  —  V*)  =  o.oi  —  C.2V  +  vv. 


and  a3  (=  o.  1  —  v*^=o.ooi  — 3 Xo.oi  Xv+  3  Xo.i  X w 
-- V*)  =  o.ooi  —  0.03V  +  0.3W  — v^i 

and 
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and  toz  (=  lo  X  o.i  —  v)  =  I  •—  kov, 

and  6z2  =  0.06  —  i.iv  -f-  6w^ 

and  confequently 

{loz^        P      1. 00    —  lo.oov 
+62Z  f  =  <  +  <^-o^  *—    i-^ov    +  6w  y 

+    z'J        I  +  o.ooi  —  0.03V  +  0.3W  —  v-v 
=  1. 061  —1 1.23  V  +  6.3  w  —  v^ 


But  loz  +  6zz  +  z^  is  =  I. 

Therefore  l.o6i  •—  11. 23V  +  6.3W  —  v^  will  like- 
wife  be  =  r.  And  confequently  (adding  11. 23V  to  both 
fides,)  we  (hall  have  1.061  +  6.yjv  —  v*  =  1  +  1 1.23V ; 
and,  (fubtrading  I  from  both  fides,)  we  {hall  have  o.o6r' 
+  6.3t;v—  v»  =  i'«23Vi  and  (neglefting  6.3W  and  vi 
as  ineonfiderable  rn  comparifon  of  0.061  and  11. 23^)  we' 
Ihall  have  0061  ==  11.231;, or  11.23V  =  0.061 ;  and  con- 
fequently (dividing  both  fides  by  11.23,)  ^^  ^^^  hare" 

(=  -^ —   =  o  0054.    Therefore  z,  or  o.i  —  v,  will 

be  (=  0.1  —  0.0054)  =  0.0946,  and  confequently  x,  or 
2  +  z,  will  be  (=  2  +  0.0946)  =  2.0946. 

(^E.  I. 

In  this  manner  Sir  Ifaac  Newton  finds  the  root  of  the 
propofed  equation  jir^  —  a^?  ==  5  to  be  equal  to  2.0946, 
which  is  as  near  the  truth  as  five  figures  can  ex- 
prefs  it. 

I  i  4  ^rt. 
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4rU  XVI.  He  then  carries  the  mTeftlgation  one  ftep 
further,  by  which  he  obtains  the  value  of  k  ezad  to  nine 
places  of  figures  \  and  for  this  purpofe  he  proceeds  in  the 
manner  following : 

The  laft  transformed  equation  was  ii.a3v  =s:  0.061  + 
6.3W-—  v' J  from  which  it  follows  that  v  is  accurately 

,^     0.061         6.31;^;  — V*  6.7t;v   —   v' 

equal  to  +  —^ ,  or  0.0054  +  — ^ 1 

^  11.23  11.23  ^^  11.23 

which  is  greater  than  0.0054 .  alone,  becaufc  6.3W  is 

greater  than   «3.     Since,   therefore,   v  is  greater  than 

0.0054,  let  us  fuppofe  it  to  be  =  0.0054  +  v)  \  and  let 

this  binomial  quantity  be  fubftituted,  inftead  of  v,  in  the 

transformed  equation  11. 23V  =  Q.061   +   6.3W  — v*, 

or,  rather,  in   the  equation    11. 23V  —  6«3t;ti  ^-  v^  = 

0.061,  cpnfifting  of  the  fame  terms  as  the  former,  but  in 

which  the  terms  involving  the  unknown  quantity  v  are 

all  brought  to  the  fame  fide  of  the  equation,  and  ranged 

according  to  the  powers  of  v,  beginning  from  its  loweft 

power,  or  the  fimple  power  of  v.    This  may  be  done  in 

the  manner  following  : 

Since  v  is  =■  0.0054  +  w,  we  (hall  have 

w  (=o.oo54-|-«4*=:aoo54l*  +  2  X  0.0054  Xw+w^) 
=0.000,029,16  +  0.0108  X  w  +w% 
and  v'  (=o.Qo54+«^^=  0.0054]*  +  3  X  0.0054]*  X  w 
+  3  X  0.0054  X  w*  -f-  w' 
s?  aooo,ooo,i57,464  +  3  x  o.ooo,029,i(J  x>» 
+  0.0162  X  w*  -f-  V) 
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=  0.000.000,157146+  +  0.000,087,48  X  w  + 

0.0162    X    W*    +    W3, 


and   ii.23vv(=  11.23  X  0.0054  +  w)  =  0.060,64a  + 
11.23  X  w, 


and  6«3vv(=  6.3  X  0.000,029,16  +  0.0108  X  w  +  w^) 
=  0.000,183,708+0.068,04  X  w  +  6.3«;a;5 
and  confcqucntly  1 1.23V  —  6.3^  +  v^  will  be  = 

{0.060,64^+ 1 1.23+W  ^ 

—0.000,183,708—0.068,04x^—6.3  xww  y 

+0.000,000,157,464+0.000,087,48  xw+o.oi62w*+«;3)  J 
r     0.060,642,157,464  + 11.230,087,48  xw+o.oi6aw*+w'1 
*"j^ -0.000,183,708        —  0.068,04  xw    —6.3  X  «;*       j 
=  Q.060,458,449,464  +  ii.i62,o47,48w  -  6.2838«;*+.  wK 
But  11.23V  —  6.3^1;  +  v'  is  =  0.061. 

Therefore  0.060,458,449,464  +  11.162,047,48  Xw 

—  6.2838  X  WW  +  w^  will  likewife  be  =  0.061  ;  and 

qonfequently  (fubtra£ting  0.0601458,449,464  from  both 

fides,)   11.162,047,48  X  w  —  6.2838WW  +-  w»  will  be 

(=0.061,000,000,000  —  0.060,458,449,464)  =  o.ooo, 

541,550,536;  and  (neglefting  the  terms  6.2838«kc;  and 

nv^j  as  inconGderable  in  comparifon  of  ii.i62,047,48X w,) 

we  (hall  have  11.162,047,48  X  iv  =  0.000,5 4 1,5 50,5 3<^^ 

J       r  .1        /      o.ooo,54r,c5o,c'^6 

and  confequently  w  (=  ^      -^^    f/     =  0.000,048, 

,  ^      ^  11.162,047,48  *  ^  ' 

52.    Therefore  v,  or  0.0054  +  w,  will  be  (=  0.0054  + 

0.000,048,52) =0.005,448,52,  and  z,  or  o.i  —  v,  will  be 

(=  0.100,000,00  —  0.005,448,58)  =  0.094,551,48,  and 
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if,  or  1  +  «,  will  be  (=s  2  +  0.094,551,48)  =  2.094, 

551,48  ;  that  is,  the  root  of  the  propofed  equation  x'  — 

2Ar  =  C  will  be  =  2.094,551,48. 

Q^E.  I. 

This  number  2.094,551,48  is  cxafl  in  all  the  figures, 
as  will  be  (hewn  in  a  fubfequent  Article. 


jlrt.  XVII.  Having  thus  fet  forth  Sir  Ifaac  Ncwton't 
method  of  inveftigating  the  root  of  the  propofed  equation 
jr3  —  2x  =:  5  to  nine  places  of  figures,  we  mud  now  per- 
form the  fame  thing  by  Mr.  Raphfon's  method,  in  order  to 
make  a  comparifon  between  the  neceflary  operations  of 
the  two  methods. 

Now  Mr.  Raphfon's  method  of  approximating  further 
to  the  root  of  the  equation  x^  —  2*  =  5,  after  having 

found  it  to  be  equal  to  2  +  o.l  — ,  or   to  be 

10 

fbmewhat  lefs  than  2.1,  is  to  put  v  for  the  unknown 
quantity  by  which  it  falls  (hort  of  2.1,  and  then  to  fubfti- 
tute  the  refidual  quantity  2.  i  —  v  in  the  terms  of  the  ori- 
ginal equation  x^  ^^  2x  =  5,  whereby  the  faid  equation 
will  be  transformed  into  another  cubick  equation,  in  which 
V  will  be  the  only  unknown  quantity :  and  then  he  deter- 
mines the  value  of  v  by  refolving  the  faid  transformed 
equation  as  if  it  was  a  mere  fimple  equation,  or  by  ne- 
gleding  the  terms  in  which  the  fquare  or  the  cube  of  v 
occur.    This  may  be  done  in  the  manner  following  : 

Since 
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Since  ;ir  IS  =  2.1  —  v,  we  fhall  have 

ATA?  (=   2.1^^*  =  2Tl^*  --  2  X  2.1    X  V  -r   &C) 
=  4.41  —  4.2V  +.&C, 
and  x^  (=  2.1 -v>  =  2^^  —  3  X  2^71"  X  V  +  &c 
=  9.261  —  3  X  4.41  X  V  +  &c) 
•    =  9.261  —  13.23  X  V  +  &c, 

and  2Ar  (=  2  X  2.1  -  v)  =  4.2  —  2v, 

and  confequently  4*^  —  2x  (=  9*261  — 13-23  X  v+  &c 

—  4.2  +  2v)  =  5.061  —  11.23  X  vice. 

But  4f'  —  21c  is  =  5. 

,  Therefore  5.061  —  11.23  X  v  &c,  will  like  wife  be 
=  5,  and  confequently  (adding  11.23  X  v  to  both  fides,) 
we  (hall  have  5.061  =  5  +  11.23  X  v,  and  (fubtrafting 
5  from  both  fides,)  we  (hall  have  1 1.23  X  v  =  0.061,  and 

confequently  v{=  -^ —  )  =;  0.0054.    Therefore  x,  or 

2.1  —  V,  will  be  (-=2.1  —0.0054)  =  2.0946;  or  2.0946 
will  be  a  third  near  value  of  the  root  of  the  propofed  equa- 
tion X^  —  2A*  =  5, 

Q^E.  I. 

'This  third  near  value  of  x  is  the  very  fame  with  the 
third  near  value  of  i't  obtained  above,  in  Art.  15,  by  Sir 
Ifaac  Newton's  method. 


^rt.  XVIIT.  In  this  ftep  of  the  approxiniation,  by  which 
we  obtain  the  number  2.0946  for  the  third  near  value  of 
the  root  of  the  propofed  equation  *'  —  2Af  =  5,  the  prin-^ 

eipal 
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cipal  difference  between  the  two  methods  feems  to  coiifift 
in  this,  to  wit,  that  by  Mr.  Raphfon's  method  we  are  ob- 
liged to  raifc  the  two  firft  terms  of  the  powers  of  the 
compound  quantity  2.1  —  v,  and  confequentJy  toraife  the 
powers  of  the  number  2.1,  which  confifts  of  two  figures  s 
whereas  in  Sir  Ifaac  Newton's  method  of  proceeding,  we 
had  occafion  only  to  raife  the  powers  of  the  compound 
quantity  o.i  -«  v,  and  confequently  to  raife  the  powers 
of  the  number  0.1,  which  confifts  of  only  one  figure; 
which  is  fomewhat  eafier  than  to  raife  the  powers  of  2*  f  • 
But  both  operations  are  fo  cafy,  that  the  difi^rence  of  the 
labour  of  performing  them  is  hardly  worth  confidering. 
And,  with  refpcft  to  the  fimplicity  of  conception  in  the 
two  methods,  Mr.  Raphfon's  method  feems  to  be  prefer- 
able to  Sir  Ifaac  Newton's ;  becaufe  the  former  always 
refers  to  the  original  equation  at*  -~  24?  =  S>  whereas  the 
latter  method  refers  to  th^  proceeding  transformed  cqua- 
tion  10^  +  6zz  +  z'  =  I,  which  has  more  terms  and 
larger  co-efficients  than  the  original  equation  x^  —  2x 

jfrt>  XIX.  But  in  the  next  ftep  of  the  approximation 
by  Mr.  Raphfon's  method^  we  (hall  .find  the  labour  of 
raifing  the  powers  of  the  value  of  at  already  found,  to  wit, 
the  powers  of  2.0946,  to  be  confiderably  greater  than  that 
of  raifing  the  powers  of  the  laft  preceeding  fupplement  of 
it  according  to  Sir  Ifaac  Ncwton*s  method,  that  fupple- 
ment being  only  the  decimal  fradlion  0.0054,  in  which 
there  arc  only  two  fignificant  figures.  This  will  appear 
by  performing  this  ftep  of  the  approximation  by  Mr, 
Jlaphfgn's  method  \  which  may  be  clone  as  follows  : 

Jrt. 
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Art.  XX.  The  laft  near  value  wc  found  for  x^'  or  the 
root  of  the  equation  *'  —  zx  =  5,  by  Mr  Raphfon'9  me- 
thod^ was  2.0946.  Now  this  near  value  of  x  is  greater 
than  its  true  value.  Foy>  if  we  fuppofe;*?  to  be  =  2.0946, 
we  fliall  have  *3(~  2.0946^^)  =  9.189,741,550,536, and 
2;r  (=  2  X  2.0946)  =  4.1892,  and confequently Ji?^  —2* 

(=  9-i89»74i>5So*S36-4-i892)  +  S'Ooo>S4i>5So*53<Ji 
which  is  greater  than  5,  or  the  abfolute  term  of  the  equa- 
tion #f*  —  2*  =  5 :  and  confequently  2.0946  muft  be 
greater  than  the  true  value  of  the  root  of  the  faid 
equation. 

We  will  therefore  fuppofe  ^  to  be  =  2.0946  —  w,  and 
fubftitute  this  refidual  quantity  inilead  of  x  in  the  terms 
c^the  equation  x^  —  2Af  =  5. 

Now,  fince  a?  is  =  2.0946  -^  w,  we  fliall  have 
*x^(=s  2^946 ^w\*  =  2.0946'*— 2  X  2.0946  X  w  +&c) 

=  4.387,349,16  —  4.1892  Xw+  &c, 

and  Af^  (  =  2.0946— w]^  =2. 094t)y—3X2.o946]*Xw  +  &c 

=  9.189,741,550,536  —  3  X  4-387>349>i6  X  w  +  &c) 

=  9.189,741,550,536  —  13.162,047,48  X  w   +   &c, 

and  2^(=  2  X   2.0946  —  w)  =  4.1892  ^  2w, 

and  confequently  ^c^  —  2;»:  = 

{9.189,741,550,536—  13.162,047,48  X  w  +  &cY 
—  4.189,2  +     2.000,000,00  X'-^e;  J 

=r  5.000,541,550,535  —  11.162,047,48   X  W  +  &C., 

But 
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But4P* — ajirif  =  5. 

Therefore  5,000,541, 55^,536  —  li.  162,04.7,48  Xw 

4-  &c,  will  be  =  5  5  smd  confequcntly  (adding  11.162, 

047,48  X  w  to  both  fides,)  we  (hall  have  5*000,541,550, 

536  =  5  +  11.162,047,48  X  w,  and  (fubira£ling  5  from 

both  fidcsj*  0.000,541,550,536  =  11.162,047,48   X  w, 

or  11.162,047,48  X  w  =  0.000,541,55.0,536.  Therefore 

.,11    /      0.000,541,550,536.  o  , 

ft;  will  be  (= 1*  '^^    o     )  0.000/548,52;  and  con* 

^  ^  11.162,047,48      '  r-t  7D    J 

feqaently  at,  or  2.0946  —  w,  will  be  (=  2.094,600,00  — 
0.000,048,52)  =  2.094,551,48.  Therefore  2.094,551,48 
will  be  a  fourth  near  value  of  x^  or  the  root  of  the  pro- 
Bofcd  equation  x^  —  2Ar  =  5. 

This  fourth  near  value  of  x  is  the  very  fame  with  the 
fourth  n^ar  value  of  it  obtained  above,  in  Art.  16,  by  Sir 
Ifaac  Newton's  method. 


jtrt.  XXL  In  this  laft  ftage  of  Mr.  Raphfon's  approxi- 
mation to  the  root  of  the  propofed  equation  x^  —  2Af  =  5, 
we  have  been  obliged  to  raife  the  powers  of  the  number 
2.0946,  which  confilts  of  five  places  of  figures ;  whereas 
in  Sir  Ifaac  Newton's  way  of  proceeding  we  only  raifed 
the  powers  of  the  decimal  fraftion  0.0054,  which  con- 
tains only  two  fignificant  >figurcs.  But  then  in  that  way 
of  proceeding  we  were  obliged  to  multiply  v,  or  0.0054 
^Wi  into  1 1.23,  and  vv,  or  0.000,029,16  +  0.0  to8  X  «r 
4-  w*,  into  6.3  ;  whereas  in  Mr.  Raphfon's  way  of  pro- 
ceeding we  have  only  to  multiply  x^  or  2*0946  —  w,  into 

2  the 
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the  very  Cmple  co-cfficient  !•  So  that»  upon  the  whole, 
the  difFerencc  of  the  labour  of  computation  in  the-two  me- 
thods is  not  very  confiderable,  though  it  is  rather  lefs  ia 
Sir  Ifaac  Newton's  method  than  in  Mr.  Raphfon's.  Bfit 
in  point  of  fimplicity  of  conception  Mr.  Raphfon*s  me- 
thod feems  much  fuperiour  to  Sirlfaac's,  bccaufe  it  never 
lofes  fight  of  the  original  equation  x^  —  2jv  =5,  which  is 
to  be  refolved. 

And,  further,  we  may  obferve.  In  favour  of  Mr.  Raph-* 
fon's  method,  that  it  never  requires  us  to  raife  any  more 
than  the  two  firfl  terms  of  the  binomial  and  refidual  quan* 
tities  2  +  Zy  and  2.1  *—  v,  and  2.0946  —  w,  which  arc 
fubftituted  inftead  of  x  in  the  original  equiation  x^  —  2x  = 
5  ;  whereas  in  Sir  Ifaac  Newton's  method  it  is  neceflary  to 
raife  the  other  terms  of  the  binomial  and  refidual  quanti-> 
ties  2  +  «,  and  o.l  —  v,  and  0.0054  +  w ;  which  in- 
creafes  the  number  and  intricacy  of  the  operations  of  the 
iiiveftigation.  And  therefore,  upon  the  whole,  I  confider 
Mr.  Raphfon's  method  of  approximating  to  the  values  of  ^ 
the  root^  of  fuch  equations  as  preferable  to  Sir  Ifaac  New- 
ton's. 

A  PROOF  OF  THE  EXACTNESS  OF  THE  NUM- 
BER  2.094,551,48,  THAT  HAS  BEEN  FOUND 
BY  THE  FOREGOING  METHODS  OF  AP- 
PROXIMATION FOR  THE  ROOT  OF  THE 
EQUATION  ^5  —  2^  =  5. 

Art.  XXII.     IT  remains  that  we  prove  the  work  to 
have  been  rightly  performed,  or  that  we  fliew  that  the 

laft 
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hft  number  2.0^4^5 S^A^y  obtained  by  both  thcfc  me- 
thods, is  a  very  near  value  of  the  root  x  of  the  propofed 
equation  x'  —  2^  =  5»  and  that  we  determine  to  how 
many  figures  it  is  exad. 

Now  the  plaineft  and  beft  method  of  doing  this  is  to 
fubftitute  the  number  2.094555 1,48,  inftead  of  x,  in  the 
compound  quantity  x^  —  2x^  in  order  to  difcover  whether 
the  quantity  refulting  from  this  fubftitution  will  be  great- 
er, or  lefs,  than  5,  or  the  abfolute  term  of  the  propofed 
equation  x^  —  2Ar  =  5  :  and,  if  it  ihall  appear  that  the 
faid  refult  is  greater  than  5,  we  may  conclude  that  the 
iaid  number  2.094,551,48  is  greater  than  the  true  value 
of  X  in  the  faid  equation ;  and,  if  it  {hall  appear  that  the 
laid  refult  is  lefs  than  5,  we  may  conclude  that  the  faid 
number  is  lefs  than  the  ttue  value  of  ;r.  And,  when  this 
has  been  thus  difcovered,  we  muft,  in  the  next  place,  en* 
deavour  to  determine  to  how  many  figures  this  number 
2.094,551,48  co-incides  with  the  more  accurate  value  of 
Ml  and,  for  this  purpofe,  we  muft,  if  this  number  be  lefs 
than  X,  increafe  it  by  the  addition  of  an  unit  in  the  laft 
place  of  figures ;  and,  if  it  be  greater  than  x,  we  muft  di- 
minifli  it  by  the  fame  fmall  quantity,  and  then  fubftitute 
the  new  number  thereby  obtained,  to  wit,  2.094,551,49, 
or  2.094,551,47,  inftead  of*-,  in  the  compound  quantity 
jr*  —  2x.  And,  if  it  ftiall  appear  that  the  value  of  that 
compound  quantity  refulting  from  fuch  fubftitution  is 
greater,  or  lefs,  than  5,  we  may  conclude  that  the  num- 
ber 2.094,551,49,  or  2.094,551,47,  is  accordingly  greater, 
or  lefs,  than  the  true  value  of  *,  in  the  equation  x^  —  2x 
s=  5,  and  confequcntly  that  the  faid  true  value  is  of  an  in- 

,  termedi^td 
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ttrmtdizte  magnitude  between  2.094,551,49  and  2.094^ 
SS^A^i  ortetween  2.094,551,48  and  2.094,551,47. 

Now,  if  we  take  x  =  2.094,551,48,  we  flxall  hare 

XX  =  4-387iI4S»902,370>i90>4j 
and  x^  =9-189,102,942,785,417,810,201,792, 
and  2x  =  4.189,102,96, 

and  confequentljr 

«*  —  2x=  4'999i999»982,785,4i7,8io,2oi,792;  which 
number  is  fomewhat  lefs  than  5,  or  the  abfolute  term  of 
the  propofed.  equation  xi  —  2x  ss  5.  Therefore  2.094, 
551,48  muft  be  fomewhat  left  than  the  true  value  of  « in 
the  faid  equation. 

Secondly,  fincc  x  is  greater  than  2.094,551,48,  w^ 
muft  now  compare  it  with  2.094,551,49,  by  fubftituting 
that  number  inftead  of  it  in  the  compound  quantity 


*». —  2X. 


Now,  if  X  is  taken  =  2.094,551,49,  or  2.094,551,48 
+  0.000,000,01,  we  (hall  have^F^  (=  2.094,551,481^  +  3 
X  2.094,551,4^)2  X  0.000,000,01]  +  3  X  2.094,551,48 
X  0.000,000,0 1^*  -I-  0.000,000,0 iV  ts  9*189,102,949, 
&c,  +  3  X  4»387«i45*9oa>  &c  X  0.000,000,01  + 
o. ooo,ooopoo,  &c + 0. 000,000,00c,  &c = 9. 1 89, 1 02,942, 
&c  +  13161,437,706,  &c  X  0.000,000,01  4-  0,000, 
000,00a  &c  +  0.000,000,000,  &c  =  9.189,102,942,  &c 
+  0.000,000,131,  &c  4-  0.000,000,000,  &c  -f  0.000, 
000,000,  &cj  =9. 1 89,103,073,  &c  ;  and  2x  (=2X2.094, 
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55I149)  =  4«i89|io2|98;  and  confequentl^  x'i  '^  ix 
(=  9.i89»i03,o7,  &c— -4.189,102,98)  =  5.ooo,coo,05>,* 
&c;  which  is  greater  than  5.    Therefore  2.o94,55i»49 
muft  be  greater  than  the  true  vahie  of  x  in  the  equation 
*'  —  2*  =  5. 

But  it  has  been  Ihewn  that  2.094,551,48  is  lefs  than 
the  faid  true  value* 

Therefore  the  true  value  of  x  in  the  equation  x^  —  ix 
=s  5,  win  be  of  an  intermediate  magnitude  between 
2.094,551,48  and  2.094,551,49 ;  and  confequently  all  the 
figures  of  the  number  2«094,5.5i,48,  which  we  found  bf 
the  foregoing  procefies  of  Sir  Ifaac  Newton's  and  Mr»: 
Raphfon's  methods  of  approximation  for  a  fourth  near 
value  of  the  root  of  the  equation  ;if»  —  a^f  =  y,  are 
exa£l* 

(^  E.  D. 


9S 


OF  THE  DIFFICULTY  OF  FINDING  a,  OR  THE 
FIRST  NEAR  VALUE  OF  THE  ROOT  OF 
AN  AFFECTED  EQUATION,  IN  CERTAIN 
CASES. 

Art.  XXUL  THERE  is  another  difficulty  thV  ocGurf 
fometimcs  in  refiylving  high  equations  by  approsimatiout 

whether 
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^^hether  by  Sir  Ifaac  Newton's  method  or  by  Mr.  Raph- 
fon's  I  which  indeed  are  fubftantially  the  fame.  The  dif- 
ficulty 1  mean^  is  that  of  finding  the  firft  near  value  of 
the  root  fought  (which  we  have  called  a  in  this  difcourfe,) 
to  one,  or  two  places  of  figures,  in  order  to  make  it  the 
bafis  of  a  further  approximation  v  to  the  true  value  of  the 
toot  by  either  of  thcfe  methods  of  approximation.  Now, 
when  the  Equation  is  knownto  have  but  one  root,  that  is, 
but  one  real  and  affirmative  root,  (for  all  other  roots  are 
not  worth  conGdering,)  this  difficulty  will  not  be  great; 
becaufe  it  will  always  be  eafy  to  find  a  tolerably  near  va- 
lue  of  the  root  by  conje<5lures  and  trials,  and  particularly 
by  fuppofing  xy  or  the  root  of  the  propofed  equation,  firft  . 
to  be  equal  to  i,  and  adly,  to  be  ^  lo,  and  3dly,  to  be 
equal  to  (bme  fhort  intermediate  number  confifting  of  on* 
ly  one  figure,  or,  if  the  root  appears  to  be  greater  than  lo, 
by  fuppofing  it  to  be  equal  to  loo,  or  looo,  and  after- 
wards fuppoGng  it  to  be  equal  to  fome  fhort  intermediate 
number  confiding  of  two  figures ;  as  was  done  above  in 
Art.  5,  in  finding  the  firft  near  value  of  x  in  the  equation 
j)tf»  +  7^4  +  2ojr'  +  155**  =  10,000.  But,  when  the 
equation  confifts  of  terms  conne£ied  together  partly  by 
the  fign  "f-,  and  partly  by  the  fign  — ,  and  confequently 
it  may,  for  aught  we  know  to  the  contrary,  have  two,  or 
three,  or  four,  or  more  real  and  affirmative  roots,  which 
may  be  of  very  different  magnitudes,  the  aforefaid  me- 
thod of  conjedures  and  trials  (though  by  no  means  ufe- 
lefs,)  is  lefs  expeditious  and  fatisfa£lory  in  affifting  us  tg 
find  the  firft  near  value  of  one  of  the  roots  than  in  the 
former  cafe  ;  and  we  are  often  puzzled  to  know  which  of 
the  roots  it  would  be  moft  expedient  to  be^in  to  inveftir 
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gate.    Now,  in  mod  of  t}iefe  cafes,  I  believe,  it  will  be 
advifeable  to  begin  by  inveftigating  the  lead  root,  and  for 
that  purpofe  to  expunge  from  the  equation  all  the  terms 
that  have  the  (ign  *-  prefixed  to  them,  and  to  find,  to 
about  two  places,  or,  at  mod,  to  three  places,  of  figures, 
the  root  of  the  remaining  equation.    For  this  root  will 
always  be  lefs  than  the  lea(^  root  of  the  original  equa* 
tion,  if  it  really  has  (as  it  appears  to  have,)  more  than  one 
real  and  affirmative  root ;  or  it  will  be  lefs  than  the 
only  root  of  the  original  equation,  if  (notwithftanding 
the  appearances  to  the   contrary,)   it  really  lias  but  one 
root.     When  the  root  of  this  fecond,  or  curtailed,  equa« 
tion,  has  been  difcovered,  it  may  be  called  a,  and  made 
the  ground-work  of  an  approximation  to  the  leaft  root  of 
the  original  equation,  and  the  binomial  quantity  a  +  z 
may  be  fubftituted  in  the  original  equation  inftead  of  x, 
and  the  transformed  equation  thence  arifing  may  be  re- 
folved  as  if  it  was  a  mere  firaple  equation,  agreeably  to 
Mr.  Raphfon's  method  of  approximation ;  and  the  value 
of  3  thereby  obtained,  being  added  to  a^  will  give  us  a 
known  value  of  /j  +  z,  or  a  fecond  near  value  of  the 
leaft,  or  the  only,  root  of  the  propofed  equation :  after 
which  we  may  proceed  to  find  the  faid  leaft,  or  only,  root 
of  the  propofed  equation  by  a  further  profecution  of  Mr. 
Raphfon's   method   of    approximation    above-defcribed. 
This  method  of  finding  a  firft  near  value,  u,  of  the  leaft 
root  of  a  propofed  equation  that  feems  to  have  more  than 
one  real  and  affirmative  root,  is  explained  more  at  length 
in  the  third  volume  of  the  Collection  of  Mathematical 
Trafls,  called  Scrlptores  Logarithmtciy  in  my  Difcourfe  on 
the  ReverGou  of  Infinite  Seriefes  publilhed  in  that  Vo- 
lume} 
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tume ;  tQ  which  I  refer  the  reader.  Sec  the  fald  3d  Vo- 
lume, pages  724,  72Sy  126,  727,  &€,---  to  page 
761.  .  Andy  with  this  improvement  of  it  in  the  cafe  of 
equations  that  have,  or  feem  to  have,  more  than  one  real 
and  pofitive  root,  I  believe  it  may  fafely  be  afErmed  that 
Mr.  Rapbfon's  Method  of  Refolving  AfFefted  EquatioiM 
is  the  beft  general  method  of  eflFe£ling  that  purpofe  in 
all  equations  above  quadraticks  that  has  hitherto  been 
difcQirered* 


End  of  the  Ohfervations  on  Mr*  Raphfon's  Method  of 
Refohing  AffeSed  Equations  by  Approximation. 
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AN 

EXPLICATION 

9 

SIMON  STEVIN's  GENERAL  RULE, 

TO  EXTRACT  ONE  ROOT  OUT  OF  ANY  POSSIBI.E  EQUATION  Ilf 
^JUMBERS,  EITHER  EXACTLY,  OR  VERY  NEARLY  TRUE. 

Br   JOHN  KERSET. 

UBIirO  THB    lorn    CHAPT^I^    op   TI^B  SECOND    BOOK   Of 
MR.  K£B.8BY*S  ELEMENTS   OF  ALGEBRA* 


i.E( 


-(A^.  I.  JCjQUATIONS  falling  pnder  any  pf  the 
forms  in  the  Tout  teen  th  and  fifteenth  chapters  of  thq 
firit  book  of  thefe  Elements,  are  frapabie  (as  hath  therq 
been  (hewn)  of  perfefl:  refolutipns  in  numbers;  vi^, 
the  value  of  the  roof  or  roots  fought  in  any  of  thofq 
equations  may  be  found  out  and  expirelTed  exa£lly,  ei<^ 
ther  by  fome  rational  or  irrational  number  or  numbers  ; 
/but  the  perfe^i  refolution  of  ajl  manner  of  compound 
equations  in  numbers,  I  have  hot  found  iq  any  au- 
thor  :  and  fince  an  expofition  of  the  general  method  o^ 
Victa,  the  rules  of  Huddenius  and  others  to  that  pur- 
pofe,  would  make  a  large  treatife,  and  after  all  Ipave  th^ 
curious  Analyft  difiatisficd,  I  ihall  n«t  clogg  thefq  Ele- 
ments 
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ments  with  a  tedious  difcourfe  upon  thofe  difficult  rules,* 
(which  at  the  heft  are  exceeding  tedious  in  operation,  and 
fome  of  them  uncertain  too,)  but  rather  purfue  my  firft  de- 
figa,  which  was  to  explain  fundamentals,  and  fuch  rules 
a)  ate  certain  and  mod  important  in  this  profound  art. 
However,  I  (hall  lead  the  induftrious  learner  a  few  fteps 
farther  in  order  to  his  uhderftanding  the  refolution  of  all 
manner  of  compound  equations  in  numbers,  and  in  this 
Chapter  fliall  explain  Simon Stevin's  General  Rule,  which, 
with  the  help  of  the  rules  in  the  following  eleventh  Chap- 
ter, will  difcover  all  the  roots  of  any  poffible  equation  in 
numbers,  either  exaSly,  if  they  be  rational,  or  very  nearly 
(rue,  if  irrational. 


QUESTION    I. 


IF  -  •  ^  aaa  -{-  26a  is  =  40188,  what  is 
the  number  a  ? 

RESOLUTION. 

This  equation  not  falling  under  any  of  the  three 
forms  in  %e£t,  I.  chap»  xv.  book  i^  cannot  bp  refolved  by 
any  of  the  canons  in  that  chapter,  and  therefore  according 
to  Simon  Stevin*s  general  method  I  fearcb  ou(  the  xk&m^ 
\^r  a  by  triala,  thus,  vis. 
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t. 

1  fuppofe 

w               m 

- 

0  sz 

f 

Thence  it  follows  that 

- 

aaa  = 

X 

And 

^               ■* 

- 

-     26a  = 

26 

Therefore 

• 

aaa 

+  %6a  = 

27 

Which  27  ought  to  have  been  401881  bat  it's  too  little  % 
whereby  I  find  that,  by  fuppofing  a  to  be  i,  I  did  not  hit 
upon  the  true  number  a ;  and  therefore  I  make  another 
trial,  in  like  manner  as  before,  viz. 

2r  I  fuppofe      -        *  •        •  tf  =  10 

Thence  it  follows  that  -        -  aaa  =  1000 

And            -          •  -        .  7,6a  =  260 

Therefore    -         -  -  aaa  +  26a  =  1260 

Which  1260  being  yet  too  little,  I  make  a  third  trial, 
▼iz. 

3.  I  fuppofe        «        *         «        ii  =  100 
Thence  it  follows,  ihziaaa  -f  ida  =:  1,002,600 

Which  1,002,600  exceeds  the  juft  rcfult,  or  abfolutc 
number  40, 1 88  in  the  latte?  part  of  the  equation  firft  pro* 
pofed,  and  therefore  the  true  numbers  is  lefs than  100; 
but  the  fecond  trial  (hews  it  to  be  greater  than  10,  and 
therefore  the  whole  number  which  ezprefleth  the  'exa£l,or, 
at  leaft,  part  of  the  value  of  tf,  muft  neceflarily  conGft  of 
two  charafters,  and  confequently  the  firft  (towards  the 
left  hand)  muft  be  one  of  thefe  nine,  192,3,4,5,6,7,8, 9. 
Bufc,  becaufe,  by  the  fccond  inquiry,  to  was  found  too 

little. 
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litde^  I  now  make  trial  with  2  for  the  firft  figure  of  tlie 
root  a,  viz. 

4.  I  fuppofc       -        -        -        -        a  =s  20 
Thence  -        -  aaa  -I-  26^1  =  8520 

Which  refult  8520  being  yet  lefs  than  the  juft  rcfult 
40^188, 1  make  trial  again,  viz. 

5.  I  fuppofc     -        -        -        ^        ii  =  30 
Thence  -        -        aaa  +  26a  =  27780 

Which  is  yet  too  little ;  therefore, 

6.  I  fupppfe       -        •        *        -        tf  =  40 
Thence        -        •         .    aaa  +•  26a  =  65,040 

Which  65,040  being  greater  than  40,188,  it  {hews  me 
that  the  true  root  or  value  of  a  is  lefs  than  40  ;  but  by  the 
fifth  trial  it  is  greater  than  30,  and  confequently  the  firft 
figure  of  the  root  is  3. 

Now  the  fecond  chara£ler  of  the  root  muft  neceflkrily 
be  one  of  thefe,  viz.  o,  1,  2,  3,  4,  5, 6,  7,  8, 9  y  and  be* 
caufe  it  hath  been  difcovered  that  the  true  value  of  the 
root  a  is  greater  than  30,  the  fecond  chara£ier  cannot  be 
O :  I  therefore  make  trial  with  i,  and  fuppofe  a  rs  31^ 
which  proving  too  little,  I  make  trial  with  32,  33,  34, 
&c.  feverally,  in  like  manner  as  before,  and  at  length  I 
find  34  to  be  the  true  number  a  fought,  by  which  the 
equation  propbfed  may  be  expounded ;  for^  if  a  ^  54^ 
then  confequently  aaa  +  26a  =:  40,188. 

Art* 
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Jrt.  II.  But  if  after  trials  made  (as  beforo)  the  >»• 
lue  of  a^  the  root  fought,  happens  to  fail  between  two 
whole  DUBibcrs  that  differ  by  unity  \  then  triab  ^e  to  be 
made  with  the  lefler  whole  number  increafed  with  ^ 
•T^f  1^  ^^-  u^^^l  y^^  ^^^  found  the  value  of  a  in  fome 
jnixt  ilttiiiber  confiftitig  of  a  whole  number  and  fi>me  eer- 
tun  tenth  parts  of  an  unit.:  But  if  tb<  faud  valvK  of  a  hs^- 
pens  not  to  be  expreffcd  exa£ily  by  the  (aid  lefler  whole 
number  increafed  With  certain  tenth  parts,  then  you  are 
to  make  tritls  with  the  faid  lefler  whole  number  increafed 
with  a  decimal  fraflion  having  for  its  numerator  a  num<p 
ber  greater  thaii  lo,  but  lefs  than  lOo  j  and  for  its  deno* 
minafof  idov  as  with  -p^,  t^^,  &c.  and  by  proceeding  in 
that  manner  you  may  find  the.  exa£k  value  of  the  root  if 
when  its  fra£iional  part  is  exactly  equal  to  fome  decima} 
fniAtm^  dr  etfe  appfodch  infinitely  near  t«  the  faid  exa£^ 
ytlue  wbeft  it  it  itratioDal  or  fard|  us  in^  following ; 


QUESTION  II. 

1841638.^^  0  ^hat  i$  the  numbeif  af 

^  RESOI^UTION. 

ftttTf  Ifiippofe  ai^  ti  but  this  prcMng  too  little,  I 
tnit  ^i22  10  J  thisalfo  proving  too  Kttle,  I  aflume  a  =  locr, 
ti4xieh  ^(ttr  trial  I  find  to  be,  greater  thatn  the  trad  liutobeir 
^  find  pnfequ^ntl^  the  Q^mber  ^  fi^  between  io  4nd 

ipoi 


w 
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100 ;  than,  nuking  trial  with  %0j  I  find  it  too  little )  bnt 
f&aking.  trial  with  3O1 1  find  this  top  great ;  and  therefore 
$b&  true  root  •a  falls  betweem  20  and  30*  Again,  making 
^al  with  21,1  find  it  too  great :  bat  20  was  before  found 
too  little  n  therefore  the  true  root  a  is  between  20  and  21 1 
Acn  I  make  trial  with  20.  i,  (that  is,  ao,V,)  20.2  ;  20^31 
ftCf  and  at  lexigth  find  20.7  to  be  the  true  number  a 
fought ;  for  if  a  =ss  20.7  (that  is,  20j^,)  it  will  makO 
aaaa  +  50a  =  i84,638«68oj  the  equation  propofed  •• 

But  if  20.7  had  proved  too  little,  and  20,8  too  greats 
^hen  trials  mud  have  been  made  with  20.71^  (that  is, 
sot'oV  0  20,72  ;  20.73,  8tc:  In  like  manner,  if  20.7  had 
been  too  little,  but  20.71  (that  is,  20-^)  too  great, 
tthen  trials  muft  have  been  made  with  10.701,  (thatis, 
aOrV^ ;)  .20^702  I  20^703,  &c.  This  wiO  be  partly  eiff 
prcifed  ^n  refolving  the  e(][uation  in  this  fpUowJng— * 

QUESTION  in. 

)F  -  T  -  <7j/7  +  20^as=:  1954,  what  Is  the  number  «? 
^nf,  ^  u  a  ^  9*308,  &c*fo«|nd  out  by  trisfis,  as  before. 

^rt.  Xtt    When  the  value  of  {a)  the  required  root  of 

*  Tht»  method  of  proceeding  19  very  convenient  for  finding  thr  two 
firll  figures  of  the  value  of  ^;  but  then  it  will  be  expedient  to  have  re« 
courfe  to  Mr.  Raphfon*8  method  of  approximation,  which  will  ufU- 
aily  dotible,  or  nearly  ddable,  the  number  of  figures  in  the  valu6  Of  a 
at  every  opeitltiObr  9^  hit  AhmIjJU  MptatUmm  VmyerfdU* 

•  4        '  aQ 
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M  equation  happens  to  be  lefs  than  unity,  ^en  trial  is  to 
be  made  with  -^  ;  but  if  this  prove  too  great^  then  with 
t4w  ^c.  Now  fuppofe  .i  (that  is,  •^)  be  too  great,  but 
.01  (that  is,  ^4^)  too  little  j  then  trial  muft  be  made  with 
•02  I  .05  I  .04  I  &c.  until  you  have  found  out  the  grcateft 
^gtire  that  muft  ftand  in  the  fecond  place  of  the  decimal 
fraction  expreffing  the  root  fought ;  fuppofing  then  fuch 
figufc  to  be  found  8,  vi3^  that  .08  (or  tIz?)  w  lefsjbut  .0^ 
(or -rl?)  i^  greater  than  the  root,  trial  muft  be  made  with 
.081,  (that  is,  Ts^Tyj)  .082  1  .083  [  &c.  as  in  this  fol- 
lowing— 

QUESTION  IV. 

IF  -  -  aaa  +  324011  is  =  269,  what  is  the  numbers? 
At^w.  -. «  b'=  .083,  &c.  that  is^  tI4^  &«• 

jtrt*  IV.  The  preceeding  examples  may  fuffice  to 
ftew  the  ufe  of  this  general  method  when  all  the  terms 
of  the  unknown  part  of  an  equation  are  affirmative,  (viz. 
when + is  prefixed  to  each  term,)  in  which  cafe  there  is  but- 
one  affirmative  root ;  in  the  fearch  whereof  by  trials  (as  be- 
fore) if  the  numbers  affiimed  feverally  for  the  value  of  the 
ipot  fought  do  afcend,  or  become  greater  and  greater,  then 
the  abfolute  numbers  refulting  from  thofe  affiimed  values 
will  likewife  afcend ;  and  contrary,  if  the  affiimed  roots 
do  defcend  from  a  greater  to  a  lefs,  the  refults  will  likewifp 
grow  )efs  and  lefs:  whence,  by  comparing  an  abfolute  num- 
i>CT  refulting  from  an  affiimed  root  with  the  juft  abfolute 
number  of  the  equation  proppfcdj  you  may  certainly  know 
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(if  the  faid  refult  and  juft  abfolute  be  not  equal  to  one  ano- 
ther) whether  you  are  to  take  a  number  greater  or  le&  than 
that  lad  before  aflumed. 

But  when  tl^e  unknown  part  of  an  equation  confifts  of 
afErmatiTe  and  negative  terms  mingled  one  with  another, 
then  the  fearch  by  trials  will  be  more  intricate  and  doubt- 
ful than  before  ^  for  fometimes  it  will  be  hard  to  difcera 
whether  a  following  aflumed  root  muft  be  taken  greater  or 
lefs  than  that  which  was  taken  next  before.  Moreoverj  a 
compound  equation  of  this  latter  kind  may  happen  to  be 
fucfa,  that  it  may  be  expounded  by  as  many  feveral  aiEr- 
mative  roots  as  there  be  unities  in  the  index  of  the  higheit 
unknown  power,  yiz«  a  cubical  equation  may  be  fo  con- 
ftituted  that  it  (hall  have  three  different  affirmative  roots, 
a  biquadratick  equation  four  feveral  roots ;  and  fo  of 
higher  equations,  as  will  be  (hewn  in  the  following 
Chap.  II.  But,  in  what  manner  foever  any  poffible  equation 
is  conftituted  in  rational  numbers,  this  general  method  will 
always  find  out  one  affirmative  root,  either  exa£lly  true, 
or  at  lead  very  near  the  truth  i  as  will  farther  appear  by  the 
following  queftions  : 

QUESTION  V. 

IF  -  -  -  ^atf  —  22aa  4-  157^  =  360,  what  is  the 
number  a  ? 

RESOLUTION. 

I.  I    SUPPOSE  -  -  -  -  tf  =    I 

Thence  it  follows  that  aaa —  22aa  +  157^  =  136 

Which 


WUcb  136  is  lefs  than  the  juft  abfolote  nwnber  360^ 
tad  therefbie  I  make  another  trial,  tix. 

2. 1  fuppofe         -         -         -        •        fl  =  10 
Thence  it  firilows  ih2laaa —  22iia+  157a  =  370 

Which  370  exceeds  the  juft  abfolnte  nnmber  360,  aod 
therefore  I  conclude  there  is  one  affirmatiTe  Taluc  of  a, 
(either  rational  or  irrational)  between  i  and  lo,  which  ya^ 
lue,  after  trials  made  with  2,  3,  4,  5, 1  find  to  be  5  ;  thb 
will  conftitnte  the  equation  propofed  ;  for  if  «  =  5,  then 
eaa  —  22aa  +  1570  will  exadly  nuke  360. 

But  there  are  two  other  roots  or  Talues  of  a,  to  wit,  8 
and  9,  each  of  which  will  Hkewife  conftitute  the  equation 
firft  propofed  ^  but  how  they  are  found  out  will  be  (hewn 
in  Se£l.  9.  of  the  foUowing  Chap.  1 1. 


QUESTION  VL 

IF  . 32coa  —  «w  =r  46,577  (juft,)  what  is  thf 

number  a  ? 

RESOLUTION- 

I.I  SUPPOSE         -  -.  tf  =   I 

Thence    -    3200^  —  aaa  =  3199  (Icfe  than  juft.) 

2. 1  fuppofe        -        -        tf  =  10 

Thence    -    3  200^1  —  ^loa  =  31 000  (Icfc  than  juft.) 

3   I 


1 


3.  Jfupppfc  -  -  *  55    100 

TKeacc   -  33LQQa  —  tfa^=?  —  68p,Qoo  (left  than  jnft.) 

Now  becaufe  the  fecond  refult  (or  abfolutc  number) 
+  31000  is  affirmative,  and  the  laft  refult  —  680,000  is 
negative,!  make  Ifials  with  numbers  between  10  and  I'oo 
for  the  value  of  a  5  for,  if  the  equation  propofed  be  poffible, 
before  the  affirmative  refults  fall  off  to  negatives,  there 
will  be  a  root,  or  value  of  ^l,  producing  an  affirmative  refult 
either  exa£^ly  equal,  or  very  near  to  the  juft  refult  46,5  775 
therefore, 

4*  I  fuppofe     -^      -        fl  =  20 

Thence  -  3200/j  —  aaa  ^  56,000  (greater  than  juft.) 

Now  becaufe  by  taking  20  for  the  value  of  0,  the  yefult 
56,000  exceeds  the  juft  refult  46,577  }  hut  by  taking  lo 
for  a,  the  refult  31000  happened  to  be  lefs  than  the  faid 
46577  J  it  (hews  that  there  is  one  affirmative  root  or  va- 
lue of  a  between  10  and  20,  which  root,  after  trials  made 
with  intermediate  numbers  (fis  in  former  examples) 'will 
be  found  15.7,  &c.  Moreover,  becaufe,  by  fuppofing 
a  =  20,  the  refult  56,000  happened  to  -exceed  the  jtift 
Tcfult  46,577,  but,  by  putting  « 5=xoo,  the  refult  —  6800CO 
proved  to  be  lefs  than  the  farpe  46,577,  it  ihews  there  is 
an  affirmative  value  of  ^  between  20  and  100,  which  va- 
lue after  trials  made  will  be  found  47  :  fo  that  there  are 
two  affirmatiye  roots  or  values  of  a  found  out,  to  wit, 
15.7,  &c.  (or  15-/6?  &c.)  and  47  5  the  former  of  which 
will  nearly,  and  the  latter  exadly,  conftitute  the  equation 
propofed. 


t 
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ArU  V.  Florimbnd  At  Beaune  in  tlie  iMtt  of  tW0 
fmall  tipeatifcs  printed  in  1^59^  concerning  the  nature, 
conftttution  and  limits  of  equations  ^,  (hews  how  to  find 
out  limits  ,within  which  the  roots  of  all  compound  equa* 
dons  no^  afcending  above  the  biquadratick  kind  are  con- 
fined i  which  limits^  when  they  may  be  difcovered  with- 
out much  trouble,  and  are  not  ^ery  wide  afunder>  will 
help  to  lelTen  the  trials  in  the  general  method  before  deli« 
Tcred  :  As^  in  the  laft  Example^  where 

The  equation  propofcd  was  3200a  —  aaa  =  46,577 
Firft,  becaufe  aaa  mud  be  ^ 


aaa tohtrri  ^lOOa 


aa  -3  3200 


fubtraded  from  3200a  and 
leave  a  remainder  equal  to 
46,577,  it  prefuppofeth 

Therefore    by    dividing! 
each  part  by  a,      -        -     J 

And  by    extra£ling  the*\ 
fquare  root  out  of  each  part,  v    -    -    -     arD  56.5,  &c» 
it  follows  that     -    -    -    J 

Again,  from  the  equations 
propofed,by  tranfpofition  it  /'Saooa— 46,577  jsr  aaa 
is  evident  that     •    -    .    J 

Whence  it  is  alfomanifeft    -     -    3200a  b*  46,577 

Andconfeqttcntly.bydi.-)         _      _    atri^s,Stt, 
viding  each  part  by  3200,  J 

*  This  traft  of  M.  dc  Beaune  is  very  clear  and  vciy  ufcfuk    It  w 
printed  virich  Mr.  Schooccii'»  Comment  o^  Dcs  Cwtes*!  Geometry. 

Thus 


t  sti  ) 

Thus  it  is  found  that  the  value  of  a  the  root  fought  is 
greater  thari  14:5,  &cc.  but  Wfs  than  56.5,  &c.  and  thcre-^ 
fore  trials  according  to  the  general  method  aforefaid  need 
not  be  niade  with  any  nurtibers  that  are  not  within  thofe 
limits. 

From  the  prcmifes  it  is  evident,  that  this  general  me- 
thod finds  not  a  perfeft  root  of  an  equation,  unlefs  fiich  r6dt 
be  a  whole  number,  or  elfe  a  fraftion  exaflly  equal  to 
fome  decimal  fraftion  5  or  laftly,  a  mixed  number  com- 
pofcd  of  a  whole  number  and  a  perfed  decimal  fraftion. 

Note,  When  the  co-efficients  or  known  numbers  mul- 
tiplied into  any  of  the  unknown  powers  under  the  high- 
cftj  (which  muft  have  no  co-efficient  but  unity,)  are  vul- 
gar (not  decimal)  fraftions,  or  mixt  numbers  whofe  frac-* 
tional  parts  are  vulgar  frad^ions  ;  likewifcj  when  the  ab- 
folute  number  that  folely  poffeffeth  the  latter  part  of  the 
equation  propofed  is  a  vulgar  fraftion,  or  a  n^ixt  number 
whofe  frafticnal  part  is  a  vulgar  fradHon  5  all  thofe  vuU 
gar  fraflions  muft  be  reduced  to  decimal  fraftions,  or 
elfe  the  equation  muft  be  reduced  to  another  equation  in 
integers  {by  SeA.  7.  in  the  following  Chap.  ii.)  before 
you  enter  upon  the  refolution  by  trials  as  aforefaid. 


End  of  the  iCth  Chapter  of  the  Second  Book  cf  Mr.  Kcrfey's 
Elements  (f  Algebra.  • 
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A  REMARK  ON  AN  ERROR  IN  THE  REASON- 
ING OF  THE  LATE  LEARNED  FRENCH  MA- 
THEMATICIAN,  MONSIEUR  CLAIRAUT,  IN 
THAT  PART  OF  HIS  ELEMENTS  OF  ALGE^ 
BRA  IN  WHICH  HE  ENDEAVOURS  TO  PROVE 
THE  RULES  OF  MULTIPLICATION  LAil> 
DOWN  BY  WRITERS  ON  ALGEBRA  CON- 
CERNING NEGATIVE  QUANTITIES. 

HERE  IS  oiie  writer  o^  Algebra  who  has  treated  die 
i\xh]tCt  with  uncommon  care  and  elegance,  andy  through-* 
out  the  firft  part  of  his  work,  with  great  perfpicuity  iikc- 
wife.  I  mean  Monfieur  Clairaut  of  the  French  Academy 
of  Sciences,  in  his  Elimens  (TJlgebre  publiflied  at  Paris  in 
the  year  1749.     But  even  this  writex;  has  been  betrayed 
into  a  mod  remarkable  initance  of  falfe  reafoning,  by  his 
.  defire  of  explaining  to  his  readers  that  which  in  it's  na- 
ture is  not  capable  of  being  explained  or  underftood^  to 
.wit,  the  propofition  **  tbai^  if  a  negative  quantity  be  multi" 
plied  by  a  negative  quantity^  the  produEt  nuill  be  an  affirmative 
quantity^^    This  propofition  he  has  attempted  to  demon- 
ftrate  in  the  6oth  Seftion,  or  Article,  of  his  book,  page  7  j, 
in  the   following  manner :    He  had  already  in  Art',  iii, 
page  4,  explained  the  fign — to  figitify  the  fubtraftion  of  the 
quantity  to  which  it  is  prefixed  from  the  quantity  which 
immediately  prccccds  it,  in  thefc  words :  "  Prenantle  ca- 
racfere  — ,  quife  ptononce  raoins,  pour  faire  rejiuvinir  que 

U 
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la  quantite  qt!il  precede  doit  etre  retranchee  de  celle  qu^ilfuit/* 
And  in  Articles  xYii,  xliii,  xliv,  xlv,  xlvi|  pages  48,  49^* 
S^y  S'»  5^9  53>  54i  ^^  explains  the  manner  of  multiplying 
compound  quantities,  (which  he  calls  des  quantites  com" 

plexes  ou  polynomesy  ou  quantites  compofees  de  plufteurs  termes^) 
by  each  othcr,and  exemplifies  it  by  the  multiplication  of  the 
compound  quantity  2a*c*  — ^  5^*^  +  6aS  by  the  compound 
quantity  3^^*  —  /[bed.  And  thus  far  he  reafons  juftly  and 
clearly,  ufing  the  fign  —  only  in  the  fenfe  of  his  firft  defi- 
nition of  it  in  Art.  iii,  page  4,  as  the  fign  of  the  fubtra£lion 
of  the  quantity  to  which  it  is  prefixed  from  that  which* goes 
before  it,  in  which  firft  part  of  his  book  he  feems  to  fup- 
pofe  all  along  that  the  quantities  to  be  fubtradled  are  lefs 
than  thofe  from  which  they  are  to  be  fubtradled.     But 

.  then,  when  he  has  thus  Ihewn  clearly  that,  in  the  mul- 
tiplication of  compound  quantities  by  compound  quanti- 
ties, the  rule  holds  good,  that  —  into  — _  gives  -{- ,  or  that 
thofe  members  of  the  produdl  of  the  two  compound 
quantities  which  arife  from  the- multiplication  of  any  two 
members  of  the  compound  quantities  themfelves  that  are 
both  marked  with  the  fign  — ,  will  be  marked  with  the 
fign  +>  he  endeavours,  in  Art.  Ix,  page  73,  to  extend  this 
conclufion  to  the  produ£l  of  two  independent,  or  feparate, 
negative  quantities,  or  quantities  which  are  marked  with 
the  fign  —  without  being  preceeded  by  any  dther  quan- 
tities from  which  they  are  fubtrafted.  This  Ixth  Article 
is  in  thefe  words : 

Pour  nous  ajfurer  que  la  multiplication  de  —  par  '. —  doit 
toiijours  donner  +  au  produit^  voyons  quelle  lumiere  nous  poU'- 
vonstirer  de  la  metkode  generale  des  multiplications  donnie  dans 

L  1  2  rArt. 
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PAri.  xlv.  Suivant  eette  methode  on  voii  trh  clairetnent  que  h 
produit  d^une  quantite  telle  que  a  —  b  par  une  autra  c  —  d 
doit  etre  ac  —  be  —  ad  H-  bd  j  et  on  voit  par  confequent  en 
minte  temps  que  le  terme  bd,  qui  ejl  venu  par  la  multiplicatisn 
de  h  et  de  df  a  le  figfte  -f ,  tandis  quefes  produifants  b  ^ /  d 
ont  leftgne  — .  II  he  rejte  done  plus  qu*  it  fgavoir  Ji-,  lorfque 
deux  quantites  negatives ^  telUs  queh  et  d,  ne  feront  precedies 
Saucune  quantite  pofttiye^  leur  produit /era  fncore  +  bd.  Or 
c\Ji  ce  dont  il  ejl facile  de  reconnoitre  la  virite^  puifque  la  me-» 
thode  par  laquelle  on  a  decouvert  que  le  produit  dez  —  b^f 
c  —  d  etoit  ac  —  be  —  ad  +  hiy^nefpecifiant  aucune  gran^ 
deur  parttcuUere  ni  it  z  ni  it  c,  doit  avoir  encore  lieu  lorfqui 
ces  quantites  font  egales  h  zero.  Or^  en  ce  casy  le  produit  aq 
—  ba-ad  +  bd/^ refdtat i+bd.    Z><7W— bx  — d 5/?=  +bd. 

Now  in  thefc  words  there  is  an  obvious  fallacy.  For, 
^hongh  a  and  c  are  not  particular  numbers,  or  quantities 
which  have  a  fixt  relation  to  b  and  J,  but  they  may  be  of 
many  different  magnitudes  with  refpe£l  to  b  and  rf,  yet 
they  muft  alwjiys  be  fuppofed  to  be  greater  than  b  and  d 
refpedively.  For  otherwife  it  will  not  be  poflible  to  fub* 
tradl  ^  and  ^  from  them,  fo  as  to  produce  the  quantities 
a  — b  and  c —  d'f  the  author  not  having  hitherto  given  us 
any  other  idea  of  the  ^ign  ■—  but  that  of  Its  denoting  the 
fubtrafticn  of  the  quantities  to  which  it  is  prefixed  from 
thofe  which  go  before  them  ;  in  order  to  which  it  is  nc- 
ceflary,  and  is  conftantly  fuppofed  in  all  the  foregoing  par(. 
of  the  book,  that  the  faid  quantities,  to  which  the  faid  fign 
^s  prefixed,  (hould  be  lefs  than  thofe  that  go  before  them. 
It  follows  therefore  that  a  andr  can  never  be  fuppofed  to 
be  cither  equal  to,  or  lefs  than,  b  and  d,  refpeftively, 

though 
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chough  they  may  be  of  any  tnagnifud^s  that  are  greater 
ihan  h  and  d.  It  is  not  therefore  poflible  for  a  and  r  to 
become  equal  to  o,  as  the  author  fuppofes ;  and  con£&- 
quently  the  compound  quantity  ac  "^  be  -^  ad  -{^  hd^ 
(which  is  the  produfl  of  the  muhiplication  of  ii  — >  3  and 
jc  —  d  into  each  other)  can  never  become  equal  to  4-  W 
by  the  vaniihing,  or  annihilation^  of  it's  three  firil  members 
ai^ybc^  adj  as  the  author  concludes  from  the  faid  falfe  fup*- 
pofition  that  a  and  c  may  be  taken  equal  to  o« 

The  author  on  this  occafion  feems  to  have  forgot  hlf 
own  definition  of  the  (ign  — ,  by  which  he  made  it  to  be 
a  mark  of  the  fubtraftion  of  the  quantity  to  which  it  is 
prefixed  from  the  quantity  that  goes  before  it ;  from  which 
definition  ir  is  plain  that  the  faid  fign  always  fuppofes  the 
exiftence  of  two  different  quantities,  of  which  the  one  is  to 
be  fubtrafted  from  the  other,  and  confequently  that  it  can 
have  no  meaning  when  applied  to  a  fingle  quantity,  as  £  or 
di  independently  of  fome  other  and  greater  quantity,  as  a 
or  r,  from  which  it  is  to  be  fubtraded.  There  cannot 
therefore  exifl  any  fuch,  quantities  as  —  i,  or  —  </;  and 
confequently  no  propofitions  concerning  them  can  be  ci«- 
ther  true  or  falfe.  Confequently  the  propofition  which 
the  author  there  endeavours  to  demonflrate,  to  wit,  **  that 
- —  b  X  —  ^  is  equal  to  +bdy  when  —  b  and  — ^f  are  not  pre- 
cecded  by  two  greater  quantities  a  and  c  from  which  they 
are  fubtrafted,  but  are  confidered  as  fingle  and  indepen- 
dent quantities/'  is  fo  far  from  being  true  that  it  is  npt 
even  inteiligible  according  to  the  only  idea  of  the  (ign  — 
which  the  author  has  given  us  in  all  the  preceeding  part  of 
file  book. 

Such 
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Such  is  the  obfcurity  and  confufionin  which  even  this 
very  able  writer  (who  not  only  had  a  great  deal  of  genius 
and  fagacity  ii)  the  mathematical  fciencesi  but  alfo  an  ele- 
gant tafte  in  his  manner  of  treating  them,}  has  involved 
himfelf  by  his  attempt  to  explain  the  nature  and  properties 
of  negative  quantities*  And  other  writers  who  have  made 
the  like  attempt^  have  fallen  into  fimilar  abfurdities ; 
amongft  whom  we  may  reckon  the  celebrated  Mr.  Leon- 
hard  Euler,  in  his  laft  work,  called  The  Elements  of  Algebra^ 
in  two  large  volumes^  oAavo>  which  has  been  commended 
by  fome  perfons  as  a  very  eafy  and  clear  tre^tife  on  that 
fcience.  But,  upon  examining  it,  I  have  found  the  firft 
volume  of  it  to  abound  with  errors  and  difficulties  arifing 
from  a  mod  compleat  adoption  Tind  very  frequent  ufe  of 
this  perplexing  and  abfurd  doftrine  of  negative  quantities, 
for  which  he  feems  to  have  an  uncommon  attachment. 

After  feeing  that  fo  able  a  mathematician  as  Monfieur 
C/!fffV^2// could  be  fo  far  blinded  and  puzzled  by  this  ftrange 
do£lrine  of  negative  quantities  (unneceffarily  introduced 
into  the  otherwife  clear  and  fimple  fcience  of  Algebra,  or 
Univerfal  Arithmetick,)  as  to  reafon  fo  very  weakly  in  fup- 
port  of  it  as  we  have  feen  he  did  in  the  foregoing  paflage, 
it  is  furely  high  time  for  every  true  lover  of  this  fcience, 
who  is  zealous  for  the  honour  of  it*s  purity  and  perfplcuity, 
to  exclaim  as  the  good  Archbifliop  Tillotfon  did  with 
refped,  to  the  Athanafialn  Creed,  "  I  wijb  ive  were  fairly 

rid  of  it  r 
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PREFACE. 


From  the  age  of  Vlcta,  the  father,  to  this  of  Ma- 
feres,  the  reftorer  of  Algebra,  many  men  of  the  greateft 
abilities  have  employed  themfelves  in  the  purfuit  of  an 
Idle  hypothefis,  and  have  laid  down  rules  not  founded  in 
truth,  nor  of  any  fort  of  ufe  in  a  fcience  admitting  in 
every  ftep  the  plaineft  principles  of  rcafoning.  If  the 
name  of  Sir  Ifaac  Newton  appears  in  this  lift,  the  num« 
ber  of  the  advocates  for  errour  muft  be  confiderable.  It 
is>  however,  to  be  recolle£bd,  that  for  a  much  longer 
period,  men  fcarcely  inferiour  to  Newton  in  genius,  and 
his  equals  probably  in  induftry,  maintained  a  variety  of 
pofitions  in  philofophy,  which  were  overthrown  by  a  more 
accurate  inveftigation  of  nature  i  and,  if  the  name  of 
Ptolemy  can  no  bnger  fupport  his  epicycles;^  nor  that  of 
Des  Cartes  his  vortices,  Newton's  derelidion  of  the  prin- 
ciples of  reafoning  cannot  eftablifh  the  fallacious  notion^ 
that  every  equation  has  as  many  roots  as  it  has  dimen- 
fions. 

This 
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This  notion  of  Newton  and  others  is  founded  on  prec!« 
pitation.  Inflead  of  a  patient  examination  of  the  fubje£i;^ 
an  hypothefist  which  accounts  for  many  appearances^  is 
formed  :  where  it  fails  unintelligible  terms  are  ufed:  in 
thefe  terms  indolence  acqulefces :  much  time  is  wafted 
on  a  jargon  which  has  the  appearance  of  fciencej  and 
real  knowledge  is  retarded.  Thus  volumes  upon  volumes 
have  been  written  on  the  ftupid  dreams  of  Athanaiius, 
and  on  the  impoflible  roots  of  an  equation  of  n  di« 
menCons. 

Ic  was  very  early  perceived  that  equations  in  certain 
forms  admitted  feveral  roots^  and  that  by  multiplying  to- 
gether complex  terms  in  certain  forms^  terms  Cmilar  to 
thefe  equations  might  be  produced.  HencC)  from  the 
natural  defire  of  mankind  to  come  as  foon  as  pofllble  to 
a  general  conclufion,  the  thought  fuggeftcd  itfelf,  that 
all  equations  might  be  produced  by  a  multiplication  of 
fimilar  complex  terms,  and  that  the  analogy  which  had 
been  obferved  between  the  coparts  and  roots  of  certain 
equations  might  be  extended  in  general  to  all  equations. 
The  idea  thus  advanced  was  without  fufficient  attention 
to  the  natural  difference,  which  fubfifts  in  the  different 
order  of  equations,  adopted.  It  is  true,  that  all  the  equa^ 
tions  which  have  more  than  one  term  may  be  formed  by 
the  multiplication  of  two  or  more  complex  terms ;  but  it 

depends 
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depends  upon  the  form  of  an  equation,  whether  it  ad- 
mits of  a  multiplication  hy  a  number  of  complex  terms 
in  the  forms  propofed  equal  to  the  higheft  index  of  the 
given  equation.     Thus  let 

Let  the  root  of  the  above  equation  be  equal  to  A,  then 


fc  -^  if  X^+^+  ^  is  equal  to  x"^  +  a^  —  k '^  but  a  and 
h  are  added  to  x  and  confequently  a  +  b  cannot  be  a  root 
of.  the  given  equation.     In  the  fame  manner  let 

x^  +  ax"  +  bx^  -h  cxf'  +  d  x^  ......  z=i  k. 

If  /  is  one  root,  then  x  —  /  multiplied  into  fome  complex 
term  may  form  the  equation  ;  but  this  cothplcx  term 
is  equal  to  an  aflignable  number,  and  the  number  fubfti- 
tuted  for  x  in  this  complex  term,  which  makes  it  equal 
to  the  aflignable  number,  cannot  be  the  root  of  the  pro- 
pofed equation.  With  true  reafoners  this  would  have 
been  fufficient  to  make  them  rejefl:  all  thoughts  of  pro- 
ducing every  equation  by  the  multiplication  of  a  number 
of  complex  terms  equal  to  the  higheft  index  in  the  given 
equation  ;  but  unfortunately  a  fi£lion  was  introduced,  and 
fciencc  was  placed  upon  a  level  with  the  chicanery  of 
courts  of  law  in  fome  coiintries,  where  the  firft  ftep  to 
obtain  redrefs  for  certain  injuries  commences  with  a 
falfehood.     Though  it   is  certain    that  in  the  inftancc 


above,  where  x  +  a  X  ^  +  a  -t-  0  produces  the  given 
Part  II.  b  equation! 
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equation,  a'\'  i  is  added  to  x^  yet  by  a  ftiange  fi&ion  it 
was  to  be  fuppofed  that  a  +  iis  taken  from  jt,  and  that 
a  '\'  i  is  equal  to  a  number  r,  to  be  called  either  a  ne* 
gatlve  or  an  impoflUble  number.  The  nature  of  tfaefe 
fiftitious  numbers  now  became  an  obje£l  of  inquiry, 
and,  inftead  of  fearching  after  the  roots  of  an  equation, 
even  grave  men,  imitating  the  phiiofophers  of  a  well* 
known  region,  who  were  extra<9:ing  fun-beams  from  cu* 
cumbers,  wafted  the  midnight  oil  juft  as  profitably  in 
icttling  the  rights  and  privileges  of  impoiBble  quantities* 

The  fruits  of  their  lucubrations  I  fucked  in  with  the 
flrll  milk  of  alma  mater  ;  and,  if  the  good  old  lady  had 
not  driven  me  from  my  books  and  from  itudies  of  a  much 
fuperiour  nature,  it  is  not  improbable  that  I  might  ftill 
have  looked  at  thefe  fubjects  through  her  fpe£^acles.  It  is 
of  little  confequence  to  the  publick  how,  or  why,  I  came 
back  to  my  former  ftudies ;  fuffice  it,  that  being  no  Ion* 
ger  of  an  age  nor  of  a  difpofitton  to  take  for  granted  an 
old  wive's  tale,  I  ftarted  at  the  poftulate  to  make  a  load 
of  com  out  of  a  bufhel.  So  ftrange  a  demand  now  ex- 
cited my  inquiry  into  the  principles  of  a  fcience  whofc 
©bjefts  are  all  of  a  determinate  nature,  and  after  confi-^ 
derable  refearchcsl  difcovered  the  direft  demonftrations 
which  this  volume  contains.    A  fpecimen  of  them  I  gave 

laft 
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laft  fummcr  in  a  Letter  *  to  ihc^  Vkc  ChanCeUer  of  the 
Univcrfity  of  Cambridge  on  the  vacancy  of  a  profeffei- 
Ihip,  which  was  filled  up  by  one  wbofe  prctenfions  to  be  a 
candidate  were,  in  the  opinion  of  moft  people^  againi^ 
the  fpirity  and,  in  that  of  raany,  againft  the  letter  of  the 
ftatote.  In  my  opinion  his  ele&ion  was  againil  both ; 
but,  if  he  does  any  thing  worthy  of  that  profcfferfliip,  I 
tMl  not  be  very  fcrupulous  about  his  right  of  obtaining 
it>  and  fliall  not)  moft  afluredly,  in  thefe  time9>  difturb 
iAt^  in  the  po&ffion  of  i^ 

In  this  work  the  number  of  roots  in  an  equation  is  de- 
termined)  not  by  a  fidion,  but  on  certain  and  undeniable 
principles ;  a  dlre£l  demonftration  is  given  of  the  relation 
of  the  coparts  and  roots  in  feveral  equations,  and  the 
mode  pointed  out  for  all  equations ;  the  limiting  equa* 
tions  are  difcovered  by  a  fimple  principle  which  appears 
to  me  capable  of  great  extenfion.  In  this  and  fimilar 
qtteilions  fluxions  are  generally  applied,  that  is,  the  new 
and  unneceiTary  quality  of  velocity  is  introduced  in  qu.e(-> 
tions  depending  on  mere  addition  and  fubtra£kion.  My 
principle  is  (imply  this.  Let  a  and  b  be  certain  numbers^ 
t  ■        I   ■   I   I  ■ 11^ 

*  A -fetter  to  the  Vice  Chanceller  of  the  Univcrfity  of  Cambridge, 
by  Wiliam  Frend,  Candidate  fur  the  Liicafian  ProfeiTerfhip.  Pri,ce  6d. 
White,  Flccv^rect ;  and  Flower  and  Dcighton,  Cambridge. 
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z  and  y  variable  numbers ;  then  if 

the  difference  between  the  variable  terms  added  and 
thofe  fubtradicd  mufl;  be  equal  either  to  a  given  number 
or  to  nothing,  otherwife  a  would  be  a  variable  number. 
Now  the  difference  cannot  in  my  demonftrationsibe  in 
any  cafe  a  given  number,  for  both  z  and  y  may  be  takea 
lefs  tha^  any  aflignable  number.  Confequentljc,  if  this 
difference  was  any  determinate  number,  when  st  andjr 
were  each  equal  to  fome  given  numbers,  this  difference, 
when  zand  y  were  both  made  lefs  than  any  affignabk  num- 
ber, would  be  lefs  than  the  preceding  determined  numbet^ 
that  is,  the  difference  would  be  a  variable  number  whkh 
might  be  exprefied  by  v^  and  then  a  would  be  equal  to  k 
.  ^h  ^5  which  is  impo(&ble,  for  a  can  be  equal  to  only  one 
u umber.  The  advantage  of  this  demonftration  is,  that 
z  and  y  may  be  tried  in  any  given  equation,  and  the  re- 
fult  made  evident  to  the  learner  in  every  inftance.  li 
It  X  "  x^  =:  20,  then  the  limiting  equation  iz  =  2  ;if.or 
X  z:i6y  and  if  z  is  made  equal  tq  unity  then  y,  is  equal  to. 
lenity,  and  6  ±  I  being  fubftituted  for  x  in  the  given 
equation  produce  the  fame  refults;  if  z  =  a,  then  j»  =:  2, 
arid  fo  on  *. 

*  See  Pages  i6  —  »9,  67  —  69. 
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I  have  alfo  given  in  this  work  a  confiderable  number 
of  examples,  particularly  from  Raphfon ;  for  I  have 
found  by  experience  that  a  learner,  who  is  fatisfied  with 
-general  expreflions  and  general  demonftrations  without 
trying  the  refult  in  pra£lice  feldom  acquires  any  folid 
knowledge,  and  accordingly  it  is  a  great  point  with  me 
in  my  prefent  mode  of  teaching  to  accompaay  in  every 
snftant  the  theory  with  pra£tice.  The  methods  adopted 
hj  feveral  eminent  mathematicians  in  die  folution  of  equat- 
ttons  are  pointed  out  with  their  merits  and  defe£);s  :  and 
here  I  ought  particularly  to  obfcrve  that  the  demonfira- 
tion  given  in  pages  13  and  14  is  taken  chiefly  from  Dr. 
Hutton's  effays  ;  and,  though  I  cannot  attribute  to  him  the 
whole  merit  of  that  method,  I  can  eafily  conceive  that,  he 
did  not  derive  any  affiftance  from  others  ;  and  his  great 
merits  will,  not  fuffer  by  the  juft  tribute  pf  applaufe 
being  bellowed  on  De  Lagny  his  predecefier  in  this  dif- 
covery.  By  the  comparifon  of  my  mode  of  dividers 
with  that  of  Dr.  Button's  by  double  pofitioh,  pages  96, 
97,  I  do  not  by  any  means  confider  the  quellion  as  tho- 
roughly decided,  for  though  I  have  no  doubt  in  my  own 
mind  on  the  preference  of  my  mode  to  his  in  all  the 
forms  of  equations,  which  are  the  fubjecl  of  this  work,  I 
muft  leave  to  the  learner  and  to  farther  inquiry  on  my 
gwn  part  thofe  eauationsjr  "where  the  unknown  term  is  un- 
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der  a  radical  band^  and  where  at  prefcnt  I  conje£tttre 
only  that  my  mode  has  the  advantage. 

It  might  be  proper  here  to  acknowledge  again  the  egre- 
gious orerfight  committed  in  the  firfl:  part  of  my  Algebra 
page  2i3f  if  I  had  not  already  done  it  in  the  Monthly 
Magazine,  and  to  my  miftake  the  pablick  is  indebted  for 
an  appendix,  in  which  Baron  Maferes  has  given  a  com- 
plete  ezanunation  of  Cardan's  rule,  and  a  moft  accurate 
comparifon  of  Ferrari's  folutios,  with  that  of  Raphibo^ 
by  his  method  of  approach.  I  may  prefume  aUb  to  hope 
that  the  tutours  of  the  Univerfity  of  Cambridge  will  re-*, 
commend  to  their  pttpils  the  five  laft  pages  of  that  af^n- 
dix  to  re£lify  their  notions  on  the  fi^ipn  of  negative  and 
imjpoffiUe  quantities ;  and,  if  they  dilate  on  the  conclude 
ing  paragraph,  they  will  probably  make  an  interefting 
comparifon  between  the  Cmilar  fi£tbns  of  modern  alge^ 
braifts  and  antient  divines. 

WILLIAM  FREND. 
N**  9,  Inner  Temple-lanc* 
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PART    THE    SECOND. 


CHAP.    I. 
ON  EQUATIONS  IN  GENERAL. 

X*  ROM  the  former  part  of  this  work  it  appears,  that 
fome  equations  have  more  roots  than  one :  and  as  the  dif- 
corery  of  the  roots  of  equations  is  a  principal  part  of  Al- 
gebra, a  perfon  cannot  be  a  proficient  in  the  fcience,  un- 
lefs  he  fhall  be  able,  on  certain  grounds,  to  determine 
how  many  roots  an  equation  in  any  form  propofcd  to  him 
can  admit.  The  Appendix  has  alfo  fliewn  with  what  dif- 
ficulty the  folution  of  federal  equations  muft  be  attended ; 
and,  as  this  difficulty  increafes  with  the  number  of  terms 
on  the  unknown  fide  of  an  equation,  it  will  be  of  ufe  to 
examine  the  means  of  ihortening  this  labour,  and  of  con- 
fining the  firft  approaches  to  the  roots  within  fome  af- 
fignable  limits.  Hence  this  part  of  the  principles  of  Al- 
gebra will  be  confined  chiefly  to  thcfe  two  enquiries ;  into 
Part  IL  B  the 
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the  number  of  roots  in  any  equation,  and  into  the  limits 
within  which  thefe  roots  are  confined ;  and  though  the 
forms  of  equations  are  more  numerous  than  the  leaves  of 
autumn  in  Vallombrofa  ;  and  out  of  the  myriads  of  thefe 
forms,  the  ingenuity  of  man  has  not  hitherto  difcovered 
a  general  expreffion  for  the  root  in  one  form  out  of  a  mil- 
lion ;  yet,  by  certain  methods,  the  root  of  any  equation 
which  can  be  exprefled  by  decimal  arithmetick,  will,  by 
a  degree  of  labour  proportional  to  the  number  of  figures 
in  the  root  and  the  number  of  terms  in  the  equation,  be 
difcovered. 

As  the  forms  of  equations  are  fo  numerous,  it  will  be 
expedient  to  adopt  fome  |node  qf  dividing  them  into 
clafTes  :  and  thefe  clafTes  (hould  be,  if  poffible,  of  fuch  a 
nature,  that  a  general  property  may  go  through  the  forms 
of  every  clafs.  '  There  is,  firft,  a  general  divifion  of 
equations  according  to  the  nature  of  their  unknown  terms ; 
for  they  may  admit  cither  of  only  one  unknown  number 
with  its  powers,  or  of  feveral  unknown  numbers  with 
their  powers ;  or  the  index  of  the  nupxber  in  any  term 
may  be  an  unknown  number.     Thus  the  equation  : 

n  n — I  «— 2  «— 3 

X   ±,ax    "^  b  X    ±.  c X       ." =  i  has  on  one; 

iide  only  x  and  its  powers. 

The  equation 

n  n — I       2      «— 1       3    a       «— 3 

;i:  ±  vx    "^  V  yx      ±vy%x'^..*..»%..:r:l 

has  feveral  unknown  numbers  v^  y^  z,  &c.  with  their 
powers* 

The 
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The  equation 

a  ±ha  y+  ca  ±da  .  .  . .  i  • .  .  =  i  hasnot 
only  fimple  unknown  numbers  with  their  powers ;  but  the 
indexes  alfo  of  feveral  nunlbers  are  unknown. 

Of  thcfe  equations,  the  firfl:  only  will  make  the  prin- 
cipal part  of  this  enquiry ;  namely,  thofe  forms  in  which 
a  fimple  unknown  number  or  its  powers  are  involved ; 
and  equations  of  this  kind  will  be  clafled  according  to  the 
number  of  terms  on  the  unknown  fide.  Thus  all  equa- 
tions will  be  confidered  of  the  firfl  clafs,  which  have  only 
one  unknown  term,  and  confequently  only  one  root ;  and 

n 

thefe  equations  come  under  the  form  x  =iL 

Equations  of  the  fecond  clafs  have  only  two  unknown 
termsy  and  cannot  have  more  than  two  foots,  and  are 
reducible  to  one  or  the  other  of  the  three  forms  : 


X         +  a  X  =  k. 
X         —  a  X  z=ik. 

n  m-\-  n 

a  X  -^x-        =  r. 


Equations  of  the  third  clafs  have  three  unknown 
terms  5  of  the  fourth  clafs,  four  unknown  terms,  and  fo 
of  the  higher  clafles.  One  general  rule  pervades  all  equa- 
tions :  namely,  that  no  equation  in  any  clafs  can  have 
more  roots  than  it  has  unknown  terms ;  and  in  the  forms 
of  each  clafs  the  number  of  roots  depends  partly  upon 
the  coparts  of  the  unknown  terms,  and  partly  upon  the 

B  2  changes 
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changes  of  the  marks  of  adding  or  taking  away.  In  equa* 
tions  whofe  unknown  terms  arc  ranged  according  to  the 
order  of  their  powers,  there  can  be  only-  one  root,  if 
there  is  only  one  or  no  change  of  the  marks ;  and  in 
equations,  not  ranged  according  to  the  order  of  the 
powers,  there  will  be  only  one  root»  if  there  is  a  certain 
relation  between  the  known  term  of  the  coparts  of  the 
unknown  terms.     Thus  equations  in  thefe  forms 

X  -^  a  X         — '^jp         — «  •—  -...,-^...  — .  ;ss  ^^ 

can  have  only  one  root. 


C  H  A  P.   n. 

EQUATIONS  OF  THE  FIRST  CLASS. 

Equations  of  the  firft  clafs,  after  bringing  the  known 
terms  to  one  fide,  and  the  unknown  to  the  other,  and  free- 
ing the  unknown  term  of  its  known  partSy  are  of  this 
form: 

X   z:z   k. 

To  find  therefore  the  number  ;r,  the  n'^  root  of  k  is  to 
be  found. 

If  »  3=  2,  the  fecond  root  may  be  found  by  the  rules 
laid  down  in  the  firft  Part  (page  92^  and  the  following 
pages). 
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If  »  =  3,  the  third  root  may  be  found  by  the  rules 
laid  down  in  the  firft  Part,  (page  96,  and  the  following). 

If  If  =  4,  the  fourth  root  may  be  found  upon  fimilar 
principles,  and  fo  on  for  any  number  n. 

But  thefc  methods  of  finding  the  root  are  very  trou- 
blefome,  efpecially  in  the  higher  powers  \  and  therefore, 
when  the  root  is  contained  within  fix  or  feven  figures,  it 
is  difcovered  in  the  eafieft  manner  by  the  logarithmical 
tables  ;  or,  if  a  number  is  required  which  (hall  approach 
as  nearly  as  poflible  to  the  root  of  a  given  number,  the 
firft  fix  or  feven  figures  are  difcovered  in  the  eafieft.  man- 
ner by  logarithms.    Thus,  let 

;c^  =:  2. 

/.  2,  Log.  X  =  Log.  2  =r  ,30103 
/.  Log.  X  =  ,150515 

Log.  1,41421  =  >i50Si39- 
DifF.  between  Log.  1,414210  and   Log.  1,414220  r: 
,0000031. 

Diff: 

=  ,00000031. 

3.  DifF. 

/. =  ,00000093. 

...  Log.  1.414213  -  .i50S'39  +?  ^  ^      ^^ 

+     ,00000093)  »    J     -^    f    J 

Log.  1,4143^130  =  y^S^SHH 
Log.  1,4142140  =  ,15051514. 
/•  Difi^.  =,00000031. 
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Dlff. 

••.  =  ,000000031 

10 

/.  ^ =  ,000000155. 

Add  Log.  1,4142130==  JI50514S3 

.-.  Log.  1,414213s  =  >i505H985« 

Log.  1,414213s  =  3150514985 

Log.  1,4142136  =  ,1505150^6 

.-.  DifF.  =  ,000000031 

DiiF. 

=  ,0000030031 

6.  DifF. 

/. =  ,0000000186 

10 

Add  Log.  1,4142135  =  ,150514985. 

/.  Log.  1,41421356  =  ,1505150036; 
but  ,1505150036  is  greater  than  ,150515;  therefore 
1,41421356  is  by  the  tables  greater  than  the  fecond  root 
of  two,  which  is  not  true,  for  the  fecond  root  of  two  is 
greater  than  1,41421356,  and  the  error  is  owing  to  the 
defe£b  in  the  tables,  which  are  calculated  only  to  feven 
places  of  decimals.  But  the  figures  1^4142135  are 
right. 

Let  x^  =  37945. 

/.  3  Log.  X  -  Log.  37945  =  4>579^546 

/.  Log.  X  ==  1,526384866  .... 

/.  X  =  33,60352a  .... 

The  firft.feven  figures  arc  true. 

Let 
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Let  x^  =  2741583974. 

Suppofe  X  =  lOy. 
A  10^/  =  2741583974 
•••  /  =  ^^74158,3974 
/.  4  Log.  y  =:  Log.  274158,3  nearly  =  5,43800168 
••.  Leg.  y  =  1,35950042 
.*.  y  ==  22,882330... 
••.  X  =  228,82330  . , , 

The  feven  firft  figures  are  true. 

Let  a;5  =2327834559873. 

Suppofe  100 y  =:  x 

.-.I^'y  =32327834559873 
.-./  =  232,7834559873 
.%  S  Log. J/  =:  Log.  ?32,78345  nearly,  ==  2,366952119 
•'•  Log.jf  =  ,473390422 
•••J'  =  2,9743381.... 
r.x  =  297,43381,,.. 
The  feven  firft  figures  are  true. 

If  tables  of  Logarithms  are  not  at  hand,  recourfe  may 
be  had  to  the  mode  pf  difcovering  the  root  by  gradual 
approaches  to  it ;  fgr  the  firft  figures  being  found,  the  un- 
known number  may  be  made  equal  to  the  fum  or  differ- 
ence of  the  known  numberand  another  unknown  number. 
Let  x"  =  k. 

And  fuppofe  x  to  lie  between  the  two  numbers  c  and  d. 
Then  fuppofe  x^c^zord  +  z 


(  «  ) 


.^.c   —  nc         «  +  »•— — •  c        X* . .  t . . .  =  i 

IV  «— I  «— I        ,•— *      ,  , 

ctd  +nd        z  +  n. — —   d         % -k 

Negkd):  all  the  powers  of  ». 


»       n  f«-"' 


1  ^  c->^ 


I      k  —  d 
■■  '  ■•     ,     • 
j»  •    ^«-» 

Hence,  by  taking  away  a  thus  found  from  c  by  the 
firft  expreffion,  or  by  adding  it  to  d  as  found  by  the  fe- 
cond  expreflBon,  a  number  nearer  to  x  in  the  given  equa- 
tion than  either  c  or  ^/  is  found.  Let  thefe  nun^bers  be  t 
or/,  and,  by  proceeding  as  before,  a  number  ftill  nearer 
to  ;r  is  found,  and  fo  on  for  ever. 
Let  x^  =2. 
If  ;r=  I,  X*  «  i;  andif  ;r «  2,;r*  *=  4.  Therefore* 
is  between  one  and  two 

Let  *  «=  I  +  «. 
.%  I  +  2  z  +  z*  =  2 
neglefiing  »* 

35  1-  ■  =  4  =s  ,5  which  Is  too  great  for  z  s=? 

2 


.•.  *  >  1,5. 
Let  ;if  3=  1,5  —  «. 

.-.  iTJl*  —  2. 1,5  %  +  z*  ==  ^> 

ncglefting 
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ncglefting  aS*, 
iTsl*  —  2  =  3,0  2?. 

which  is  too  fmalK 

.\x  >  1,5-—  ,o8j 
.•.  ^>  1,4166. 

Since  AT  is  lefs  than  1,416^,  it  may  be  either  greater 
or  lefs  than  1,416.    Therefore  make  x  =  1,416  ±  « j 
••.  1,416]*  ±  2  .  1,416  .  2;  +  %*  =  2  . 
•••  neglefting  2', 
i,4i6l*  CO  2  =i  2  .  1,416  « 


1,416        I 

.'.    2    s-'  --I CO  7 

2              1,416 

=  ,708   00  ,706214689 

«  >ooi7853ii  too  fmall 

.\  ;r  «f  1,4x4214688  . .  ^ 

Make  ^  ^  1,414214,  and  proceed  as 

I  before.' 

Let^'  =57945. 

Suppofe  ;ip=  lO;f« 

.-.  10;^'  =  37945 

•••/  =  37)945 

.'.  ^  is  between  3  and  4,  but  neatcft  fo  Jw 

Let  it  therefore  be  equal  to  3  + 

z. 

^••3'+3-3*«  +  3-32J^  +  2'  = 

37>945^ 

neglefting  %*  and  «' ; 

3-3'2=  37r94S  — 3' 

-..«  =  37,945       , 

93 
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_  4>2i6i 
"■      3 

=  i>40S37  —  I  =  >'40537  too  great. 

•••  y  >  3^+0537. 

Let)p=  3,4—  z. 

•••si?'  — 3  -3^' 2;  +  -.-=  37,945 

•••  Ml' —  37'945  =  3-3i4l*-2 
...  .3:^4  _  37>945    _  2  =       ^'^33333 
.  *'     3         3.3T4I'  —1.09414 

z=  ,039818  too  fmall. 

••-;'  >  3>36o8i. 
Make  J?  =  3,36  ±  2. 

From  thefe  inftances  it  appears,  that  by  every  opera- 
tion a  nearer  approach  is  made  to  the  required  root ;  and 
in  fuch  laborious  work  it  is  ufeful  to  adopt  every  method 
for  fliortening  the  number  of  operations.  Now  this  will 
be  done  by  a  flight  attention  to  the  negledlcd  powers  of  z. 

2' 
Thus,  in  the  inftance  a-*  =  2,  2  is  found  to  be  >S  —  — 

2 

Confequently  z  cannot  be  equal  to  ,5.  j  nor  —  to  — ,   or 

,125.  Therefore  if  ,125  is  taken  from  ,5  the  refult  ,375 
will  give  a  number  lefs  than  z.  Confequently  z  is  be- 
tween the  numbers  ,5  and  ,375  ;  and  it  is  nearer  to  ,375 
than  to  ,5.  Hence,  inftead  of  ufing  1,5  — x  for  the 
next  approach,  it  wjDuld  be  expedient  and  juftifiable  to 
try  1,4  ±  2  for  x. 


(  "  ) 

•'•  l3  *  ±   2  .    1,4.  2  +  Z*  =  2 

•    1,4  ±  2  .  z  +   -^    =  -^=-^  =  1,428571- 

From  this  equation  it  appears  z  is  to  be  added  to  1,4  ; 
and  confcquently  the  equation  becomes 

22=  1,428571  —  1,4—  ~ 

i»4 

;       ,028571428  f 

2  2. 1,4 

2^ 


.'.  X  =    ,0142857  .  . 


2.1,4 

Hence  2  is  lefs  than  ,0142857,  •  .  .  and  2*  is  nearly 

— -\»     r«,       ..  ^^  ,014! 

equal  to  ,014!  .    Therefore  =: nearly  =: 

2*1,4       2.1,4 

,001  X, 014       ,000014  , 

^ Z — Z-  — 1  —  ,00007  nearly. 

2   X  0,1  2.0,1 

C     ,0142857) 
•••  ^  =  i  ^,00007     S  ""  '""'^^'^^  '''''^^''''* 

.-.  ;v  =  1,414215  ±  2;. 

By  proceeding  in  this  manner  another  approach  will  be 
made,  which  will  double  the  number  of  figures. 

In  the  inftance  y^  =  37j945  the  equation  derived  was 
3'  +  3  •  3'  2J  +  3  .  32*  +  2'  =  37,945  (fee  page  9) 


..^.z^— 3-2    — — 

C2 
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(      4,2i6i  ..  —  «»  —  «') 


K*  2» 


.•  z  =  ,40537037037  —  Y  ~^ 

z*  16 

.'. =  •2—  nearly  =  ,053^ 

3  3 

•— i-isrh-'^ 

•••;'  =  3.35  ±  « 

••.  3^'  ±  3-3^'  2  +  3-3.35  2*  ±  z'  =  37,945 

.  ,    _L  3-  «=*   ,    '=•     _   37>945  _     7.589 
...3.35±3«  +  33J±|g|,.-   i:^»-.67;^ 

=  i^=3.38"53.. 

...3«  =  0,03x1538 -||-i^. 


» =  0,0103846— 


3.35       3.35] 

...^  =  £123^*  =  ,000031669 
3,35        3.35     . 

..  V  =5  r  =  3^3603520  nearly^ 

^      I   +,0103529^        ^'^     '^^  ^         ^ 

.•.  ;r  =  33,60352  ±  Z. 

Hence 
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Hence  It  appears,  that  by  taking  two  or  three  of  the 
figures  firft  found  for  z,  and  thence  obtaining  a  number 
nearly  equal  to  2%  a  corredion  may  be  made  to  z  firft 
found ;  and  thus  a  greater  number  of  true  figures  will 
be  found  in  each  operation,  and  confequently  the  labour 
upon  the  whole  will  be  very  much  (hortened. 

As  the  great  obje£t  in  all  the  operations  is  to  make 

2 

! bear  a  very  fmall  proportion  to  z  ;  a  general  ex^- 

predion  for  the  firft  near  number  to  the  root  may,  when 
logarithmical  tables  are  not  at  hand,  be  applied  with  great 
fuccefs. 

Let  x"  ^  k  and  a  be  a  number  nearly  equal  to  x* 
.'.a-t  zp  =  * 
.'.  an  +  n  ^«— ^  z  +n. ««— »  z*  + =  it 


,  n  tf«— I  z  -|-  «  . ««— 2  z    + zz  k'^a* 

2 


n — iz*       n — i.»  —  2z'    . 

••.  z  H + J  +  .  .  .  . 

2      a  2  3      « 

^    k-a"         k^a^ 
^~  na^'^  '^  n  a*^ 

••.  by  neglefling  a*  and  the  higher  powers, 

k^a** 
^  = X  a  nearly. 

na^  ^ 
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]^ — an 
••• «  +  z  = ^  a  +  a. 

n  fl« 

Ji ^ 

Tills  expreflion X  a  +  a  is  greater  than  x. 

*  n  a" 


.          n  —  I  • 

Since  k  zi.  a"  -{-  n  a  «— '  2  +  « . a  «— ^  z*  +  . . 


=  A,  , 


Multiply  both  fides  by  «  —  1  i  and  add  fi«  to  each  fide. 


•.  w  —  1  •^  +  fl«  =  na'*'\-n*n'^im  ^j«— *  a   + 


ft  —  I 


n  —  1  .n. fl«— »  2*  -1-  ^  -  .     =:  B, 

2  * 

Alfo  multiply  the  former  equation  A,  both  fides  by  a^ 
and  fubtraa  a"+^ 


n —  I 


.*.  /^  —  fl"l    X  fl  =  «  ^^  «  +  w . fl«— I  z*  -4 =  C 

C  ^  —  a»  2 

^  Xtf  =  - 


n  a^  % 


n  tf" 


nearly  =  « 


••.  tf  +  %  =:  fl  -{-  ■         X  a  nearly  • 

«— I  .i^  +  fi" 

)^ ^« 

Hence,  Cnce  X  «  +  ^  is  greater  than  x^  and  ^  + 

n  a**  °  • 

)^ ^« 

--=!r islefs  than^v,  by  adding  together  the  two  up- 

per  parts  of  thefe  fradions  for  a  new  upper  part,  and 

the 
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the  lower  parts  for  a  new  lower  part,  a  fraftion  will  be 
found,  which  added  to  a  is  nearer  to  x  than  either  of 
the  other  two  terms*  : 


k  —  fl«xa  +^  —  a^  X  a  :=!  k  —  fl«X2^=:D 


D  ,  ^—^^ 

••.fl+  -=-  =  ^  += -■==—  X2a.  =;r  nearly!* 

^  «+ I  •««  +  «— i./^ 

Let 


*  If  cither  of  two  fradlions  is  rearly  equal  to  a  given  number,  the 
fum  of  their  upper  parts*  divided  by  the  fum  of  their  lower  parts,  is  flill 
nearer  to  equality  with  that  number  than  either  of  the  two  fradions. 

a 
Let -r-  ZHm  -^xx 

0 

-    '--r,-r. 

Then  azzzb  m  -^b  X 
And  c'ZZdm  —  dy 
^.  a  At  c  ZHb  tn  ^  dm  -J-^  X'-^d  y 
a  -i-  c  ^^  b  X  d  y 

•'•  T^d  —  *"  +  JJ^J  "b  +  d 

But---^i8lcf»thanAr;and-7--p-  is  lefs  than  y.     Therefore  m  + 
b-f'd  b-^d  ^ 

— fL  — .  -JL  is  lefs  than  w  4-  ;f ;  and  confequently  -j—r—p  is  nearer  to 
S  +  d     b-^d  '  b  +  d 

a  b  X  d  y 

m  than  —  is  to  jw.    And  m  +  T-r'j "—  ITT'i  ^  g*"eater  than  m  ^  y, 
6  *    b~^  a       o  +  d 

Therefore  ^     ■  ^  is  nearer  to  m  than  ----  is  to  m. 
b  -^d  d 

f  This  is  De  Lagny's  expreflion.  Dr.  Hutton  fimplifies  this  expreflion 
in  appearance  by  bringing  it  to  one  common  Ipwer  part : 


I 
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Let  **  =  2. 

•s  a  r:  I }  i  =:  2  ;  »  =  2* 

k an  2—1 

-a-h 1== X2fl=:i  + 


«+!•«*+»  —  I  •^  2+ 1. XI +  1.2 

X2=I+  — X2=I  +  —  =1,4. 

Again  let  a  zz  1^ 

k — an  2  —  n^l* 

-   X  2g  =  -T:^  X2>I^ 


2 —  1,4!*  I  — ,7x1,4 


3. ,7  x  1,4  +  1       '^       3^f7^^1  +  >5 

I  —  ,9?                   ,02  X  1 ,4      ,028 
^^2—  X  1 ,4  =  • ^  = =  >oi423i9- 

•••  a  +  ~^'' ,  X  2  ij  =  1 ,41421319  . . 

«+  l.^^  +  w  —  i« 

=  ;f  • 

Of  thefe  the  firft  feven  figures  are  true  5  and  for  the  next 
approach  a  might  be  made  equal  to  1,4142132  :  but  the 
raifing  of  fo  great  a  number  to  a  fecond  power  is  very  la- 
borious ;  and  as  the  divider  alfo  confifts  of  a  great  num- 
ber of  figures,  though  the  refult  willgive  a  greater  number 

i         a          X* 
of  figures  than  by  the  exprcffion  «  =: >  yet 


«  + .   ■ — X  a  g  == === 1 

ss  '    "^H"    '—   X  a;  but  he  incrcafcs  the  troable  of  thf 

opei  atioa. 

this 
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this  latter  ezprelEon  will  be  foutid  far  more  convenient 
in  pra£tice. 

Let  *'  =  37j94S. 

.-.  a  =  sk-  37.945  «  =  3 
...  ^  -  g^   X  2>a  _   37,945  -  27    X  6  =5 
**  «+!.«' +«-!.*   4 •  27  +  2  •  37.945 
10,945  X  3   _   2.189  X  3   «.  2.^89  X  3 
2  X  27  +  37.945  ~  ,4  X  27  +  7.589    »8,389 

=  '-^^^^^  = '"9038X3  =  .3571 

A  X  =  3,3571* 

Now  kt^  =  3,35, 
and  the  learner  by  purfuing  a  fimilar  operation  may  c6m- 
pare  the  effefts  of  it  with  De  Lagtiy*s  method. 

The  mode  of  dividers  may  alfo  be  applied  to  equations 
in  this  clafs,  for  the  difcovery  of  a  few  of  the  firft  figures* 
Thus,  let  x^  =z  2;  therefore  if 

AT    =    I    2    1,5    1,4      1,414         1,415 

y  =:    2    I    1,3^1,428  1,414422  1,413427 

DiflF.  =  ,ij?    ,028    ,000422     ,001572. 

Hence,  x  is  between  1,5  and  1,40  but  neater  to  1,4, 
and  the  diff.  ,16  +  ,028  =  ,188.* 


*  The  fumof  the  differences  in  the  third  line  may  be  divided  into  ten, 
twenty,  thirty,  &c.  equal  parts,  according  as  their  correfponding  num- 
bers in  the  upper  line  differ  by  ,1  ,i  ,3,  &c.  and  as  often  as  one  of  thefe 
parts  is  contained  in  either  of  the  lower  differences,  fo  many  parts  of  ,1 

Part  U.  D  ,2, 


T 
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• 
•  • 

DifF.   _ 
10 

,0188 

and  8 

X  ,0188  = 

=  ,iSi>  »i6 

• 
•  • 

.  i.s  - 

,08  .  . .  =: 

X  =  i,4f . .  •  • 

and  ,0188  X 

I  >  ,028 

.♦• 

»,4  +  . 

,01  ....  = 

=  AT  =    1,41    ,   .  ♦  . 

- 

A 

K.     '^^- 

=  8.<i 

,0188 

•••  i>S  —  >o8si  .'=  1,414.8  ,..=:*  nearly. 
,028  o 

7I88  =  ^'+«9 

.%  1,4  +  ,01489  =  1,414  .  . .  =:i  X  nearly. 


^%  ,5,  &€•  may  be  added  to  or  taken  from  the  correfpondxng  upper 
IMimbersi  and  the  refult  will  be  a  number  much  nearer  to  the  root  re- 
quired. Or,  iiAce  the  root  lies  between  two  numbers  in  the  upper  liiies 
And  the  differences  in  the  lower  line  are  very  nearly  in  the  proportion  of 
the  ezcefs  of  one  nnmber  in  tl^e  upper  line  above  the  root  to  the  defed 
of  the  other  number  fropi  theToot,  the  folio  wiiig  proportion  will  be 
nearly  true : 

,16  :  ,oiS  ::  ,1  —  s  :s 
.'.  ,16  X  =r  ,0028  —  /)2S  s 
.«.  ,188  *  sz  >ooaS 
«ooa8  ^ 


^pin: 


.-.  X  =  14  4-  ,oi4Jt9  ss  14,1489  nearly. 

9098  :  ,16  ::  ,1  «-  z  :  s 

.'.  ,oa8  «  zi  ,016  --  ,16  X 

.•.  ,t88«  it  ,016 

.•,  »  =  1,5  ^  ,«85l  s=  1,4148  .  . ..  nearly. 


For 


f^' 
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Tot  die  firft  approach  therefore  x  fliould  be  ma^ 

Let  *'  =  37>945' 

«     =    3  4       3>3 

«Zi21i  ~     12,645.9,4  11,49 

X 

«*     r=    9  16    10,89 

DiflF.     =     3,648  0,60 

3,648  +  0,60  _   4,248 ^ 

■  ■    ^    £;=  -^ ^  r:  l«4ici 

30  30 

>4  X  1,416  =  , 5764 >, 60 
•••  ^  =  3*3  +  j04  .  . .  •  =  3,34 .  *  ;  * 

For  the  firft  approach  therefore  make  x  =  3)34 -{-  *' 
Lcty  =  232,7834559873  =  k. 

7=2        3 
—  z=  116  77 

y 

/  n:  16     81. 

Here  7  is  very  nearly  equal  to  3,  and  it  trill  be  better 
to  make  ;^  =:  3  —  »  than  to  attempt  further  approaches 
by  dividers,  as  the  n^xt  trial  muft  be  made  with  2,9  or 
2,96. 


D  2  CHAl>. 
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CHAP.     III. 
EQUATIONS  OF  THE  SECOND  CLASS. 

Equations  of  the  fecond  clafs  have  two  unknown  terms, 
and  are  all  reducible  to  one  or  other  of  tfadih  farms. 

I.  ;r*+«'+  a  xi'  z=i  k 
a.  Jf*'+«  ^  a  x^  zz  k 
3.  ax^  ^  /r^+o  =3.  k 

The  two  firft  forms  admit  only  of  one  root ;  the  third 
form  admits  of  two  roots.  The  firft  foon  admits  only  of 
one  root :  for  a?"+«  +  ^  jt*  =  **  X  ;if«  +  a,  and  both 
parts  x^y  and  x^  +  a  incrcafe  or  decrcafc  together ;  and 
confequently  the  produ£l  increafes  or  decreafes  with  the 
increafe  or  decreafe  of  x  :  and,  if  this  produ£):  is  in  any 
inflance  equal  to  k^  by  increafing  or  decreafing  x  the 
produa  muft  be  made  greater  or  lefs  than  k. 

In  the  fame  manner  ;i?  «+*  —  a  *«  in  the  fecond  form 


is  equal  to  ;^  X  *"— tf»  whofe  parts  alfo  both  increafe  or 
decreafe  together,  and  confequently  there  can  be  but  one 
root  to  an  equation  in  this  form. 

But  a  x"^  —  ;e'w+«  in  the  third  form  is  equal  to  ««  X 


a  —  ;ir",  whofe  parts  do  not  increafe  and  decreafe  together : 
for,  if  x^  increafes,  a  —  x^  decreafes ;  and,  if  x»  de- 
creafes, a  —  xf^  increafes.  Confequently,  if  this  pro- 
duft  is  equal  to  ky  when  ;v  —  ^,  by  increafing  x  the  pro- 
du£l:  may  firft  increafe  and  then  decreafe,  and  confe- 
quently 


(  ^I  ) 

quently  another  number  c  greater  than  d  may  make  x"  X 
a  —  xn*  =  i.  But  this  form  does  not  admit  of  more 
than  two  roots.  Far  the  produft  increafes  by  addition  to 
Xy  from  the  leaft  affignable  number  till  it  becomes  the 
greateft  poffible,  and  then  by  farther  addition  to  x  it  de- 
creafesi  till  the  produft  becomes  nothing,  and  vice  verfa. 

To  prove  this,  let  at  be  a  very  fmall  number,  fo  fmall 
that  its  powers  multiplied  into  any  given  number  (hall 
be  lefs  than  any  affignable  number,  and  let  x  added  to 
or  taken  from  x  '=■  y. 

To  take  the  fimpleft  cafe,  \ttax  —  x^  ^  k  and  ^  =  at 

:.  ay^=zax'\'ax 

y^zzzx"^  +  2xx  +  x'^ 

/.  ay  —  y^  :=^  a  x —- x"^  -^  a  x  —  2  x  x  nearly 


*•  a  y.  —  j'*  CO  ax  —  x^  ^z  a  x  ^  %  x  x  nearly. 

\i  y  zz  x~^  X 

ay  zz.  a  X  —  ax 

y^  ZZ  x^  ^2x  i:  -\-  x^ 

.\  ay  —  y^  zz  a  x  —  x'^  —  a  x  +  2  x  x nearly 

.\  ay  —  y^  zn  ax  —  x^  zzz  x  xz/i  ax  nearly. 

In  the  firft  cafe,  by  adding  x  the  term  ay — y^is great- 

a 
cr  than  ax  —  x^,  ii  a  is  greater  than  2  ^  or  —  greater 

than  X :  but,  if  a  is  lefs  than  2  ^,  or-  lefs  than  xy   then 

the  term  ay — j^^  is  lefs  than  a  x  •^  x'^.    Hence,  the 

term 


(      22      ) 

tcnn  a  » — **  is  incrcafcd  by  adding  to  *  as  long  aa  *  is  left 
than  — ;  but  it  is  decreafed  hj  adding  to  ;ir  as  long  as  ;r  is 

greater  than  — . 

In  the  fccond  cafe,  by  taking  away  x  the  term  ay-^^  is 
greater  than  ^  *  —  ;ip*,  when  a  at  is  greater  than  tf,  or  ;ir  is 

greater  than  — :  but,  if  2  ;\r  is  lefs  than  a^  or  x  lefs  than 

2 

y  then  ay — j>*  is  lefs  than  a  x  —  x^.    Hence^  the 

term  a  x^x*  is  decreafed  by  taking  from  x  as  long  as  ;r  is 
lefs  than  —  ;  but  it  is  increafed  by  taking  from  x  as  long 

as  AT  is  greater  than — • 

If  therefore  in  the  equation  a  x-^x^  zik^  d  lefs  than 
—  is  one  root,  then  no  other  number  lefs  than  —  can 

2  2 

be  a  root ;  for,  by  adding  to  or  taking  away  from  d  num- 
bers till  rf  ±  2  is  equal  to  — ,  the  term  ax  —  x^  muft 

2 

equal  a  number  greater  or  lefs  than  k*    But  fince,  by  add- 
ing to  rf  till  X  becomes  equal  to  — ,  the  term  ax  —  ** 

2 

is  increafed,  and  then  by  further  addition  is  decreafed  till 

it  becomes  nothing,  there  muft  be  another  number  which 

will  make  ax  —  x^  equal  to  k :  and  there  can  be  only 

one 


(    «3    ) 

one  number  greater  than  — ;  for  by  adding  now  to  ;r,  the 

term  a  x  —  x^  isconftantly  diminiflied. 

The  fame  may  be  proved  generally. 

Thus  let  a  x^  — ;i?«+«  =z  k. 
•%  *»  X  a  —  x^  z=:k. 

.\  f*  >i  a  — jrtr^  xnx  a—x^  IS  equal  to  the  in- 
creafe  or  decreafe  of  xn  x  a  —  x^hy  fubftituting  a  num- 
ber for  X  but  nearly  equal  to  it  in  the  equation  ax" 

f=:x"±    «>  — I  i- nearly; 
a — ym  =z  a  —  ivw  T  ^lATW  — I  irnearjy; 
/.  y  X  a  '. — yn  rz  a  x"*  ±  n  a  x^^^  x 

T  mx*"-^**  —  ^  X 

p*.    y*  X  a  —  j^  CO    x»  X  a  —  x^"  z=z  n  a  x"--^  X    W 

«*«+«  — I  A?  +  »?^«'+«-Ia-  =  A;«-f  xXna^  rT^. 
x^» 

Hence,  the  term  x»  x  a—  x^  conftantly  increafes 
or  decreafes,  whilft  «  ^  is  greater  or  kfs  than  n-r  m.  x'"  ; 
but  if  it  increafes  when  «  ^  is  greater  than  n-^m  .  x'",  it 
decreafes  when  n+m  .  x""  is  greater  than  n  a  :  and,  if  it 
decreafes  when  n  a  h  lefs  than  n -^  m  .  x^y  it.increafes 
when  n  +  m  .  ^c^  is  lefs  than  n  a. 

Tnflances. 


(      24      ) 

Inftances. 

8  AT  —  **   =   15. 

The  roots  arc  5  and  3. 

Subftitute  I,  2,  4,  6,  7,  for  at 
,\Sx  —  x^  =  2X  8  —  2  =  12 
8  *  —  **  =  I  X  8  -  I  =  7 
8  «  —  ;r*  =  4  X  8  -4  =  16 
8^-  — **  =  6  X  8  — 6=  12 


Sat  —  ;r*  =  7x8  —  7=7- 

In  this  cafe  w  a  =  8  and  «  +  «  .  ^  =  2  *.    , 

Therefore,  when  «  «  is  greater  than  «  +  m  .  Jf",  8  is 
greater  than  2  at,  or  4  is  greater  than  x;  and  the  num- 
hers  I,  2,  3  fubftituted  for  x  give  refults  lefs  than  4, 
but  increafing ;  5,  6,  7  give  alfo  refults  lefs  than  4,  and 
decreafing. 

T  61  ^  3  400 

Let  —  x^  ~  x^    =   -— , 
9  9 

whofe  roots  are  4  and  5  5 

61      ,         ,52 

let  ;^  =  I,  then ;v*  -  at'  =  — - 

9  9 


_  172 

""     9 
_  306 

_  252 
9 

;r  =  7  Impoffible. 


A-   =   2 

^  =  3 


The 


r 


(  25  ) 

The  numbers  i,  2,  3, 4,  give  refults  Jncreafing ;  a  num- 
ber between  4  and  5  makes  the  refult  decreafe :  5,  6  con- 
tinue to  make  decreaiing  refults  j  if  7  is  tried,  there  is  no 
refult# 

I»et  »  =  I  and  m  =  2. 

.*.  a  Af»— >»+"  zza  X  — ■  AT*  =  ^. 

Since  this  form  admits  of  two  roots,  let  them  be  c  and  d 
.\  a  c  —  c^  2z  k  ^  a  d  —  d^ 
-      .\ac  —  a  dr=z  c^  —  J* 


c'^—d^ 


•  • 


a  n- 


:  — ^ 


=  c  +  ^. 


Hence,  In  an  equation  of  this  form  a  the  copart  of  x 
is  always  equal  to  the  fum  of  the  roots. 

Since  alfo  a  -n  c-^^  d 

a  c  zz.  c^  -{■  c  d 

'.  a  c  —  c^  ziL  c  d 

but  a  c  —  c^  zi  k 

f\  k  zz  c  dp 

Hence  k  the  known  term  is  in  this  form  always  equal 
to  the  pfodufl  of  the  roots.  Thus  let  i  2  ;if  —  ;c*  ==  3  2. 

The  roots  are  8  and  4,  atnd 
8  +  4  =  12=^,  and  32  =  8x4  =  i. 

Part  IL  E  But 


(    »6    ) 

But  in  certain  cafes  equations  in  this  form  will  only 
have  one  root ;  namely,  when  the  root  is  one  half  of  a. 
For  let  m  be  the  number  which  makes  ax  —  x^  zz  Gy 
or  the  greateft  poQible  numbert  Therefore,  if  x  is  made 
equal  to  m  +  z  or  w  —  ^,  the  produft  refuUing  will  be 
lefs,  and  in  both  cafes  may  be  equal  to  a' number  i. 

,\  a  X      Cam-^az  "J      am — ay  f 

.-.  fl  z  +  ^  V  =  2  m  z  +  2  w  ;^  +  2^  — y^ 

r.axz+yz=2mX  z  +  ^+  %*  — -j^* 

♦'.  a  =  2  m  4"  z  — J, 


Now,  fincc  m  and  a  are  conftant  j  but  z  ory  may  be 
taken  at  pleafure,  z  — y  muft  be  either  an  invariable 
number,  or  equal  to  notliing. 

But  z  —^cannot  be  an  invariable  number,  for,  by  de- 

creafing  z  and  ^,  the  number  z  '^^  y  may  be  lefs  than 

any  aflignable  number.    Therefore  z  muft  be  equal  to  j^, 

and  confequcntly  azz^^m. 

a 
.'•  mzz  — , 

Confequently,  }f  the  root  of  the  equation  ax  —  **  =: 
il  is  —  there  can  be  only  one  root.     In  this  cgfe  a  Xt 

2 

1_^-    k-  — 


Therefore,  if  an  equation  of  this  form  has  only  one 
root,  that  root  is  one  hj^lf  of  the  copart  of  at,  an4  the 

known 


(  «?  ) 

known  term  k  is  the  fecond  power  of   half  the  co- 


part  n. 


if  «  =  I  and  ffi'zz  ^\  theh 


Let  m  be  the  number  which,  placed  for  Xy  makes  ax  -^ 
*^  =  G  the  greateft  poffible;   Therefore,  as  before,  »z  +  z 
or  m^-^yy  fubftituted  for  ;r,  will  make  a  x  '-^  x^  12  k. 
••*  a  X  (zz,  u  m-^- a  z  ^ 

—  x^  1=:^  m^   -^  '^  fn"  )z  —%m  %^—  z}^ 
a  m'^  a  y  ^ 

^^  m^  +  ^m^  y  -^  3iny^  +  y^  J     ' 
••.  a  Z'\-ay^  3  m^y  +  ^m^  z  +  ^fnz^-^^2^y^+^^  +y^ 
.\  axz  +  y=:2m*  X  y  +  x  +3mx%*— /  +  2'  +/^ 

2'  +  / 


••.  «  =  3»i^  +  3»iXz  — ;^  4- 


2  +;' 


But  3  »f  X  z-^y  "^ ^  muft  be  equal  to  nothing. 

••*  i?  =  3  ;«* 

3 

Example. 

-In  this  cafe  the  equation  can  have  only  one  root;  for 

E  a  .If 


{      28      ) 

If  X  IS  made  equal  to  one  ; 
Then  27  ar  —  ;v^  =z  26;  and  this  equation  will  have 
another  root  =  416235  nearly. 

.*.  jf  =r  2  and  2  =  ^>6235 
but/  +  z'c=3»iX/  —  «* 

.-.  8  +  1,6235V  =9X4—  ifij^"" 

.\  1,6235!^  X  9 +  '16235  =  36  —  8=  28 

•••  1362351*  X  io>6235  =  28. 

Take  the  three  firft  figures  of  each  part;  of  the  com- 
pound term  1^62  and  i}06* 

1,62  2,6244 

1,62  1,06 


324  157464 

972  262440 

162 


2,6244 


2,781864 


'  Had  more  figures  been  taken  for  ^  the  produft  would 
have  approached  nearer  to  28, 

In  the  fame  manner,  if  k^  =  i  and  «i  =  3  that  is  if  a  at  . 
—  x^  zziky  it  may  be  difcovered  whether  the  equation  ha» 
one  or  two  roots.    For  if  It  haa  only  one  root,  that  root 

will  be  equal  to  V  — -^ 

4  ^  .  '         ' 

And  in  general  it  may  be  difcdvcred  whether  an  equin 
tion  of  the  fecond  clafs  has  two  roots  or  not.    Thus 
ax*  —  4f«'+»  =:  km-      i. 


Let 


.*.  a  x" 
+ 


(    ^    ) 

Let  M  be  the  number  which  makes  axn  —  /v«+«  r:  G 
or  the  greateft  poffible  number. 

ift.  Let*=:M+j. 

2 

+ J, 

2d*  Let  AT  =  M  —  !§;. 
A  z^  -  B  z5  +  C  .  z*. 


w  + 


But  A  2*  — .  B«'  +  C  *♦ , 


=:  O 


.%  »  a  M«-i  Xz4.jf  =  m+«.  M*+«-i  X  J+/ 


.-.  M  =^  7^ 


m-j-n 


Since 


(    30    ) 


incc  M  =  tj  !L1^. 


••.  a  =  M**  X 


n 


But,  firtce  /z  *"  —  ^«»+«  =  k 


a  -^  "• 

x^ 

That  is, 

when  *  =  M 

.'.  k  +  M«»+«  : 

n 

.'.k 

n 

M«»+«  =  M«+» 

X 

m 
n 

To  find  the  relation  between  a^  ky  and  the  roots  of 
the  equation  a  x*^  —  ;!?»•+«=:  ^, 

Let  the  roots  be  c  and  d. 


.••  a  X  ^«.  — ^«  =  c«+«  —  i5^»»+« 

•••  «  =: 'T — 

^«  —  ^ 

(^  d^  ^d"*  c^ 

••.  a  :s:  c*  +  "  ^  +  , • 

■  en  ^  cin 


Hence, 


(   3'    ) 

Hencei  if  m  id  equal  to  »,  a  is  equal  to  the  fum  of  the 
mth  powers  of  the  roots  of  the  equation ;  for  in  this  cafe  ^ 
//«  —  ^«  c«  =  o. 

If  m  is  greater  than  «,  a  is  greater  than  the  fum  of  the 

^w  ^«  ^m    ^ 

/»th  powers  of  the  rpots.     For  in  this  cafe  — ^ 

}s  a  number  to  be  added  tp  c^  +  d'^f 


If  m  is  lefs  than  «,  then  d'^  c»  is  greater  than  c^d^^  and 
number 


^m  ^n  _  ^'w  ^« 

a  number  equal  to  — -r —  is  to  be  taken  away  from 


Inftances. 

ill.  m  =n. 
12  X —  x^  =  32. 

The  roots  8  and  4 
a  ==  c  +  d  =S  +  4  =  12. 

2d*  m  <  n 
ay  X'-x^  :=z  26. 

The  roots  are  i  and  4>6235  .... 

a  <  I  '\-  4,6235  or  5,6235 

3d.  w  >  » 

61       z  _    3  _  4QQ. 

'9     ''•''""     9 

The  roots  are  4  and  5. 

81    ^    61 
4  +  5  =  9  =Y''^~^^''' 


Since 


(    3>    ) 

Since  tf  *«  —  A?»+«  «*«  k 


c"  rf»  X  ^"^  —  ^'^  =  *  X  c«  -^  i» 


.-.  i  =  r»  ^*  X 


c«  —  </« 


Hence,  if  w  =  »,  k  i§  equal  tq  the  produa  of  the  «A 
powers  of  the  roots* 

If  m  is  greater  than  «,  i  is  greater  than  the  produft  of 
the  rfi^  powers  of  the  roots. 

If  m  is  lefs  than  «,  k  is  lefs  than  the  pToduft  of  the 
nth  powers  of  the  roots. 

Inftances; 

ift,  12  ;ir  —  ^*  =  32 
The  roots  are  8  and  4. 

i  =  32  =  r  ^  =  8  X  4* 

Let  2y  X'^  x^  =  26, 

The  roots  are  i  and  4,6235  and  m  is  greater  than  n. 
i  =  26  <  I  X  4>6235. 


61     ^    -  400 

Let x^  r^x^  —  — — 

9  9 


The 


,   (    33    ) 

The  roots  are  4  and  5,  and  m  Is  lefs  than  m  k  ::z 
— — >4    ^  5  or  16  X  25. 


To  make  equations  of  the  form  a  x»  —  ««+«  =:  i  with 
either  one  or  two  roots. 


f  «r — H  — ^m — n 

Make   a   z=:  c^  +  d^    ±   c"  d"  X 


en  —  ^« 

^^»f  -I—  iIm 

and  make  k  tz  v^  d»  x  T r~- 

f »  —  dfi 

Inftanccs. 

Make  an  equation  of  the  form  a  ;i?  —  a?*  sz:  i  with  the 
two  toots  7  and  9. 

fl  =  7  +  9=  16 

^  =  7  X  9  =t  63 

/.  x6  *  —  AT*  =:  63. 

Make  aii  equation  of  the  form  a  x  ^-^  x"^  •=!  k  with  the 
roots  7  and  2« 

n  z;  i;  m  =z2. 

.     ,    +^^'»  — ^«f«         ,.    ,'-c*d—d^c 
sizzc^  +  d'^ • =  c'  +  d*  H —  = 

en  ^n  C  d 

c^  +  d^+cdX^^^=^c''  +  cd+d^zzi^g+  I^^    , 
c  —  a 

4  =  67 

Part  II.  F  i 


(    34    ) 

em— dm  e'  —  d'  ^ 

*  =  ^- *  >^ir=^  =  ^^^  TTZTT"  ==  "^><  ^ -^  ^ 

=  14  X  9=  126 

'  •••  67  *  —  x^  =  126. 

Make  an  equation  of  the  form  ax^  —  x^  zz^k  with  the  ' 
roots  5  and  2. 

If  ss  2;  m  ==  i. 

^      ^     (^dn^d^cn  c  d^ dc^ 

,      ,  ,  c  -^  d  ,      ,  r  ^ 

=  r  +  rf  -  C  f^  X  ~5 :7r  =  ^   +  rf — ,  = 

f  —  d  c  +  d 

5  +  *— — =  7  — If  =5f 

f«  — rf*  ^_^        ^»^ 

k  zz  c*  dn  X  r  =  r*  rf*  ?< 


cn  —  d^  f*  —  d*       c+d 

V-  5  4-  **  —  *'  =  14  f 

Make  an  equation  of  the  form  (i  x^  —  ^^  ^  k  witl|  the 
roots  7  and  6. 

y^s  3;  m=  2, 

,     .     ,    c"  d^—c"  dm         .   ,    «.    c*d}  —  c^d^ 


-^49+3  49+  42  +  36  ~"  1*7 

85  -  13  4i|  =  71  tV^ 


(    35    J 

i  =  c«d"  X  -T 7-  =  c'  ^3  X  -^ -tr-  =  c^  d^   X 

<?»  —  d'*  c^  —  d^ 

c+d         ^ 
c^  ^  ed  +  d"- 

49  +  42  +  36  127  /^^-r^T 

.-.  7ItVt*'  — ^'  =7583  ill- 
Make  an  equation  of  the  form  ax'^  —  x^  zz  ky  having 
only  one  root  3« 

»  sstt  2  ;  »z  ==  3. 

^      m-Yn      ^         5 
2  <2  - 

.■.._i|l-6,,5 
» 

••.  67,5  x'  —  x^z^  364,5. 

The  fame  might  have  been  done  from  the  general  cx- 
preiEons  for  a  and  k  in  terms  of  c  and  d^  by  fuppofing 
that,  when  there  is  only  one  root,  the  tviro  terms  c  and  d 
approach  nearer  to  equality  than  by  any  given  diflFerencc 
Thus 

Fa  > 


'(    36    ) 
,    ^    .  Cd'  —  ctt"        ,   ,    ,,  ,  c^d^  —  c^d} 


If  d  is  fuppofed  to  be  nearly  equal  Xat\ 

2C  ^2  2  2  '^ 


Alfo  *  a:  r«  ^«  X  r-  =  f *  rf*   X    -r-^ jr   = 

r*  rft  X -J---  —  and  d  being  fuppofed  nearly  equal 

to  c 

it=.^xAfl=,*x  3i=,  1:^1:==  1131=:  364,5.. 

2  C  2  2  2  -^  ^'^ 


In  the  fame  manner  that  the  relation  between  a^  k^  and 
the  roots  of  the  equation  a  x^  ^  flfw4-«  zr  k  has  been  dit 
covered  \  the  relation  between  a^  kj  and  the  roots  of  the 
equations  Ar«+«  +  a  .v"  :=  ^,  and  ;v*'+*^^  .v«  =  i  may  be 
inveftigatcd.  Thus  let  d  be  the  root  of  the  equation 
xm^n  -^  a  9c^  zi  k^  sfld  c  thc  root  pf  the  equation  :*:»+« 
—  fi  ;r«  =:  k\  then 


.%  a  z: 


•\  ^CT-j-«  .-„  d^+"  :^  a  C  -{-  a  d'^  z:z  a  x  c*  -i-  d" 

^/w+«  —  <3f»»4-«                    c**  //"                      c"  d'" 
-^  f^—^- .  — ^  JL  -^ 

en  ^  d"  C«  -f  ^«  *      ^«  -{-  </• 

ZZ,  C"*  —d'^  -^  C  d^*  X ; . 

C»   +  ^^ 


Aj 
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Alfo,  fincc flf«+«  +  ad"  =zky  a  = ;  and  fiooc 


.-.  i  r*  —  ^«+«  c*  =  r"+«  d^  -  kdn 


•*.  *  X  ^"  +  ^^  =  f"*  +"  ^^  +  i3f'»+« r*  =  r«  «/«  X  ^"^  +-^'" 

^M  ^.  ^ 

••.  i  =:r«  i/«  X  --. 

€•  -f  /^ 

HencCt  if  ^  =  «  r:  i,  «  =  r  —  //  and  ^  =  ^^  <t 

* 

Let  **  +  3i!r=:4o=jp*  —  3> 

Here  c  =  8  and  /:/  =  5 
«  =  3  =8-5 
*  =:  40  =  8  X  5. 

A  relation  alfo  13  to  be  found  between  tbe  roots  of  tbc 
equation  Af'*+»  —  a  x"^  z=.k  and  af  —  jf»+«  r:  i,  whicb 
may  fometimes  be  of  ufe. 


.•^  ^  =• 


jc"  +j^« 


In  certain  cafes  jr»»+«  +  J''"'^**!^  divifible  by  ;p"-f-/»;  In 
which  cafes  the  relation  between  x  and  the  roots  r  and  ^ 
■of  the  equation  a  f  —  j^+w  is  eafily  difcovered-    Thus 

let 
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,    let  i«  =  2,  and«  =  I. 

X  +y 


*»  ^  dx  +d* 


.•.c*—(Pz^cx  —  dx  =  x  X  c  —  d 
.\  X  zz  c  '{'  d. 

Hence,  the  root  of  the  equation  x^  -^  ax^  k\s equal 
to  the  fum  of  the  roots  of  the  equation  ax  —  x^  zz  k. 

Alfo  a  relation  may  be  found  between  k  and  the  roots 

of  thefe  two  equations.     For 

^w+«  —  k 
a  x"  =  Ar«+«  ^  k    .'.a  zz -— 

and  ay^  =  f"^"  —  ^    r.  azzz 

xmA-f*  —  k        f»»+»  —  k       d'^-h'*  —  k 

X'*  c"  d^ 

...  Ar»+»  c^  ^k  c^  z=.  x^  f »»+»  —  k  x^ 

and  x^-^""  ^/«  —  j&  ^/«  =  Ar«  ^«+«  —  ^  ^« 


.-.  ;vH-«  X  f'' — d^  —  ^  X  c«  —  d*  =  ;tf"  X  ^«'+«  —  i^«i-« 

/7CT + « d"^  H"  * 

...  ;e«+«  ^«    X 1 =   k. 

en  —  ^« 


Let  «  =  I  and  m  rr  2. 


'  — ^^ 


c  —  a 


--  ;c'  —  ;e  X  <:  X  c  4-  ^+  ^^  =2  ^'  —  f  *^  —  d^  xzzx*" 

X 
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f  dx* 

Hence,  the  root  of  an  equation  x^  —  a  x  ^k\%  equal 
to  tiie  fum  of  the  roots  of  the  equation  ax  ^x^  =  i J  and 
k  is  equ^I  tQ  the  prpdud  of  the  roots  of  the  twQ  equa- 
tipns. 


Inftance. 
x^  —  76  AT  =  240. 

The  root  of  this  equation  is  lO;  and  the  roots  of  the 
equation  76  .v  —  at^  =  240  are  fix  and  four,  and  240  = 
6  X  4  X  6  +  4, 

A  fimilar  relation  exifts  between  the  roots  of  the  equa- 
tions ;v*"+»  +  a  ;tf*  =  i,  a  y^  rrry'^'f"  ~  ^  and  a  and  h 


For  x^+^  +  y*+«  =:  a  y  —  a  x»  zz  (i  X  y^ 
••.  a  = ' • 

yn    —   x» 

xn  yn 

••.  kyn ;P«+«^«  ZZ  k  X^  +  ym-^n  x» 


Alfo  a  = 


ym-^-n  x"  +  Xf"-^"  y* 
yn  x*^ 


To 


{    40    ) 

To  find  the  root  ot  roots  of  the  equation  ««"•>-  j^-t-* 
=  1. 

f 

Firft  try,  whether  the  equation  has  one  or  two  roots 
bj  the  cxpreiGons  given  for  a  and  km  If  it  has  only  one 
root,  that  root  is  foand  from  either  of  thofe  cxpreflions. 
If  tt  has  two  roots ;  try  firft»  whether  the  lead  root  b  a 

whole  number^  by  applying  numbers  lefs  than  M  ahead/ 
found :  and  having  thus  found  the  lead  root,  the  other 
root  may  in  fome  cafes  be  eaGly  found  by  the  expreffions 
for  a  and  k.  If  the  lead  root  is  not  a  whole  number, 
take  the  difference  between  M  and  the  nearefl:  whole 
number  to  it,  which  difference  being  added  to  M  gives  a 
number  very  near  the  greatefl  root.  By  trial  it  will  then 
be  found,  whether  the  greatcft  root  is  a  whole  number; 
and,  if  it  is,  the  leaft  root  may  alfo,  in  fome  cafes,  be 
eafily  found  from  the  exprefiions  for  a  and  i.  If  neither 
of  the  roots  are  whole  numbers,  they  will  be  found  befi 
by  the  method  of  approach* 

Let39;f— /  =  70. 

o  


M 


=  V^ 


7'^=yi;  =  3,>. 


3 

but 

2 


Hence,  the  equation  has  two  roots. 
y         -  Z      ^    S 

3 
39-/  =  30    35  14.. 
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By  trying  3  according  to  die  mode  of  dividers,  it  ap- 
pears, that  3  is  too  great  for  the  leaft  root :  and  on  trying 
2,  it  fucceeds ;  confequently  2  is  one  root,  and  as  the 
greateft  root  is  not  fo  far  from  M  as  the  leaft  is,  the 
greateft  root  muft  be  very  near  to  if  not  five.  Con- 
fequently 5  was  tried  for  the  next  ftep,  and  the  two  rdots 
are  found,  namely  2  and  5. 

Let2Sy—y^  =  36. 

But  v/87^  is  not  equal  to  \/Ti.  Therefore  the  equa- 
tion has  two  roots 


y 

25-/ =  21  24  16  9. 


18  36  12  o 

y  .     ^ 


Hence,  the  leaft  root  lies  between  one  and  twt),  and 
the  greateft  root  is  4.    Therefore,  fmce 

r*  ^/«  —  d^  c« 


fl  =  f «  +  ^/*  + 


cn^^d^ 


A*  d—A.  d^ 

25=4"  +  ^^  +  ^        ^      «a4^  +  rf^  +  4rf 
4— rf 

/.  ^*  +  4  ^  =  9 
/.  d  =  V^9  +  4  —  2  =  \/T3  —  2  =  1, 60551 .  • 


Part  IL  G    ^  Let 
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Let  9*'  —  **  =  lOo  *. 
fn  +  n        3  3 


■^/  »  3/  2  


lOO  X  J  =  v^200  =  5,  .  .  . 

Hence,  the  equation  has  two  roots 
Let  9  —  *  =  4* 

100 

;; —       ^^5 
*'  =  25. 

Hence,  *  «=  5,  and  the  grcateft  root  i$  not  a  whole 
number. 

,        f— ^/  ^         f^/        c*+cd  +  d^ 

^  —  d^  c  +  d  c  +  d 


.-.  f*  +  S  r  +  25  =  9  ^  +  45 
.-.  r* — 4^  =  20 

•-.  c  =v/20  +  4  +  2  =  2  +  v/2^ 

Let  1000  4f  —  «'  =  174 1- 

The  leaft  root  is  evidently  lefs  than  one;  therefore  x^ 
bears  a  very  fmall  proportion  to  1000  *,  and 


*  Prob.  XIII.  XIV.    Raphfon.  Analyfia. 
+  Raphfon.    XXXL 


lOOQ 
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iooorf=  174  nearly 
.•.J  =  ,174; 

butrf=:,i74+  

'^  '    1000 

l^A      I'  I    I 

••.rf=r,i74H '--^l  X nearly 

'         1000 »       1000         ^ 

Log.  1741^  =  3-  Log.  174=  3. 2,2405492  =  6,7216476 

••.  174'  =:  5,268022  X  10^  nearly 

174^           I               ,0                 ib^          5,268022 
.•.  •     ■  .,  X =  5,268022  X  —z r  =:^^ T — 

=1  ,000005268022 

•••  d  =  ,174005268022  +  z. 

For  the  greateft  root  a  very  near  approach  may  be  made 
in  a  (imilar  manner. 

1000  c  —  c'  =  174 
.•.  1000  c—  174  =:  c' 

••.  1000 ^-^  zr  c* 

•••  c  =:  V  1000  nearly 
.•.  c*  =z  1000 — '-^  nearly 

y/lOOO 

Log.    -    -Ul.  =Log.  174—  i .  3  =  2,2405492 ) 

\/iooo  _  ,^5  J  ^ 

,=  ,7405+9^ 


174  _ 


v/iooo 

G  2 


=  5,50236a 
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.«.  c*  =  looo  -  5»5oa36a  ;=  994^7637  .... 
.'.  c  =  31,5363  nearly. 

Let  77284  *—«»  =  8013128.  (Raphson,  XI.) 

Make*  =  100  jt 

.-.  7,7284  y  — /  =  8,013128 

M=  v/ziiE  -  ^^:s7^3  =  i,6os 

y  =1  I  I,a        1,4         18,3 

?!^i3i^  =  8,oxsi28  6,677  5,7236  4,378- 

y 

7,7284  —  /  =  6,7284  6,2884  5,7684  4,3795- 

The  leaft  root  appears  to  be  between  1,2  and  1,4,  but 
ncarcft  to  1,4  and  nearly  equal  to  1,37  ;  for  6,677 
_  6,2884  -  ,389  and  517236  —   5*7684   =  >044. 

...  >044-f,389  ^  j431  ^  5  ^^j  ^=2,..  . 

20  20  *  ,0216 

Therefore  fomewhat  more  than  two  hundred  parts  arc  to 
be  taken  from  1,4,  to  give  tho  true  value  of  d.  Since  d 
=  1,37  nearly,  M  -^  ^  =  ,23. .  .-.  M+  ,23  =  1,835  = 
c  neaily.  Hence,  1,83  was  made  a  divider,  and  it 
appears  that  c  is  fomewhat  greater  than  1,83,  Therefore 
for  the  firft  approach  make  c  =  1,83  +  z.  Raphfon  after 
a  very  long  calculation  makes  x  to  be  179*79652,  an  error 
which  arofe  from  inattention  to  the  marks  +  and  — > 
an  inattention,  which  is  very  frequently  fatal  in  ap- 
proaches to  the  roots  of  an  equation  in  this  form.     This 

equa* 
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equation  alfo  Baron  Mafcres  folved  by  tabular  fines, 
which  give  for  the  root  c  .  179,7368  *.  But  on  the  er- 
ror having  been  pointed  out  to  him,  he  folved  it  im- 
mediately by  the  method  of  approach,  and  confirmed 
the  truth  of  this  ftatement. 

Let  300  AT  —  ^5  1=  1000.     (Raphson,  XII.) 

300^  =  1000  +  ^^  =  1000  nearly 

,       1000         10 
.*.  a  zr  =:  —  nearly 

300  3 


3        3' -300 

d  —  -^  4-  ^^^^     «.  J^  J.   '^  ^     ^    '^ 

"^    3        27  .  300  ""    3  "3"  ^  "27"  ""  ~ 

_2 \o^        28    ^  280   _   3MI/    ___ 

27    ""   "T      "27"  ""  9-9'"^        9        "" 
3*45679012  

..    d  —  J^  Ji.  3^45679 'T  -.  JL^  .  4>^:^o66g  _ 

3  300  3  300 

3;33J  +  ,13768883=  3,47102216 

10     ,   ^,47i02'i  ^        10     ,  iii»8i884. 

.•.  ^  = 1-  ' — ' =  —  + ==  3,3jr 

3  300  3  300 

+  »39396i3=3»47272946- 

In  the  fame  manner  apj^roaches  might  be  continually 
made,  but  they  are  very  flow,  fince  x"^  does  not  bear  a 


*  Mafcre's  Diffcrtation  on  the  Ufe  of  the  Negative  S'gn,   page  255. 

fmali 


I 
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fmall  proportion  to  looo.     Let  this  equation  be  tried  by 


I 


dividers. 

M  n  ^^-^  =  \/^oo  ==  lo 

^        =5      3     4      3»S         15     i6 

— -  =200333,250285,5       66,^62,5 

300  —  **    =  275  291      284  287,7s    75         44. 

Hence,  d  is  between  3,5  and  4,  and  is  equal  to  3,47  + 
2  and  c  is  between  15  and  16,  and  is  equal  to  15,3  -|*  ^* 
In  the  former  cafe,  d  =  3,4729635533381  in  the  latter, 
c  zz  1513208887  .  • .  .  nearly 

Let  Sx  —  x^  =  4. 

Here  dis  evidently  equal  to  one-  Therefore  a  which 
is  equal  to  c*  +  ^  rf  +  ^^*  is  equal  to  c^  -{-  c  +  I. 

••'  5  =  ^*  +  ^  +  I 
.••  c*  +  c  =  4 


*  App.  page  3»7. 


CHAP. 


f 
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CHAP.     IV. 
EQUATIONS  OF  THE  THIRD  CLASS. 

EQUATIONS  of  the  third  clafs  have  on  the  un- 
known fide  three  terms  j  and  in  one  of  their  forms  may 
have  three  roots,  in  others  two  roots,  and  in  others  caa 
have  only  one  root. 

Forms  of  this  Clafs, 
I  .  **»  +  ^  ^^  +  ^^  =  c 

3  ,  ^»  —  a  x*^  —  i  x'^zz:  c 

fl.^^^-j-  b  x°  '^  x^  z=.  c 

II.   <  2  .  ^?  ;i:«  -^  i  ^v"  —  *•»  zz  r 

\J^*h  x^  ^  a  x^  — x^  'zz.  c 

III.  Ar«  +  A  ;»?•  —  ax^  zmc 

The  equations  in  the  firft  order  of  forms  of  this  clafs 
correfpond  with  thofe  of  either  the  firft  or  fecond 
forms  of  equations  of  the  feccnd  clafs,  and  confequently 
can  have  but  one  root.  The  fecond  order  of  equations 
correfponds  with  the  third  form  of  equations  of  the  fe- 
cond clafs,  and  confequently  equations  of  either  of  the 
forms  in  this  order  may  have  two  roots.  The  third  order 
has  only  one  form,  and  this  form  correfponds,  in  one 
cafe,  with  the  fecond  form  of  the  fecond  clafs,  and  confe- 
quently 


L 
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quently  can  have  but  one  root ;  in  the  other  cafe  it  cor- 
refponds  with  the  third  form  of  equations  of  the  fecond 
clafs,  in  which  confequently  it  may  have  two  roots.  And, 
as  both  cafes  take  place  fometimes  in  the  fame  equatioD, 
this  form  admits  of  three  roots. 

To  make  thcfe  propofitions  eafier  to  the  learner,  they 
fball  be  firft  proved  In  equations  of  the  fimpleft  kinds  in 
this  clafs ;  namely,  when  m  is  equal  to  3,  n  equal  to  2, 
and  0  equal  to  one* 

The  equations  of  the  firft  order  become  in  this  cafe, 

2.x^  +  ax^  —  bx=:k 
3  •  x^  —  a  x^  —  b  X  zzk. 

1.  *'  +  a  **  +  i  jf  =  f.  This  equation  can  evi- 
dently have  only  one  root :  for,  if  any  number  is  added  to 
or  taken  away  from  x^  the  fum  on  the  unknown  fide  is 
made  greater  orlefs  than  it  was  before,  and  confequently 
muft  be  greater  or  lefs  than  k. 

2.  x^  +  a  X*  —  h  X  :=!  k.  Since  x^  +  a  x*  is  greater 
than  b  Xy  and  by  adding  to  Xy  the  increafe  of  jf'  +  tf  jf* 
is  greater  than  that  of  b  Xy  the  difference  of  the  terms  on 
the  unknown  fide  is  increafcd  by  adding  to  ;r,  and  for  the 
fame  reafon  is  decreafed  by  taking  away  from  x,  Con- 
fequently by  adding  to  x^  the  difTcrence  is  made  greater 
than  iy  by  taking  away  from  x  the  difference  is  made  lefs 
than  k. 
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3.*'— tf** -^  A*  =  *.  In thii  cafe  Ac incfcafc of 
^  is  greater  than  that  of  a  pc*  ^  b  x\  therefore  by  add« 
iog  to  4r  the  dtfierence  of  the  terms  is  made  greater  than 
ky  and  by  taking  from  »  on  the  fame  principle  the  diffe- 
rence is  made  lefs  than  i« 

• 

The  fecond  order  of  equations  in  this  clafs  becomes, 

when  m,  n  and  o  are  reipe£tively  equal  to  3, 2  and  i» 

1.  a**  +3  A?  —  *'  =  i 

2.  a  x^  —  b  X  ^  x^  :=ik 
$*  i  X  —  a  a:*  —  ;vJ  =  i. 

!•  a  X*  ^  b  X'^x^  =z  km  In  an  equation  of  this  form 
the  unknown  fide  does  not  always  increafe  with  the  in« 
creafe  of  x^  nor  decreafe  with  Its  decreafe. 

Let  X  become  x  -^x^^x  being  a  tery  fmail  number,  then 

ax^^a  x^  +  zax  i  -{^x*  Cax*  +  2axx 

'^bx>z:i  +  bx  -i-  b  X  =:<+A;r+*;lr nearly 

—  ^0""  *^  —  3x^  x  —  3xx^  —  ;r^t~^'  —  3  **  ^'• 

••.  ta  X  i  -j;*  6  xzo  3  ;if*  i  is  the  increafe  or  decreafe 
nearly  of  the  unknown  fide  of  the  equation.  If  2  a  ;r 
+  *  is  greater  than  3  ;r*,  the  equation  is  increafed  5  if  a  «  * 
+  Ais  left  than  3  *%  the  equation  isdecrcafed. 

Now  let  X  be  taken  from  Xy  or  ;ir  be  made  x  ^^  xy  then 

a  x^'^     ur**  — 2tfjfAr  +  i*  Cax*  —  2axx 

'^bx>^Z'\'  b  X  "^  b  X  rz-l  +  b  x-^bx  nearly 

—  x^J—x^  +  ^x^  X — Z^^*  +  *'C-  *^  +  3^*-* 
Part  II.  H  Hence, 
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Hence,  3x^xco  2ax  x  +  ^iristhc  increafe  or  dc- 
creafe  nearly  of  the  equation.  If  3  x*  is  greater  than 
2  a  AT  +  ^,  the  equation  is  increafed ;  if  3  at^  is  lefs  than ' 
2  a  X  -^'h,  tht  equation  is  decreafed.  As  long  therefore 
ZS2  ax+  bis  greater  than  3  ;r%  the  unknown  fide  of  the 
equsibn  Is  increafed  by  adding  to  x  and  decreafed  by 
taking  away  from  x ;  and  if  It  is  equal  to  k  in  this  ftate,  it 
muft  be  equal  to  k  again ;  for  as  it  increafes  till  2  a  x  -{- 
b  is  equal  to  3  x^f  from  that  time  the  unknown  fi(]e  de- 
creafes  by  adding  to  x.  And  it  conilantly  dccreafes  from 
a  number  greater  than  k  to  nothings 

2.  a  x^  —  i  X  —  x^  :=:  k.    In  this  the  unknown  fide 


increafe^  or  dccreafes  by  the  term  2  a  x  x  a^  bi  ^^x^i 
when  X  is  added  to  x^  or  by  the  term  A*^  +  3jf*ico  ?« 
X  x^  if  X  is  taken  from  x,  and  the  reafoning  is  as  before. 

2'  b  X  -—  a  x^  —  x^  =  k.     In  this  form  the  unknown 
fide  Increafes  or  decreafes  by  the  term  b  x  +  2a x  x 
CO  3  ;r*  ;)e  by  adding  to  x  or  by  the  term  2a  x  x+  ^x^  x 
en  b  X  when  x  is  taken  from  Xj  and  the  reafoning  is  the  . 
fame  as  above* 

III.  x^  +  bx-^ax^  =^L 

In  this  form  the  unknown  fide  may  firft  increafe  by 
adding  to  x^  tlien  decreafe,  and  laftly  be  capable  of  in- 
creafe without  limit.  As  before,  it  increafes  if  3  x*  x 
+  b  xis  greater  than  2  a  x  x^  ic  decreafes  when  3  *-*  ;r 
+  i  X  is  lefs  than  2  a  x  x,  and  as  x  may  be  increafed 

without 


(    SI     ) 

without  limit,  3  **  x  +b  x  muft,  by  continually  adding 
to  Xf  become  ag^n  greater  tlian  2  a  x  x  or  equal  to  any 
aflignable  number.  Hence,  if  the  unknown  fide  is  equal 
to  k  when  ^x^  jr  +  ^  *  Jr  is  greater  than  2  ax  xy  it  may 
again  become  equal  to  k  when  2  a  x.x  is  greater  than 
^  x^  X  +  bx  xj  and  again  equal  to  k  when  ^x^  x  +  **  x  x 
becomes  again  greater  than  2a  x  x* 

But  an  equation  in  this  form  cannot  have  more  than 
three  roots,  for  in  cither  ftate  whether  2  a  x  x  is  greater 
or  lefs  thaii  3  ;e*  i  +  i  ^  ;J,  the  unknown  fide  conftantly 
increafes  or.  decreafes  between  the  limits  x  z^  0  or  x 
being  fuch  that  2:iF*x'\-bxxZZ2axx* 

Let  dy  f,  /be  the  roots  of  an  equation  in  this  form,  d 
being  greater  than  e,  and  e  greater  than/. 

Since  x^^bx-^ax^zzk 

d^  +  bd  —  ad'  =  k 

AKoe^  +  be  —  ae^=:k. 


Therefore  d^  — e^  +  bx  d—  ezzaxd"-  ^  e^ 


d'  +  ed+'e'^+b=:axd'{' 


AKo  d^  +  d/  +  f-  +  b=:.aXd  +  / 

••.  d  X  e  -/+  e^  ^  f*z=ia  X  e-^f 

.%  ^  +  ^+/=a. 

Hence,  in  equations  of  this  form  having  three  roots, 
a  the  copart  of  the  fecond  power  of';\r  is  equal  to  the  fum 
of  the  roots. 

H  2  Since 


(  s^   ) 

Sincerf*  +  #rf  +  #*  +i:s:m  X  7+^ by fubftitirt. 
ing  for  a  its  equal  the  fam  of  the  ixx)t8« 


••.  i  =zde  +  J/+e/. 

Hence  b,  the  copart  of  the  fimple  unknown  number, 
i$  always  equal  to  the  fuma  of  the  produds  of  each  pair 
of  the  roots* 

Now d'  +  id^ad*  rzk.  Therefoie by  (ubffituting 
for  i  and  a  their  equals  in  terms  of  the  roots 


d^  +  de+  d/  +  e  /Xd-^d"  Xd+e+fz=i 

.\4P  +  d'e+d'f'^def^d^—d'i^d'f=zi 

•%  d  c/zz  i. 

Hence  the  known  term  Is  iilways  the  produd;  of  fhe 
roots  multiplied  together* 

if  one  of  the  roots  of  an  equation  in  this  form  having 
three  roots  is  known)  the  other  two  may  be  found  by 
means  of  an  equation  of  the  fecond  order.    For 

d*  +id  +  ^  +  h=:a  X  rf-h% 
Alfo  d'+fd  +/»  +  b  zizaxT+f        , 
and  e^  +  if+f*+  i:zaX  T+f* 

Hence,  if  theleaft  root/is  known,  to  find  the  next  root 
fy  the  equation 
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f 

would  be  employed.  | 


And  to  find  tHe  greateft  root  dy  the  equation 
would  be  employed. 

But  they  are  both  of  the  fame  form  with  the  fame  co* 
parts  to  the  unknown  nttmber^  and  may  be  written  thus : 

or  *  +/*  ~  af=  X  X  a  -/—  x* 

Now  this  equation  has  two  roots,  whofe  fum  is  equal 
to  a  — ^/ that  isd'^  €  and  their  produfi:  is  equal  to  ^  4* 
/*  -  a  fox  to  h  — /  X  fl— /  that  is  *  — /  X  T+7or 
Je  +  df+  ^/—  «?/•—  f/ that  is  to  de. 

Therefore  d  and  t  are  the  roots  of  the  equation  x*  + 

In  the  fame  manner  if  e  had  been  known,  the  two 
roots  d  and/*  might  be  found  from  the  equation 

Or  if  ^  had  been  known,  the  other  two  roots  might  be 
found  from  the  equation 

**  +  rf*  +  rf*  +  *=StfX  d  +  x. 

Inftance. 
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Inftance* 

Let  ;r'  —  6** +  11  *  =  6  whofe  roots  arc  i,  2,  3. 
Suppofe  ^e  leaft  root  to  have  been  the  only  one  known. 
Then 

**+/*  +/•  +  i  =  a  X/+*  becomes 

;r»  +  ;P  +  i  +  n=:6x  I  +* 

•••  la  —  6  =  6  ;r  —  X  —  ** 

.•.  6  =  5  jr  —  X* 


-* 


y 


4  [or,-f 


but  y2i-6=y?i^i2i=v-i=-i 
4         44a 

•  ---1  -* 

2        a 

^5   _  £  _  JL  — 

■^2"        a  ""   a  "" 

T  ~  2 

•'*—  2    "'"a   ""2""^* 
The  reader  may  try  the  fame  procefs  from  either  of  the 
other  two  roots  being  fuppofed  the  only  one  known. 

If  the  equation  has  only  two  roots»  then  e  andy*qr  d 
and^  are  equal.  In  the  firft  cafe  if  d  is  knowuj  the  other 

root  is  found  by  making  a  —  Ji=2r  .••^=:  ■    ■     ■» 

Or 
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Or  if  e  in  the  fecond  cafe  is  known^  a  —  2  ^  =:  4  which    « 
gives  eafily  the  number  d.    Thus,  let 

ap'  +  72  *  —  15  jf*  =  112  5 

the  roots  are  7  and  4. 


If  7  only  had  been  known,  then  the  root  e  = : 

2 

—J— -4-. 


If  4  had  been  the  root  known, 
d  =  a  —  2«=:i5  —  8=7. 

In  the  fame  manner  one  root  may  be  found  from  the 
ether  by  means  of  the  expreflions  b  and  H.  For  kzzdef, 
that  is  when  e  =f,  k  =  de* 

..../  =  — 

,  112 

Alfo3  =  2^^  +  If' 


.•.rf  = 


2^ 


and^;=  ^b-^-d"  —  d 

If  the  equation  *'  +  i  ;ir  —  tf  jt*  r:  r  has  onljr  two 
roots  d  e^  the  equation 


(  s*  ) 

d'  +  id+  e*+t=:a  xT+7 
has  only  one  rootf  namely equal  to  ^    For 

d^  +  i  —  ad^ae^—ed^i^^e  X  a  —  d  —  e* 
and  fince  the  two  toots  of  the  above  equation  are  equal, 
a^d 


e  =: 


Sttbftitute for  e  in  the  equation  d*  +  b  -^  ad 

l=ze  X  a-^  d — e\ 


2  2 


a*^fiad+  d*  X  i 

.  Ji       ^^^  ^ fl*  — 4^ 

~    3     ""       3       

.%  rf  —  —  s:  V^    —  +  — :; —  —  ^  r 

3  9  3  9 

a  +  2  v/«*— 3^ 


^=:' 


3 


Air             g  — <^             .           tf +  2  ^a^-^Zb 
Alfo  f  =  ■#*«  rs=4' « 


2  a  — 2  ^/g^^3^  _  g—  \/fl* — 3^ 
.%  <  =:  i  X  ^  -  ^ 

Hence,  if  the  equation  *'  +  *Ar  —  ax^  z=,  c  has  only 
two  roots  as  above  defcribed,  &c  fecond  power  of /r  muft 
be  greater  than  three  times  h. 

Inftance. 
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Inftance. 

Let  the  equation  be  x^  -^5  ;r*  +  7  ;r  =  S^iaviog  two 
roots. 


.  .-  a  —  s/d'  —  Zh  _  5  -v/25— 21  _  S  —  % 
3  3^  ,     3 

3  3  3 

=  3. 

Since  the  equation  ^*  +  *  —  atz=Lx  X  «— f  — ** 
gives  two  values  of  ^,  which  are  the  roots  d  and/i  by 
making  either  of  thefe  values  equal  to  f>  the  roots  of  the 
equation  x^  —  ^z  at*  +'  ^  *  =  i,  when  it  has  only  two 
roots^  will  be  found.     Thus 


X  y,  a  —  e  -^  x^  zp  e^  +  b — a  e 


2                       2 

^.i- 

-  2«  ^  4-  f*— 4^^  —  4^ 

+  4^^ 

2 

-mm 

^C^  +  2  fl  ^  -  3  ^*  — 

4^ 

2 

a  —  ^  ±  v^^''  H-  2  ^  ^  — 

-3.^- 

■A^b 

•*•  X  "IISZ 

2 

That  i«,  d 

^  -^  ^  >+  v/^*  +  2  fl  ^ 

-3^^ 

-4* 

2 

«„  J  ^  — . 

^  —  ^  — -  ^fl*  +  2  ^?  ^  - 

-.3.^- 

-^* 

anuy^  = 

2 

Part  II.  I  Now 
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Now  let  the  equation  x^  —  ^  **+**=*  have  only 
two  roots,  then  d  or/mzj  be  made  equal  to  e.  Firft  let 
dzz.e. 


Then  e  = 


a  —  e  +  \/a^  +  20^—3^^  —  4^ 


2 


,g^* — 6fltf  +  <i*=/i*  +  a«f  — 3^*  — 4^ 
.•.  I2tf*  =  8^i,er—  4* 
••.  2  ti^  —  3  ^*  =  * 
2  ^^  •  _     ^ 

*'   1  '  ""     3 


a                     a^  b 

3  9 3^ 

3 


The  other  exprcffion  ~- i- cannot  be  ap- 
plied in  this  inftance,  fmce  e  being  equal  to  d  muft  be 
greater  than  — . 


f^a-ze^a^— =  j— 

Hence  if  the  equation  has  two  roots,  and  the  greater  is 
^.q^al  to  l±i5/£."Zji,  the  fmallerwiU  be  ecjual  to 

As 
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As  /  alfo  may  be  equal  to  e^  and  /  is  equal  to 

a  —  e  —  \/«*  +2a^  —  3<?*  —  Ab   , 

; — 3 ^ . then 

2 


2 


2  «  tf  _^     i 


•    •    e     HI  ...       ■        ■    ^, 

3 


The  other  expreffion ^ ^  cannot  in  this 

3 


cafe  be  applied  fince  a  is  greater  than  3  e. 


</  =  /!    —   2^=r    a  — 


2  fl  —  2  \/a*  —  3  ^ 


■    '         • — .     Hence,  if  the  equation  has  two 


roots,  and  the  fmaller  root  is  equal  to — =^— 

3 

,     «  +  2  v/fl*  —  3  ^ 
the  greater  root  mult  be  equal  to ^-^i— . 


Thus,  if  the  equation  a?'  —  a^*  +  AA?=:i  has  only 

,      /?+   s/lF—Tb      . 

equal  to — ^ =i— ,  and 

3 
\%  th« 


^wp  roots,  the  one  muft  be  equal  to 1 =i-,  and 
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the  other  to ^  »  or  the  one  muft  be 


equal  to ^ ,  and  the  other • 


If  the  equation  *'  +  *  ;r  —  tf  **  =  f  has  three  roots,  e 
muft  be  lefs  than  ^  +  ^  ^^'  "^  3^  t^t  greater   than 


I 21 —  and  /kft  than  >" =^. 

3  ^  3 


Inftance. 

ir'  —  ia;i?*  +  41  ^=:  42 
4f  ^V^^^"^*  _  12— v/i44-'^3  _  ^^-^Z^, 

r  3  3 

_    i2-4>!?8a4->>   _  MI7S  _      j^^ 

The  nearcft  whole  number  2  being  tried  fucceeds,  and 
confcquently  there  muft  be  three  roots. 

a  +  2  s/'^T^Tb  _  12-f  2.4fS824'*'  _  la  +  9,1648 
'  5  "^  3  3 

_  12  +  9.1648  ^  21,1648  _  ^  ^  ^ 

3  3 

Hence  /  muft  lie  between  2,472  and  7f054-     Al^o  i^ 

muft  be  Icfs  than  ^^  or   '^~^  or  5.  Confequently 
22 

3  being  the  next  whole  number  to  2,472  is  tried  and  fuc- 

cceds* 
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cccJs.    The  third  root  therefore  being  equal  to  a  —  e 
— fy  or  1%  —  3  —  2  muft  be  fevcn. 

If  the  equations  are  of  the  forms  admitting  only  of 
two  roots,  by  applying  the  fame  mode  of  reafoning  one 
root  maybe  difcovered  from  the  other.     Thus  let  the 
equation  having  two  roots  be  of  this  form 
ax^+bx  —  x^  =Lk 

and  a  e'^  -^  b  e  —  e^  =i 
.••  a  X  d^  —  e*-  -I-  A  X  d  —  e  =i  d^  —  e^ 


.-.  a  X  d  -he  +  b^d^-k-ed-^e^ 
•.  ad''  +  ade  +  b  d^  d^  -{■  e d^  +  e^  d 


,-.  ad'^  +  bd  —  d^^ed^  +  e^d—  ade  —  de  xrf-f^— a 
But  ^  ^*  +  A  rf  —  ^/^  =  i 


.*,  k  =.  d  e  X  d  +  €  —  a. 
Hence  the  fum  of  the  roots  muft  be  greater  than  a^ 
Smccad"  +  bd  —  d'  =k 


_  k—ad^-hd^    _  de  X  d+  f^a—ad^  +  d^ 


z=ie  xd  +  e-^a—  ad+d^==ed  +  e^ — ae  —  ad'{-d'' 

Let  7  ;r*  +  14  ;e  —  *'  =  120, 

Ope  of  the  roots  is  5, 

k=zde  X  d  +  e-a  =  5  ^X  5  +  d—j  zz  120 

.'.  2Sd  +  5  rf*  —  35  ^  =  120 

.'.  d^  —  2  d  zz  24 

•••  d  =  V/24+  I   +1=5+1=6. 

Alfo  - 
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Alfo h  =:  ^  X  d  +  e---  a  —  eX  a —  e 


.•.  14  =  6x6  +  5  —  7— 5x2  =  6x4- lO, 

In  the  fame  manner  the  exprcfGon  for  b  and  k  are  dif-* 
covered  in  the  form 

a  x^  -^  h  X  —  x^  zzi 

Thusad'-^  b  d  —  d'  =:k 

at'-^be  —  e^-k 

:.  a  xd^^c^—b  X  7^  =  ^^  —  e' 

.•.  a  X  7+7  -b-d^-^ed-^-^e^ 
r,  a  d'  +  a  di  --  b  d  =  d'  +  e  d^  +  e^  d 

.-.  ad^  -^b  d—  d^  zz  e  d  X  d  +  e  -  ade 
Butad^  --  bd—d'  zizk 


AUobzn 


.-.  k  =:  ed  X  d-{-  e  —  a* 
ad^  --d'  —  k       ad^^d'-edXdTT^a 


d  d 

zz  a  d  —  d^  —  e  d  —  **  +  «  e  z^  e  X  a  —  c  —  d 


X  ^  +  <  —  «• 

Hence,  in  this  form  alfo  the  fum  of  the  roots  is  greater 
than  tf« 

For  the  forip  b  x  -^a  x^  —  ^^  =5  ^  the  invcftigation  is 
of  the  fame  kind. 

bd^ad'^—d^^k 
be  -^ae"-  --  e^^k 

.'.  by^d — e—a  X  d'  -   tf*  •=.  d^^e^ 


.'.  b  —  a  X  d  +  e  =:  d"^  +  e  d  +  e^ 
.\  bd  ^  a  d'  ^  a  d  e  =z  d^  +  e  d^  +  €*  d 
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kzzedxe+^  +  a 


.,r    ,        k  +  ad^  +  d'        ed  X  e-hd-^- a  +  ad^+d^ 
Alio*  ==  : =1  — — — ' 1 


::ze*'i'ed  +  ae  +  ad  +  d''rzd  X  a  ^d-^-  e  +  e 
X  a  +  e. 

Hence  in  this  form  a  does  not  depend  at  all  on  the  fum 
of  the  roots,  and  the  equation  may  be  made  of  any  two 
numbers  whatever  for  roots.  In  either  of  the  forms  aifo 
if  one  root  is  found  the  other  may  be  found  by  means  of 
the  expreflions  for  k  and  b  in  an  equation  of  two  terms. 

If  there  is  only  one  root  to  equations  in  thefe  forms,  it 
may  be  difcovered  by  means  of  an  equation  of  the  fecond 
clafs.  For  in  this  cafe  ^and  ^become  equal,  and  for  the 
equations  «  ^*  +  ^  a*  —  *'  =  ^ 


bzzdXd  +  e  —  a  —  e  X  a  —  c 

That  if,  if  ^  =:  ^ 

i  zz  d^  +  d''--ad—ad+  d' 

.\  b  zz  ^d^  —  !Z  a  d 
.   j^ ,^   _    2  a  d 

*'    3    ^  3 

9        3        3  3 

Hence,  if  an  equation  in  this  form  has.  two  roots,  the 

.  greateft  muft  be  greater  than ; and  thp 

leaft 
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Icaft  muft  be  Icfs  than 

In  the  equation  a  x^  —  b  x  -^x^  :z  k 

That  is,  if  ^=^ 

b  lad  « 


a\         9       3  3 

or  ^  -  --  (_ 


Since  ^  i  is  greater  than  «.  d  is  greater  than|.m„ch 
more    therefore  greater   than   i-.   or  a  number   lefe. 

than  — .  But^.^=-^^^^^  «  l^f*  *»°  ^jandcon- 
fequcnriy  this  exprefGon  cannot  be  ufed  for  d  in  the  given 
equation :  and  if  there  is  only  one  root,  that  root  is  equal 


Hence,  if  the  equation  has  two  roots,  the  greateft 

.     ♦!„„  a  +  v/^^  -  3  ^   „j  tjie  leaft  root  is 
root  is  greater  than —— 

a  +  \/a^  —  Z  b 
Jefs  than r 

^  In 
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In  the  equation  b  x  —  x^ 


b=zdXa  +  d-i-e  +V  Xa  +  e 
That  is,  if  d  zz  e 

b=zad+d^'hd*+ad+d''=z2^^+^^^ 

..±:=d^+l^ 

3  3    

9        3         3  3 

Hence,  if  the  equation  has  two  roots  the  one  is  greater 

and  the  other  lefs  than ^ . 

3 

The  enquiry  into  the  roots  of  any  equations  in  thefe 
forms  is  thus  confined  within  certain  limits,  which>  with 
the  limits  prefcribed  by  the  equation  itfelf,  render  the 
difcovery  of  the  roots  oftentimes  very  eafy. 

I^t  7  ^*  +  I4«v  —  x^  zz  120. 


.%  ;ir  X  7  a:  -f  14  -  ,v*  =  120 

•••  7  •*  +  14  is  greater  than  x^ 

Alfo  ^  +  ^  is  greater  than  7 

A    ,  ,.         ,     ,      a+y/T+^h       7+V/49TT2 

And  d  is  greater  than • or 

^  3  3 

7  +  V^QI         7  +0, ..  .  J        •      1  r 

or  -^ ^  or  or   5,  .  •  •  •  and  e  is  lefs 

3  3      - 

than  5>  *  *  *  * 

But  Jmuft  be  lefs  than  7,  for  if  ^  m  7  then  j  x  —  ;v* 

-f  14  c:    14  and  7    x    14  is  only  98,     Confequently 

Part  II.  K  the 
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the  greater  root  muft  bs  between  5)  •  •  •  •  and  7,  and  the 
lead  root  confequently  between  4  and  5,  .  •  •  ^ «  Hence, 
6  and  5  are  naturally  the  two  fiM  number^  to  be  tried> 
9nd  they  both  fucceed* 

*     =6     5 

120 

=    20     24 

7  <«r  +  14  —  **     =:  20     24 

Let  16  **  —  31  ;r  —  x^  zz  264. 


.\  X  X  16  *•  —  31  —  ;r*  =  264 

d  -^  ei%  greater  than  16 
16  *  is  greater  than  31  +  ap* 

J  <  ^  +n/<E3J  ox  !^+  v^^jgEi^,^!^, 

3  3  3 

9, .  •  « .  and  ^  is  lefs  than  9, .  •  • « 

Hence«  ^  is  betwe^en  15^  .  • ,  •  and  91  •  •  •  •  and  c  be<« 
tween  5)  •  •  •  •  and  99 .  •  •  •    * 

^     s  II      8 

264 

-r  =  »4  33 

i6*  — 31— **   5=24     33* 
Let  513  *  —  50  ;tf*  —  ;ip'  =5  1062. 


'•*x  513  —  50;^  —  ;^*  =  1062 

•••  513  is  greater  than  50  ;c  +  «* 

•'•  :ir  is  lefs  than  8, .  .  .  • 


//^  \/^'  +  3  ^  —  5Q  _  %/^5QQ  +  1539  -  5Q  _ 
»  %  ■  ■ or  ■ ■         -   ■    ■  '  or 

J  3 

63, 


(    6;    ) 

.    3^' '  "  ""  ^    or  4,3  and  e  is  lefs  than  4,3 

*      =  6        3 

1062 

-^  =  177     354 

5>3  — 50*  -  **==  177    354* 
5  was  not  tried  as  the  firft,  divider  becaufe   would 

have  given  a  remainder,  and  513  —  50^  —  **  mull,  if  a? 
18  a  whole  number,  be  a  whole  nuipber. 

The  expreffion  for  the  root  in  equations  of  the  forms 
admitting  two  roots  when  they  have  only  one  root  may  be 
difcovered  by  another  method.  Since  they  are  fuppofed 
to  have  only  one  root,  that  root  mufl:  be  fuch  as  to  make 
the  unknown  fide  the  greateft  pofTible  y  and  by  adding  tOy 
Qr  taking  from  the  root,  the  unknown  fide  is  decreafed. 
Confequently,  if  M  is  that  number  which  makes  the 
unknown  fide  equal  to  G  pr  the  greateft  poflible,  then  M 
+  ^  or  M  —  z  being  fubftituted  for  x  will  make  the  un- 
known fide  equal  to  the  fan^e  number.    Let 

a  x^  '\-  b  X  -^  x^  zz  k* 

Then  cM^  +  ^M-M^sG 

+  b  x\+  *M  +  by 
M}  —  3  M* 
M* — 2  a  Mz  +  <?  z* 
+  ^M  —  ^z 

I  —  M^  +  3  M*  2  —  3  M  «*  +  »» 
••.  2  ^  M  X  y-Jf  %  +  b  X  y  +  «  =  3  M*  X  7+»  + 
^  X  %*— /  —  3 M  X  z^— /  +  J5^  — / 


Ay  +  ay"-  C 


K 


2, 


\ 


(    68    ) 

+  -^. 


Now -x<i— 3MX  — --^4- p-^  muft 

be  equal  to  nothing,  for  z  and  jr  may  belefs  than  any  af- 
fignable  number  as  well  as  different  affignable  numbers^ 


7,aM  b 


.-.  M  = 


3  3 


In  the  fame  manner  for  the  other  two  forms  M  will  be 
found  by  making  ;i?  =:  M  4"  J'  and  M  —  «,  and  the  rc- 
fults  from  the  fubftituting  of  thefe  terms  for  x  equaL 

Hence,  for  the  equation  ax"^  —  b  x  —  x^  zsik. 

2aM  —  3M*=^ 

and  for  the  equation  bx^ax^-^x^z^k 

A  =:  2  a  M  +  3  M\ 

Alfo  for  the  form  admitting  three  roots  there  will  be  a 
number  between  e  andy  which  makes  the  unknown  fide 
greater  than  any  number  between  e  andycan  do.  There- 
fore M  +  jr,  or  M  —  z  fubftituted  for  x  in  the  equation, 
^  may  make  the  unknown  iide  equal  to  the  fame  number* 
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2aMy  —  «/      ^s 
by 


*»  f  M'  +  3  M^ 

+  i*  (+^M  +  ^ 

rM' -  3  M*  z  +  3  M  z»  —  «» 
=  ■?  —  a  M*  +  2  a  M  z  —  a  «» 

c+^M  — *2.  ; 

%  3  M*    X   Z+y  =  2  «  M  X  Z+jr  —  *  .  X  r+} 
+  3  M  X  2.*  — /  —  «  X  ;?3J»  _  zJ  4./ 

.-.  3  M*  =  2  «M  —  i  4.  Aiz5 

3  2aM         ,,,  ' 

.'.  —  =  r  — M* 

3  3 


...M  =  ^±^^fl:iii 


In  this  cafe  the  expreffion  °       ^  ^        ^    cannot  be 


apphed.     For  y- i-    is  greater  than   — . 

3   ^  3 

Therefore  2  M  would  be  greater  than .  Confequent- 

ly  fl  —  2  M  which  is  equal  to  ^  would  be  lefs  than  —  or 

3 
the  greater  root  lefs  than  the  fmaller,  which  is  abfurd. 

Hence,  if  the  equation  has  only  two  roots,  the  leaft  is 
equal  to  ^ i-- 


Alfo  fince^  —  2M  =  rfand  M  =  ^  —  \/^'  -  3  ^ 

3 
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2  a  —  2\/fl*  —  3  6  a  ^  2  s/a^  —  3  b 

3  3 

Hence,  if  the  equation  has  two  roots  the  greateft  root 


muft  be  equal  to ^— —  and  the  Icaft  muft 

,  .        fl  — •  v/a*  —   3  ^ 

DC  equal  to  '^    . 


Alfo  in  this  form  there  may  be  a  number  between  rf 
Jind  e,  making  the  unknown  fide  lefs  than  any  other 
number  between  d  and  e  can  do  j  and  confequently,  if 
this  number  is  called  M,  then  M  4-  z  and  M -^  y  fubfti- 
tuted  for  x  may  give  equal  refults.     Hence  as  before 

.%  3  M*  +  i  ==  2  fl  M 
b  _    2  a  M  —  M* 
3  3 


.•.  -2^ ^  =  M or M 

3  3         3 


....M=:iL±J^^:iZ3f 
3 


In  this  cafe   ^ —  cannot  be  applied  for^ 

.-          -                     2  fl  -  2  v/«*   -   3  ^ 
^—    2M=/i=«    —  — ^—  = 

^  3 

fl  +  2  \/^*  —  3b  ,  .      t       «       J 

^^  a  number  greater  than  — ,  and  con- 

3  ^  3 

fequently 


(  n  ) 

fcquently/ the  lead  root  would  be  greater  than  M,  whicb 

is  abfurd.    Hence  M  =  .^  +  v  ^  —  3   ^ 

3 


itence  if  the  equation  has  three  roots/  is  lefs  thati 

a — \/  d^ —  2^ 
e  is  greater  than  ^  but 


/'-y^ZEIh. .;.  „,.,..  .w  fZ-v^flEP 


3 

1 

3 

and 

rf 

is 

3 
greater 

lefs  than  — 

3 

-3^ 

thaQ 

a  +  V^a-  - 

-3^ 

3 

* 

/ 

If  the  equation  has  two  rootS)  then  one  is  equal  to 


^ ^— and  the  other  IS  equal  to  y^        ^  f 

3  3 


or  one  is  equal  to  ^- —  and  the  other  i$  c- 


,      a  +  2  \/a^  —  3  * 

qualto  '^ ^. 

3 

If  the  equation  has  only  one,  root,  then  no  numbers 
M  —  2,  M  +  j^,  can  make  the  unknown  fide  give  equal 

refults,  and  the  exprcffions  a  ±  s/a^  —  3  ^  become  im- 
pofTible,  or  a^  is  either  equal  to  or  lefs  than  3  *,  in  either 
of  which  cafes  ^/ a^  —  3  ^  cannot  exprefs  any  number 
whatfoever.     But  Cnce  the  two  roots  of  the  equation 

a  +  k/o^  —  3  ^   «— 2  </«*  —  %b  - 

— -Ji; ^_^ ..jy. i-  jpay  approach  iiear- 
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<T  to  each  other  than  by  any  affignable  difference,  they  will 
approach  nearer  to  —  than  by  any  affignable  difference. 


and  the  famcmay  be  faid  of  the  two  roots  — —> 


^  9  that  IS,  the  equation  wjII  have  only 

one  root  when  it  is  equal  to  —  and  fl'  =  3  *,  or  if  a^  is 

lefs  than  3  b  there  can  be  only  one  root.     There  may  be 
alfo  only  one  root  when  c*  is  greater  than  3  ^,  in  which 


i-t                   /vi                    1^  +  2  \/^^  —  3  ^ 
cafe  the  root  mult  be  greater  than  2- =^ 


or  leis  than ^- ^— • 


Inftances. 


Let  x^  —  12  jf*  +  47  A?  =  60. 


Here    ^  ~  x/^'  -^  3  ^  _  12  — v/144—  141  _ 
3  3 


4  "~"  —  4  ""^  ^>  •  •  •  1  —  3'  *  •  • 


and       ^  y ^-.  =  4  +   ^!—^  =:  4  +  o, .  . .  = 

3  ^^3 

4>  •  • •  • 

Hence, 
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Hence,  if  the  equation  has  three  roots,  one  muft  be 
lefs  than  3,  •  •  .  •  the  next  greater  than  3,  •  •  •  •  but 
lefs  than. 4,  •  •  • .  and  the  third  muft  be  greater  than 
4>  • '  •  • 

^  =3      4 

60 

=  20    IS 

;r* — i2Af  +  47=:20     15. 

Since  3  and  4  are  roots,  the  third  root  is  found  by 
taking  away  3  +  4  from  12.    Or  the  third  root  is  5. 

Lct;r^  —  18  ;r*  4-  105  x  =:  200. 

a  —  x/d'  —  Sh^  18  -\/3g4  — 3'5_g      ^  _ 


S/' 

3 

!6+  J 

3 
=  7 

+ 

»»- 

-3*_ 

3 

.  * 

= 

5 

200 

= 

40 

«»  — 

18*  + 

105  = 

40. 

3ince  5  is  a  root,  the  equation  can  have  only  two  roots 


and  the  fccond  root  is  equal  to  or 

•        o 

^8  +  6  _  8 
3 

Part  H.  L  JLet 
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Let  *»  — 16  *»  +  77  AT  =  9». 


3  "  33 


^  —  —   2j    ••  • 

3 


JLv^^lnii-  5i±^=7 

3         -    3 

«  =7 


J2i 

^r*  —  16  ;r  +  77  St:  U 


Since  one  root  is  equal  to  ^^-— *  the  other 

a  — 2  \/a*  —  S  ^       16— i<5       6 
muft  be  equal  to »— =  — j—  or  y 

#r  2. 

Let*'— l2;v*  +  48*  =  64* 


a-^s/a"-  --lb        12— v/144— ^44  _  . 

■     -=:  — '  ■  —  4* 

3  3 

Here  a*  =:  3  A. 
and  4  is  therefore  the  only  voot. 

Lct;r'  -  6;v*  +  20;c  =  15. 

Here  3^  is  greater  than  a*,  therefore  the  equation  has 
•nly  one  root,  and  this  root  muft  be  Icfs  than  6 ;  for  if  x 

is 
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18  made  6  the  mknowo  £de  becomes  I2Q.    And  if  20  ;r 

80 

—  6  **  or  *  =  --T-  =  3>  3  •  •  •  •  then  x^  is  much  greater 

than  I5»  Therefore  tfie  root  muft  be  lefs  than  3.3. 
The  numbers  1  and  i  therefore  naturally  pr^fent  them- 
felves^  and  i  is  the  root. 

Let  *^  —  8  ;r*  +  20  AT  =  400. 
Here  a^  is  greater  than  3  b^  but  the  root  cannot  be  left 


than  ^ ^  or 3-  2,  as  is  evident 

3  3 

from  infpe^ion :  therefore  the  equation-cannot  have  thiee 


Air  ^ +2\/«*  —  3^       8  +  4  u- u  • 

roots.    Alfo  — ^ =—  ::;=  — ^--^  =  which  is 

3  3 

evidently  lefs  than  the  root.  Hence,  this  equation  can 
have  only  one  root*  and  this  root  muft  be  greater  than  8; 
for  if  ;v  =  8  or  A?'  =  8  AT*  then  the  unlpiown  fide  = 
20X  =:  i60|  a  number  lefs  than  460. 

Since  lO  is  a  divider  of  400,  it  naturally  prefents  itfelf 
for  trial. 

X  =r  10 

400 

4-  =40 

*•  — 8  a?  +  20  =  40. 
Hence  XO  is  the  only  root  of  this  equation. 

La  Let 


^ 
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Let  ;i:'  — 17  ;r*  +  54  ;r  =  350. 

g. —  \/g*  —  3  *  _  17 — 'y/aSg  —  162  ^  17--V/127 

F          "^  3  ~  3 

_   17—  " _  5^ 


3 


zz  16  which  fails 


a  +  2  y/g*  -  3  ^  _  17  -h  ii>  .  >  -  •  _^  a8. 


3  3  3 

9)  •  •  •  .  which  fails ;  for  if  x  is  9,  the  unknown  fide  is 
impoffiblc. 

X  =  14     IS 

3S<> 

^  =25    23,  .... 

;v*-l7;»r  +  54z=  12     24. 

Hence  i9ir  is  between.  14  and  15. 

Let  x^  —  65  **  +.914 ;r  =  98746. 
.-.  z^  —  6,5  z*  +  9,14  z  =  98,746 


And  z  X  z*  —  6,5  z  +  9)14=:  98>746. 

If  z^  =  6,5  %*  or  2  =  6,5  then  9,14  z  will  be  lefs 
than  98,746,  confcquently  z  mull  be  greater  than  6,5. 


a  +  2v/g^   -   3^—    6,5  4-  2v/42,25-27,42  _ 

3  3  ~ 

6,s  4-2v/i4>83  _  6,5  +  6, _  10, _ 

^3       "^  3  ~"~1~""2'-- 

Confequently  there  can  be  only  one  root,  and  that 
greater  from  a  preceding  confideration  than  6,5 


I 
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«  =7     •   7>2      7»i 

98,746 
2-^  =1  i4>-  i3»7i  »3>9 

a*  —  6,5  z  +  9,14  =  12,64  14,18  13,40. 

Confcqucntly  2  =  7,15  +  y. 

Here  it  nuy  be  obferved  that  there  is  not  much  diffi- 
culty in  finding  the  lower  numbers  ;  for  2*  -^  6,5  %  + 

9,14  is-  rcfolvable  into  2^  X  «  —  6,5  +  9jI4«    Confe- 


quently  when»  =  7,1,  the  expreflron  is  7,1  x  7,1  — 6,5 
+  9,14  or  7,1  X  ,6  +  9,14  =  4,26  +  9,14  =  13,40* 
By  means  of  a  book  of  logarithms  the  middle  row  might 
be  continued  without  difficulty,  and  thus  five  or  fix  fi- 
gures might  be  eafily  found  fortheioot. 

In  fearching  after  any  one  of  the  roots  in  the  forms 
admitting  two  or  three  roots,  the  fame  methods  are  to  be 
applied  as-if  the  equation  had  only  one  root.  For  within 
the  limits,  within  which  the  root  Under  examination  lies^ 
any  addition  to  x  makes  the  unknown  fide  increafe ;  any 
diminution  from  x  makes  it  decreafe.  Confeq'uently  the 
reafoning  ufed  in  forms  admitting  only  one  root  is  appli- 
cable to  the  other  forms.  Tbefe  forms  are,  as  was  faid 
before  *  / 

x^  +  ax^  +  bxzzk 

x^  —  a  x^  -^b  X  ^  k 

x^  +  a  x^  -^  b  X  zz  k. 

For  the  equation  x^  -{^  a  x*  -{-b  x  =  i  it  is  evident 

that^  is  lefs  than  ^ k  ox  than  \A  — orthaii   -,confe- 

a  b 

quently  the  lead  of  thefe  numbers  will  be  the  neareftli- 

mity 


(    7«    ) 

mil,  and  hj  fubfiilotuig  ihU  limit  for  x  another  kfs  thaa 
ar  may  be  found. 

Let«^+  itx*+4%xzz26u 


^560^83 


t;  is  Icfs  than  \r    r— "  or  8, 

X  is  lefs  Aan  -^^  *'    ■   or  6,  .... 

07*29 

»  =  S  4  4>a         4,H8 

5522^      -112  HO,i9S  i33>Si9  i3Sti93 

»x»-f  7,4+87,29=:  149.29 132^89 136,01  135,191104. 

Hence 


1 


.•.  *  X  *»  +  xa  ;r  +  4^  =  «6l 
« is  Icfs  than  v^t6i  or  ^  . . .  • 

rklc&thanfV^  — -  or  v^al,  . .  -  •  ^  4f  •  • -^^ 

*  iikfijthao— —  or  35!i  or  6,19  ; 
4-*  7 

X  =4        3 

—  =s  6,s,.  .87.  Therefore ;rs=  3 

;r*+l2Ar+42=:  106     87. 

Let  ;r^  +  74  ^  +  8729  *  -  560783V  I 

;rc;sio;5 
>•.  «'  +  7^  2*  4-  87,29  2  ;=;  560,783 

ft  is  Icfe  Aan  4/560783  or  8,  ...  • 
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Hette^  »  k  tery  nearly  eqtral  to  4,148  or  i$  eq^ai  t^ 
4,148  +  V. 

Thus  4,148  +  V  might  be  tifed  for  the  firft  approack 
to  Zj  but  the  method  of  dividers  points  out  a  nearer  num« 
ber. 

136^01    —  I33>5^9       =  2,491 
»35»i93  —  ^3S>^9^  104  =    >o^*  •  •  • 

Sum  r:  2,493 

Difierence  between  4,148  and  4,2  =  ,052  and  -^^ 

=  047  and  P47  X  ,05  =:  ,00234  s  ,002  v  •  aearlj 
•*.  »  =  4,14805  nearly* 
Cofifequemly  for  Ae  firft  approach  4,14805  ±  v  might 
be  ufed,  or  the  procefs  might  be  continued  fardier  by  the 
mode  of  dividers,  thus: 

Incremetttof  %*4-7>4»  +  87,293=  2  »« -|-  7,4 i+i'  =r 

a  X  2  «  +  7H^  -f  i 

'2  ;=  4,148  andsc  :r  ,00005. 

Increnient  of  «*  +  7^  a  +  8,729  =: 


8,296  4-  7,4  +  ,00005  X  ,00005  =  >ooo784?b25. 
To  this  add  135,191 104  and  »*  +  7,4  z  +  87,29  by  this 
increafe  from  4,141  to  4,1 105  becomes  135,1918888025 
%        =4,14805  4>i48o5i 

«■+  7,42  +  8,729=135,1918888025   135,191900498601. 

Hence  z  is  evidently  greater  than  4,148051,  and  for  the 
firft  appiuaeh  4,148051  -|*  ^  might  be  ufed. 

This 
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.  This  number  agrees  with  Raphfon's  folutiony  who  af- 
ter three  approaches  makes  the  root  4914805 14. 

The  advantage  in  ufing  dividers  is  this»  The  lower 
feries  is  eafily  found  by  deriving  each  term  from  the  pre- 
ceding by  its  increment,  and  when  the  root  does  not  con-> 
fid  of  a  great  number  of  figures,  the  divifion  requilitefor 
the  middle  feries  is  not  very  troublefome.  Alfo  the  num* 
ber  laft  found  in  the  lower  feries  ferves  in  the  firft  ap- 
proach and  faves  a  tedious  multiplication.  Thus  i£zz^ 
4>i48o5i  +vora+  v 


4^148051  +  V  X 


n*  +  7,4  «  +  8,729  4-  2  a  V  +  i;*  +  7,4  z;  =  560783. 
Butfl*  +  7>4tf  +  8,729  has  already  been  found  to  be 
equal  to  135,191900498601 


4,148051  4-v  X 


135,191900498601  +  2  fl  z;  +  V*  +  7,4  z;  =  560^783. 

But  by  the  method  of  dividers  only  two  figures  are 
gained  by  each  trial,  whereas  by  fubftitution  when  v  is 
very  fmall,  the  number  of  figures  is  frequently  more  than 
doubted* 

In  the  firft  inftance*'  +  12  **  +  42  ;m  261,*  x  was 

found  to  be  lefs  than  4,  .  .  .  .  and  as  ;ir  r: : 

;p*+ 12:^  +  42 

261 
if  X  is  lefs  than  4,  x  muft  be  greater  than  —^ 


261  261 

or  -7-- — -7  .        or  — 7-  or  2, 
i6  -t-  48  +  42       106  ' 


•  Page  78. 


4* +  1.2. 4 +42- 


1 


Hence, 
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Hence  x  muft  He  between  2,  .  .  •  .  and  4,  .... 

In  general  \tx.  x^  -t  a  x'^  '\'  b  x  ^  kltt  d  be  the  leaft 

k 

number  found  which  is  greater  than  x.  Then  — r 

^  .    ce'  +  ad-^-b 

is  lefs  than  x.     Thus  the  firft  number  to  be  ufed  by  the 

mode  of  dividers  is  confined  within  fufEciently  narrow 

limits. 

"Ltt  x^  -  ax^  —  bx  =.  L 

x^  is  greater  than  a  x^  -{-  b  x 
.*.  x'^  is  greater  than  a  x  -{-  b* 

Let  a  X  -^  b  :=^  c^. 

.'.  .V*  is  greater  than  c* 

.'.  xh  greater  than  c. 

TiMtx^  =  k  +  ax"-  -i-b  X 


f 


.•.  X  is  greater  than  ^k  -^  a  c^  +  b  c 
A\{ox'  —  kz=:ax^  +  bx 
.'.  ^  is  greater  than  \/  k 
Alfo  X  is  greater  than  a  and  x  than  y/  6. 

Let  x^  —  15  AT*  —  229  X  =  525. 

X  is  greater  than  v^525  or  8,  ... . 
;v  is  greater  than  15 

X  is  greater  than  v/229  or  15,  .... 
;r*  —  15  ;e  is  greater  than  229 
•*•  X  is  greater  than  24>  •  • .  • 

Part IL  M 


( 

z% 

) 

X 

= 

^5 

5*5 

X 

= 

21 

x^  — 

IS* 

— 

229 

= 

21 

Let  x^  —  10  ;v*  — '  91  ;if  =  16. 


X  is  greater  than  ^/i6  or  2,  .  .  .  • 
;e  is  greater  than  lO 

X  is  greater  than  s/<)i  or  9, ...  • 
jtf*  — 10*  is  greater  than  91  or  15,  . ;  .  • 
X  =16  15,8         15.817* 

i^  =  I     1,0126     1,0115 

X 

X  X  7370  —  91  =  5    M         i>oc)7489. 


Hence  x  =  iS>8i72  +  2. 
Let  ;r^  +  a  ;if*  —  i  *  =  ^. 

Then  x'^  +  a  xis  greater  than  b 

'     s/d"  +  4  ^  —  tf 
••.  -» IS  greater  than 

x"^  z=.  k'\'b  X  —  ax'^ 
\l  b  x\s  greater  than  ax"^  or  b  greater  than  a  then  x  is 

greater  than  ^  k. 

But  if  *  is  lefs  than  a  then  x  is  lefs  than  v/  ^» 

Alfo  t?  ;f^  =  ^  +  i  *  —  ^'• 


If  b  is  greater  than  **  then  *  is  greater  than 


v^: 


But 
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But  if  b  is  lefs  than  x\  then  x  is  lefs  than  V^  A, 

a 

Let  ^^  +  4  ;v*  —  17  A?  ==  12, 


4/16  +  78  —  4. 
^as  greater  than  ^ -i-^^ 3  or  2, alfo  ;tf  is 

2 

jgreater  than  \/  ^  or  2, and  x  is  greater  than 

V^    —  or  V    —  or  I,  ...  . 

=  3 

—  =  4    .••  ^  =  4 

;v*+4^-.I7  =  4 

Let  x^  +  22  A?*  — 103  X  =:4. 

a:  is  greater  than  "V    ^     +  A  —  5  or  ^/lai  +  103 
=  14,  .  . . .  —  1 1  or  3,  ...  . 

AT  =4 

4 

»—  =     I       .%    A?   =  4 

Af*+  22  A?  —  103  =    I. 

Let  x^  +  6x^  —  183  X  =  2704. 


X  is  greater  than  \/^  —  +  183 —  3  or  10, . .  • 

4 

X  is  greater  than  v^Tor  y/1704  or  14,  .... 

X  is  lefs  than  v^   —or  v^  ^^ or  21,  ...  • 

M  2 
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*                         =15 

16 

X 

169 

;r*  -f  6  ;^  —  183  =  132 

169. 

Therefore  ;i?  =  i6. 

Another  mode  of  dirc3vering  the  number  of  roots 
in  the  equation  ;t'-.flAf*  +  i*=:i 

x"^  may  be  taken,  firft  lefs>  then  greater  than  a  x\ 

If  X  is  taken  lefs  than  a^  then  the  unknown  fide  is  lefs 
than  b  xy  and  if  x  is  made  equal  to  a  then  the  unknown 
fide  is  equal  to  b  x.  Confequently,  if  ^  a  is  equal  to  of 
lefs  than  k  no  number  lefs  than  a  can  make  the  unknown 
fide  equal  to  ki  and  finc€  the  unknown  fide  always  in- 
creafes,  from  the  time  that  x  is  equal  to  ay  by  adding  to 
x^  the  equation  can  have  only  one  root.    Hence  if  ^  is 

equal  to  or  lefs  than  —  the  equation  has  only  one  root* 

When  X  is  taken  lefs  than  ay 
a  x^  —^  x^  z=  b  X  ^^  k. 

When  X  is  taken  greater  than  a 
x^  —  a  x^  zz  k  —  b  X. 

In  the  firft  cafe,  namely,  when  a  x^  —  x^  is  equal  to 
b  X  —  kyAQt  b  X  —  k  =  m  xy  m  being  a  variable  num- 
ber and 

a  x^  -^  x^  zn  m  X 
or  a  X  ^*  x^  ^  m* 

Now  the  fide  ax  —  x'^-  firft  increafes  and  then  de- 

creafes ; 


r 
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k 

creafes ;  but  m  being  equal  to  ^ muft  as  x  increafc$ 

always  increafe.  a  x  —  a?*  is  greateft  when  j?  ==  —  Con- 

fequently,  if  in  this  cafe  ax  —  ^*  is  lefs  than  w,  no 
number  greater  than  —  can  be  fubftituted  for  x  in  this 

equation,  and  this  equation  admit*  only  of  one  root. 
Hence  the  given  equation  x^  —  a  x"^  '\'  b  x  zz  k  cannot 

have  more  than  two  roots  if  —  is  lefs  than  m.  If   —  i& 

4  4 

greater  than  m  fome  number  lefs  than  —  will  make  a  x 

—  x^  equal  to  m,  and  then  if  the  increafe  of  ^  ;if  —  a:* 
in  that  cafe  is  greater  than  m,  fome  other  greater  number, 
but  lefs  than  «,  will  make  ax  —  ^*  equal  again  to  w, 
and  thus  the  equation  ax  —  x'*'  -^  m  will  have  two  roots, 
and  confequently  the  given  equation  x^  —  a  x^  J^  h  x  :=. 
k  will  have  three  roots.  Now  m  begins  to  exift  at  a  cer- 
tain value  of  Xy  namely,  when  ^  =  -r-  and  its  increafe 

is  greateft  at  firft,  but  grows  continually  lefs  and  lefs. 
Alfo  the  increafe  of  a  x  —  ;<?*  is  greateft  at  firft  and  con- 
ftantly  diminifties.     Hence,    m   may  become  equal  to 

a  X  --  x^  before  x  is  equal  to  — »  and  then  its  increafe 

may  be  lefs  than  that  of  a  x  —  x^y  confequently  the  e- 
quation  will  have  two  roots.  But  if  the  increafe  of  m  is 
greater  than  that  of  a  x  —  x\  when  m  firft  becomes 

equal  to  a  x  —  ^*,  and  is  alfo  greater  when  a:  =  — ,  then 

there  cannot  be  another  root  to  the  equation  ax  —  at  ^  n 
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i7f,  and  confcquently  the  given  equation  will  have  only 
two  roots.  A  few  inftances  will  make  this  fubjeft  very 
cafy  to  the  learner. 

Let  x^  —  i8  ;r*  +  105  AT  =  ioo. 

When  X  is  lefs  than  18,  105  x  may  be  greater  than 
200.    Confequently  ax  —  at*  =:  «i. 

Let  AT  =  ijthtna  ^ — 4f*=8i  andm  =  105  —  22,2  := 
82,7.  Hence  the  equation  a  x  ^  x^  =:m  has  only  one 
root,    and  therefore  the  given  equation  has  only  two 

roots.     By  trying  the  expreflion    ^ —  or 


^^  ^.^ £_f  or  5  it  appears  that  5  is  a  root,  and 

It         1                .      t7  -f   2  y/a^  —  3  ^       o 
confequently  the  other  root  is or  o* 

Let;v^  —  16  x^  +  ^7  X  z=:  98. 

If  X  is  lefs  than   16,  77   x  may  be  greater  than  98, 
therefore  16  at  —  a?*  =  w. 

If  ;p  =  8,  then  16  a;  —  a?*  =  64,  and  m  =:  yj  — 
^  =  77  —  12,25  ==  64,75- 

Hence,  the  given  equation  has  only  two  roots ;  one  of 

,    .    a-hy/a'-sb      i6±\/256-23l 
which  confequently  is or 

or 
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qj.    — ::-_:4.  or  7  OT  3,  .  .  .  .     If  7  IS  onc  root,  then 

' ^  or  2  is  the  other  root,  and  cither  7  or  2  being 

tried  fucceeds,  confequently  the  two  roots  are  7  and  a. 

Let  ;tf?  —  12  AT*  +  48  AT  =  64. 

If  X  is  lefs  than  12  then  48  x  may  be  greater  than  64, 
and  if  ;i?  =  6  then  12  a?  —  x*  zz  36.    But  »2  =48 


^    =:  48  -  10,66  =  37,33. 


-  —  ^  48  - 

Hence  it  might  be  prefumed  that  the  equation  has  two 

roots ;  but  on  applying  the  expreffion  ^ 

it  appears  that  d^  =  36,  and  confequently  this  is  the  li- 
miting cafe  in  which  there  is  only  one  root  —  or  4. 

•J 

Let  x^  —  6  x^  +  20  X  zz  15. 

If  X  is  lefs  than  6,  20  x  may  be  greater  than  15,  and  if 
X  is  made  equal  to  3,  then  6x  ^^x^  =9  and  m  zz  20  — 


Hence,  the  equation  has  cither  three  roots  or  only  one. 

If  there  are  three  roots  one  muft  be  greater  than  —  or  2 ; 

but  2  being  tried  is  found  to  be  greater  than  the  root, 
confequently  the  equation  can  have  only  one  root  unity. 

Let 
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Let  *'  -  8  **  +  20  ;ir  =  4CX). 

If  X  is  lefs  than  8,  20  x  cannot  be  greater  than  400, 
therefore  the  equation  can  have  only  ope  root,  wtiich 
is  ten. 

Let  *'  —  8  ;i:*  +  20  Af  =1  13. 

If  .V  is  lefs  than  8,  20  ;r  may  be  greater  than  13^  and 

if  *  is  equal  to  4,  %x  —  x^  zi    16,  and  m  =:  20 ~ 

4 

=  20  —  3,25  =  16,75.  Hence  there  is  a  prefumption 
that  the  equation  has  only  two  roots,  which  is  increafed 
by  a*  being  greater  than  3  b  ;  but  4  and  3  are  greater  than 
the  root,  confequently  the  equation  has  either  three  roots 
or  one.  But  if  it  has  three  roots,  one  mud  be  greater 
than  2,  .  .  .  .  but  any  number  greater  than  2  makes  the 
unknown  fide  greater  than  13,  and  confequently  the 
equation  can  have  only  one  root  unity. 

Let  x^  —  12  **  +  41  *  =  42. 

If  X  is  lefs  than  12,  then  ^i  x  may  be  greater  than  42, 
tnd  if  ;if  =  6  then  12  x  —  x'^  z=l  36,  and  w  z=  41  — 

^  =  34.     Hence  the  equation  has  either  three  roots  or 

one  root ;  but  if  it  has  only  one  root  that  root  muft  be 

-         /?  +  2< 

greater  than  — — 

that  is,  it  muft  be  lefs  than  iiZi^lH— i^or  lefs 

3 

than 


lefs  than =^  or  greater  than -^ =^j 


r 
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than  unity^  which  Is  evidently  impoQibley  or  it  mud  be 

greater  than  ^ ^  or  greater  than  7.  On 

3  ' 

trying  the  latter  fuppofition,  it  appears  that  7  is  a  root, 
and  the  equation  therefore  has  two  other  roots  which  are 
eafily  found  to  be  2  and  3. 

Let  x^  —  15  **  +  63  ;r  =  50. 
If  X  is  lefs  than  15  then  63  x  may  be  greater  than  50, 
and  if  ;i;  =  — »  then  15  *  —  ;r*  =  56,25  and  >«  =  63 

—  ^  =  63  —  6y66  =2  56,33.    Hence  the  equation  will 

have  only  two  roots,  or  if  it  has  three,  two  will  be  Very 

,      ,        ^  ±  \/fl*— 3  b       I ?  +  v/^25-189 

near  to  each  other. ^—  =1  -^ — ^- ^ 

3  3 

ic±6 

X  =371 

5^      , 


X 


=   16,6    7,1    50 
—  15  ^  +  63  =  27       7       49. 


On  trying  3  it  does  not  fucceed  ;  but  7  is  very  near  to 
the  root,  confequently  two  roots  are  nearly  equal  to  7,  and 
the  other  root  mud  be  nearly  equal  to  oiTe.  On  trying 
unity  it  appears  that  it  is  fomewhat  lefs  than  the  root. 

This  method  of  finding  the  number  of  roots  is  im- 
proved by  comparing  together  the  increafe  of  a  X'^  x^ 
and  ntt  when  x  is  increafed  by  a  number  x. 

Part  IL  N  By 


1 
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By  addmg  x  to  a-,  ^7  at  —  **  becomes 

take  away  ax  —  ** 

The  incrcafe  ha  x—  7.x  x  —  i*  or  i  x  a  —  Zx^^x 

X 

m  increafed  =  b  - 


x  +  x 

•  r        f  ^  ^  k    .  k  h  X 

.*.  mcrcafe  of  m  =  — =  —  —  —  +  — -,  — 

X  X-^-X  X  ^  «* 

***     a    ii'  ^  ^A«— 2        kx»—J  I       ^ 

—-+-_—.  ...T  7-  ±  X   ; = 

x^  x^  x"—^  ;r«  X  +  1 

**         *'  ;v*     ' ;v«-*   *     *« 

I 

And  this  incrcafe^  if  x  Is  very  fmall,  is  very  nearly 

kx 

equal  to  — — -. 

Confequcntly  the  increafc  o£  a  x  —  ;if*  is  to  the  increafc 

of  «  as  a  —  a  ;r  to  — ;  nearly. 
X*  4 

Let  ;r'  —  8  ;ir*  +  20  *  ::=:  13. 

Here  m  =z  20 ^  and  begins  from  — >  that  is,  m  can- 

X  20         ^ 

not  be  lefs  than  or  equal  to  -^.    Hence  unity  is  taken  as 

the  firft  value  of  x  in  comparing  ax  —  x^  with  m^oxS  x 

• —  x^  with  20 ^>  and  it  appears  that  if  /r  =:  i  then 

8 
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ix  —  **  =  ao =  =  7,  confequently  unity  is  a  root 

of  die  propofed  equation  ;  afid  here  the  increafe  of  m  h 
greater  than  that  cf  ^  x  —  xK  if  x  =:  i,  the  iticreafe 
of  9»  :=  6,5  and  that  of  «*  —  ;(?*=  5.  If  «r  again  is 
equal  to  unity,  fince  x  is  now  equ^  to  two,  the  increafe  of 
ax  —  ;ir*  is  greater  than  that  of  m,  but  m  is  greater  than 
ax  —  x^  when  ;v  =  2,  and  is  alfo  greater  than  a  x  -^  x* 
when  ;r  =  3^  but  they  are  fo  nearly  equal  to  each  other 
in  this  laft  cafe,  and  the  increafe  of  a  x  -^  x^  is  fo  much 
greater  than  m  that  the.  trouble  of  comparing  the  farther 
procefs  of  the  increafe  of  each  is  greater  than  that  of  try-^ 
ing  Ae  equation  by  means  of  the  difcovered  root  unity. 
From  this  root,  by  means  of  the  equation 

x^  +  ex  -\-  e"-  +  b  =z  a  X  x  +  e 


or  **  4-  *   +   I  +  20  =  8  X  jr  +  I 

or  13  =  7  X  —  x^ 

it  appears,  that  there  cannot  be  another  root,  for  —     Is 

Icfs  than  13.  But  as  —  is  nearly  equal  to  13,  the  rea* 
fon  of  the  above  procefs  being  troublefome  is  apparent. 

Let  x^  —  18  **  +  105  X  =  2QO. 

Here  the  limit  of  mis or  i,  ....  and  when  x 

los 

==  2,  OT  =  5  and  iS  x  —  ;v*  =  32 ;  but  when  at  =:  2, 
the  increafe  of  m  is  to  that  xsf  a  x  —  -v*  as  50  to  14,  and 
when  AT  =r  5,  the  increafe  of  m  is  equal  to  that  of  a  X'-x^, 
Confequently  ax  —  ;v*  is  equal  to  m  when  x  is  either 

N  2  equal 


1 
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equal  to  five  or  nearly  equal  to  five-  On  trying  five,  it 
appears  that  five  is  a  root;  but  as  the  increafe  of  m  is 
again  equal  to  that  of  a  x  -^  x^^  when  x  is  foxhe  number 
between  5  and  9»  there  will  be  another  root  to  the  equa^ 
tion»  and  confequently  the  given  equation9  fince  it  can 
have  no  root  when  x  is  equal  to  or  greater  than  1 8,  can 
have  but  two  roots. 

Let  x^  —  16  *'  +  77  x=:  98. 

The  limit  of  m  is  -^  or  i,  .  .  • .  Confequently  2  is 
77 
tried  for  x,  and  it  appears  that  16  *  —  ;p*  is  then  equal 

to  m or  77  —  ^ .    The  increafe  of  16  ;ir  —  ;r*  is  firft  kfs 

than  that  of  m,  and  then  greater  and  then  lefs  again,  and 
they  are  equal  ,when  ;ir  =:  7.  Confequently  the  other  root 
will  be  either  7  or  nearly  equal  to  7,  and  as  7  fucceeds 
there  can  be  no  other  roet. 

One  advantage  attending  this  mode  is,  that  it  gives  a 
learner  a  pra£lical  knowledge  of  equations,  which  will 
be  very  ufeful  as  he  advances  in  fcience. 

Equations  of  this  form  may  be  changed  into  equations 
of  the  fecond  order,  and  thus  admit  frequently  an  eafy 
mode  of  folution  *. 

x^  '--ax^  +  b  X  =L 


*  Sec  Part  I.  psgc  i39t 

Let 
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Let  X'zz  — .±  2;. 
3 

•■•  A 

?*3.f«..3f.-±^- 

-fl**' 

3'            3 

+  bx 

^      3 

=*. 


In  the  new  equation,  one  term  is  «*  X  -^ tf,  that 

is  «*  X  ^^  ■—  fl  or  0.     Hence,  in  any  propofed  equation  of 

{I 
this  form,  by  making  x  equal  to  —  ±  2,  a  new  equation 

pf  the  fecond  order  is  the  refult,  in  which  there  is  not 
;^n  unknown  number  raifed  to  the  fecond  power. 

Inftance. 

*'  —  3**  -r  3^  *  =  3+*' 

T  «  .1 

Let  X  ^  —  +  y  =  i  +  v 
3 


.-.  Ar'=     I   +3:y  +  3/+/j| 
—  3**=-3  — 6;f— 3/        V= 
-36*  =  — 36— 36jr  3 

...  —  38  — 39;-  +  /  =  34« 
.-./  — 39j,z=38o 
If ;-    =  8       9 

380 

^—  =  47.5  42,22 

/— 39  =  25      4* 


34» 


(  9*  ; 

yH       Jig  +  243  «  +  ^7  «*  +  *'?_  jo^ 
—  39^C-3Si  -  39«  i 

•••  378  +204  «  +  27  a*  +  a'    =380 
.•.  204  z  =1  J?i  —  27  z*  -  «' 


.••  biz  zz.  ,66^  —  92* 

.*.  %  tr  ,0097912  and  jf  =  9  +  2  =  9,0097912 
But  x=.  1  +y   ••.  Af  =  10,0097912 
.-.  *'  =z  1002,940236966582020054528 

—  3  jr*.  -  —  300^58775960279232)       _ 

—  36  ^  =  —  360,3524832  > 

Sum  =  660^94024280279232 


.•.  ar'  —  3*»  —  36  jr  =     341599999416378970054528. 
which  is  Icfs  than  342  by  ,00000  583,  &c. 

The  learner  will  fee  the  advantage  of  this  change  by 
folving  the  original  equation  x^  —  3  ;r*  —  36  ar  =  342 
in  its  prefent  (late,  and  having  difcovered  that  a?  is  near- 
ly equal  to  ten,  he  will  make  it  equal  to  10  +  x,  and 
then  proceed  by  the  ufual  mode  of  approach. 

By  changing  the  equation  in  this  manner  the  root  may 
be  difcovered  by  a  comparifon  of  the  dividers  of  th^ 
known  terms  in  the  original  and  the  new  equation  *. 

Let  ;r'  +  3  fl^*  4-  2  ;r  =  24. 

;^  is  a  divider  of  24,  and  the  dividers  of  24  are  123 
4  6  8  12  24. 


*  See  Part  I.  page  140, 

The 
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The  new  equation  is  y  — y  =:  24. 
y  IS  therefore  a  divider  of  24,  and^  r:  ;r  +  i.  There- 
fore, by  adding  unity  to  one  of  the  dividers  of  24,  a  num- 
ber will  be  found  which  is  alfo  a  divider  of  24>  and  con- 
fequently  may  be  a  root  of  the  propofed  equation-  Oa 
examination  there  are  three  numbers  anfwering  to  this 
condition  123.  Confequently  one  of  them  mufl  be 
the  root  of  the  propofed  equation  \  but  if  ;v  =:  3  then  x^ 
is  alone  greater  than  24,  and  3  cannot  be  a  root*  Unity 
alfo  cannot  evidently  be  the  root.  Therefore  2  is  the  root 
of  the  given  equation. 

liCt  a;'  —  iS'a;*  +  105  ;v  =  200. 
Dividers  i  a  4  5  8  lo. 

Let  K  zzh  ±,y. 

The  new  known  term  is  either  200  —  6'  +  18.6*  — 
105  .  6>  which  is  equal  to  2,  whofe  dividers  are  X  and  2. 

Hence  458  anfwer  to  the  conditions,  and  they  can« 
not  all  three  be  roots,  for  4.  4*  5  +  ^  ^^  ^^^  equal  to  18, 
and  8  and  5  being  roots  there  cannot  be  another  root,  for 
6,  which  muft  be  the  root,  if  the  equation  has  three  roots, 
is  not  a  divider  of  200. 

If  X  had  been  made  equal  to  j^  —  6  the  new  known 
term  would  be  200  +  6^  +  18  .  6*  +  >0S  •  6  or  1694, 
whofe  dividers  are  i  2  7  1 1  14,  and  confequently  x  is 
to  be  looked  for  among  the  numbers  7  —  6,  11  —  6^ 
14  —  6  or  I,  5  and  8,  and,  as  before,  the  two  roots  arc 
fjQundtobe  5and8* 

^  Let 


1 
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Let  *'  —  i2x^  +  4Sx  =  64. 

The  dividers  of  64  are  i  2  4  8,  the  new  known 
term  IS  64  T  64  +  12  X  16  T  48  x  4by  making  x  = 
4  ±yy  that  is  o  or  5 1 2 .     Hence  it  is  evident  that  ^  =  4. 

This  mode  of  fclution  can  feldom  be  applied  with  ad* 
vantage  unlefs  the  copart  of  the  fecond  term  a  *<*  is  divi-* 
fiblc  by  three. 

^  The  rule  of  double  pofition  for  the  folution  of  equa- 
tions is  recommended  by  fuch  high  authority  that  it  de- 
ferves  particular  examination,  and  to  do  this  with  greater 
juftice^  the  rule  (hall  be  given  in  the  recommender*s  words, 
together  with  his  own  example^  to  be  compared  with  the 
fame  equation  folved  by  the  method  of  dividers. 

"  RULE.' 

**  I.  Find,  by  trial,  two  numbers,  as  near  the  true  root 
as  pofSble,  and  fubftitute  them  in  the  given  equation  in- 
ftead  of  the  unknown  quantity;  marking  the  errours 
which  arife  from  each  of  them. 

"  2.  Multiply  the  difference  of  the  two  numbers,  found 
by  trial,  by  the  leaft  errour,  and  divide  the  produdl:  by  the 
difference  of  the  errours,  when  they  are  alike,  but  by  their 
fum  when  they  are  unlike.  Or  fay,  As  the  difference  or 
fum  of  the  errours  is  to  the  difference  of  the  two  numbers, 
fo  is  the  leaft  errour  to  the  corrediion  of  its  fuppofed 
number. 

*•  3.  Add  the  quotient,  laft  found,  to  the  number  belong- 
ing 
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ing  to  the  leaft  errour,  when  that  number  is  too  little,  but 
tubtrad  it  when  too  great,  and  the  refult  will  give  the 
true  root  nearly. 

**  4.  Take  this  root  and  the  neareft  of  the  two  former, 
or  any  other  that  may  be  found  nearer ;  and  by  proceed- 
ing in  like  manner,  a  root  will  be  had  ftill  nearer  than  be- 
fore ;  and  fo  on  to  any  degree  of  exadtnefs  required. 


"EXAMPLE. 

»*To  find  the  root  of  the  equation  *'  +  ;^*  +  at  =  lOO, 
or  the  value  of  x  in  it. 


*'  Here  it  is  foon  found  that 
X  lies  between  4  and  5.  Af- 
I'ume  therefore  thefe  two 
numbers,  and  the  operation 
will  be  as  follows : 
iftSup.  2d  Sup. 

5 
25 

J  55 

-^55 


"  Again,  fuppofe  4*2  and 
4*3,  and  repeat  the  work  as 
follows : 


+ 

-    -  *    - 

16 

-  -  *»  - 

64 

.    .  x^   . 

84 

'      Aims 

-16 

-    errours 

id  Sup. 
4'2 
17-64 
74-088 


X 

x^ 


2d  Sup. 

4*3 

i8!49 
79.507 


95*928    -  fums  -  I02'297 


the  fum  of  which  is  71. 
Then  as  71  :  i  ::  16  :  -225. 
Hence  x  =:  4*225  nearly* 


— 4*072  -errours  -  +2-297 


the  fum  of  which  is  6*369 

As6*369:i ::  2*297: 0*036 

This  taken  from  -  4*300 

'  leaves  x  nearly  =  4*  2  64 


Part  II. 


O 


"  AgaiQ^ 
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**  Again,  ftlppo^e  4-264  and  4'26j,  and  work  as  foflows  i 


4-264 
18-181696 
77-526752 

* 

4865 
18*190225 

77<'s8ijio 

99.972448 

m 

fams 

l00'O36535 

-0*027552 

- 

erroars 

+0-036535 

the  fum  of  which  is  '064087. 

Then  at  -064087  :  -obi  :  t  4-264 :  00004299 
To  this  adding         •         4*264 

gives  X  very  nearly  ==  4-264429g^'' 


The  fam6  example  worked  out  by  the  mode  of  di« 
▼iders. 

Let  ;v5  +  **  4.  ir  =  100. 


Therefore  ;r  X  ;r*  +  ;r  +  i  r=  100 

It  X         =4.5    4,26        4,27 

100  * 

-—      =  25  20  234741  23,4192 

X 

**  +  ^+  I    =    21    31    23,4076  23,5029 

DifF.      =    4  II       ,0665      ,0836 

IS  ,   4        ,8       ,266 

4+  IX  s?  15  — ^  =  i>5  and  -=^  =  -^  =  ' — 
^^  ^    10  '^        1,5        ,3         ,1 

Hence  4,26  miift  be  a  nearer  value  of  Xy  and  on  try^ 
ing  4|26  it  appears  to  be  fo  near  to  x  that  4,27  mufl  be 
greater  than  x. 
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yc>665  +  ,6836  _  ,is©i    _  r^.^rs.^^A    >Q^^5Q      _ 
10  10  -*  jOl^Oj 

Hence,  X  is  equal  to  4,26443  nearly^ 

By  the  mode  of  double  pofition,  the  firft  ftcp  gives 
4,225,  and  to  do  this  the  divi^on  pf  16  by  71  to  four 
places  is  neceflary^ 

By  the  mode  of  dividers  the  firft  ftep  gives  a  nearer 
number  for  the  root,  namely,  4,26,  and  ^  diviCpn  by  one 
figure  only  is  nepeffary^ 

By  the  mode  of  double  pofition,  the  fecond  ftep  give? 
4,264 ;  but  to  do  this  the  numbers  4,2  4,3  pfiuft  be  raifed 
to  the  thjird  powers,  and  2,297  ^^^  ^  divided  by  6,369 
as  far  as  four  places. 

By  the  mode  of  dividers,  the  fecoad  ftep  gives  4,264431 
and  to  do  this  100  muft  be  divided  by  each  of  the  num- 
bers 426  and  427  to  fix  places,  ^nd  the  numbers  4,26  and 
4,27  muft  be  raifed  to  the  fepond  powers  or  derived  by 
the  mode  of  increments  piore  eafily  from  the  value  of  ;r* 
'Y'  X  +  I  yfhcn  ;r  =  4. 

By  Ithe  mode  of  Rouble  pofition  4,264  and  4,265  muft 
be  taifed  to  the  ijjiird  powers,  and  4,264  is  to  be  divided 
by  ,064087  ;  and  when  this  operation  is  performed  the  rer 
fult  is  very  nearly  the  fame  with  that  obtained  by  the 
mode  of  dividers  by  two  operations,  each  eafier  than  the 
i»rrefponding  operation  by  th^  ru|e  of  double  pofition, 

O  2  '^ITiu?, 
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ThuSi  by  double  poCdon  x  =  4,2644299 
by  dividers       -      ;r  =:  492644303 

difference    -    -     =  o«ocx>ooo4 

Hence  it  appears,  that  the  mode  of  dividers  is  far  pre*^ 
ferable  to  that  by  double  pofition^  and  the  number  4,26443 
having  been  obtained  x  (hould  be  made  equ^l  to  4,26443 
±  a,  and  by  the  method  of  approach  a  greater  number 
of  figures  will  be  obtained  than  by  either  the  rule  of  dou« 
ble  poGtion  or  the  mode  of  dividers. 

Another  mode  (lands  recommended  by  the  authority 
of  Dr.  Halley,  but  it  is  probable  that  very  few  perfons 
fince  his  time  have  adopted  it,  and  a  very  accurate  invcf- 
iigation  of  it  by  Baron  Mafcres  in  fevcral  inftances  has^ 
proved  its  inferiority  to  the  fimple  method  of  approach. 
Inftead  of  rejeQing  all  the  powers  of  2  in  the  new  equa*. 
tion,  as  in  the  fimple  mode  of  approach.  Dr.  Halley 
retains  the  terms,  having  in  them  z*.  Thus  let  x^  *— 
a  x'^  -^  b  X  :=.<;<, 

Make  X  =  d±  x 
•••  x^'^d^  i  3^*«  +  3^z*  ±  2^^ 
—  a  *»  > —  a  d*  ^^  2  ad  z  —  a  z^  y-zz  k 
+  tx)'{'bd±bz 

By  neglefting  only  the  term  z^  there  remains  an  equa- 
tion of  the  fecond  clafs  tq  be  folved,  the  copart  of  whpfe 

^      ,  .    .         :h  3  d"-  ^^  2  a  d  -^  if       .„     , 

fimple  term  z  bemg j — -^^^-^f  will,  after 

3d— a 

the  firft  operation,  be  a  fradlion  with  a  confiderable  num- 
ber of  figures  in  both  the  upper  and  the  lower  parts. 

Now 
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Now  half  of  this  &a£^ion  is  to  be  raifed  to  the  fecond 
power,  and  then  the  fecond  root  of  the.  known  term 
added-  to  the  new  fra£lion  is  to  be  extrafked,  fo  that 
though  a  greater  number  of  figures  will  be  attained  by 
each  operation,  yet  the  trouble  pf  obtaining  them  far 
outbalances  this  advantage,  and  in  pra£tice  it  will  be 
ibund  much  eafier  to  ufe  more  operations  by  the  fimple 
mode  of  approach  to  arrive  ^t  the  fam^  number  of  fi^ 
gure$^ 


C  H  A  I^.     V. 


EQUATIONS  OF  THE  FOURTH  CLASS. 

EQUATIONS  of  the  fourth  clafs  have  four  terms 
on  the  unknown  fide/  and  are  divided  into  four  orders. 
Thofe  in  the  firft  order  can  have  only  one  root,  in  the  fe- 
eond  only  twoj  in  the  third  three  roots,  and  in  the  fourth 
fpur  roots. 

'I.  4f*+tf*« +**•  +  <'*/=:* 

2.  Xm  +  a  X»  +  b  X<^ C  xP  ZSi  k 

3.  **  +  tf  *"  —  b  x^  —  c  xp  zz  k 
^4.  x^  -^a  x»  —  b  x^  —  c  xp  zzzk, 

"  I.  ax^  -{-k^f  +  c  xP  -^xf^  ^  k 
7,.  a  x"  +  b  x^  --  c  x/f  ^—'  sf'!'  :=i  k 

3.  ax^  ^  b  x^  —  c  xp  —  :^  zz  k 

4.  b  ^  +  c  xP—a  x^  —  *«  =;  i 
^.  b  x^  ^  c  xP  —  ax"  —  *»  =:  i 
6.  c  xP  -^  b  x^  —  ^  *«  —  x^  ^  h 


1. 


11. 


IIL 


f^  —  ^X^  + 


Xn  equaiicios  of  th,e  firft  and  third  orders  the  terms  on 
the  onknown.fide  are  written  down  according  fo  the  in<* 
dexes  of  the  unknown  powers  m  n  op.  In  the  fecond 
and  fourth  orders  the  terms  are  not  written  down  in  the 
fuccefBon  of  the  index^St  but  the  highcft  index  is  in  the 
laft  term.  In  the  firft  order  there  is  either  no  change  or 
only  one  change  of  the  marks  of  adding  and  {uhttzSting^ 
In  the  third  order  there  are  either  two  or  three  changes 
of  the  marks  of  adding  and  fubtrading.  Hence^  if 
an  equation  in  thefe  orders  is  written  down  agreeably 
to  the  indes^jen  the  number  of  roots  in  the  form  to 
which  it  belongs  is  determined  by  oh&nring  the  ^ango 
in  the  marks:  if  there  as  either  no  change  or  one  change 
the  equation  can  have  only  one  root:  if  there  afe  either 
two  or  three  changes  (that  is,  if  there  is  more  than  one 
change)  the  equation  belongs  to  a  form  e^ipable  of  having 
three  roots. 

In  the  fecond  order  there  are  either  one  or  two  changes 
of  the  mark3  i  in  the  fourth  order  there  are  three  change^ 
of  the  marks.  Thefe  changes  are  obferved  by  reading 
the  equation  according  to  the  indexes  mnop.  Thus^  in 
the  (equation 

b  J^  —  c:^^  —  ax"  ^  x^  zz  k 
by  reading  it  in  the  order  prefcribed  —  **,  — 10  ^«>  + 
*  *•,  —  c  x^  the  two  firft  terms  x^  an4  a  x*  have  the 

f^m^ 


f  »03    ) 

fft^  iliark^  tite  third  term  has  a  different  mark,  conlfe- 
quently  there  is  one  change  in  reading.the  three  cerm« 
*"»,  a  jp",  b  x^f  and  xht  two  terms  b  x^,  c  x^  have  differ- 
ent marks,  cofifequently  there  arc  two  changes  of  marks 
by  reading  according  to  the  order  of  the  indexes.  HencCf 
if  in  an  equation  of  this  clafs,  the  unknown  tcrm^ 
with  the  higheft  index,  is  not  the  firft  term,  the  equa-^ 
tion  belongs  to  the  fecond  or  the  fourth  order*  If  there 
are  either  one  or  two  changes  of  the  matksj  the  equatbii 
is  of  the  form  capable  of  having  two  roots.  If  there  ate 
diree  changes  of  the  marks,  the  equation  is  of  the  fourdi 
order,  and  of  a  form  capdUe  of  having  four  roots* 

Let  it  be  required  to  determine  the  number  of  roots  in 
the  equation  54  «'  —  32  **  +  ao  ^  —  5^  *  =  2^« 

The  equation  written  in  order  is  20  x*  +  54  *'  — 
32  AT*  —  50  ;ir  =  200,  confequently  the  equation  ha^ng 
only  one  change,  and  the  higheft  power  of  the  unknown 
number  being  in  the  firft  term^  the  equation  can  banr 
ionlyone  toot. 

Let  30  ^*  —  12  ;r  —  50  *♦  +  172  **  =  34a 
.-.  172  x^  +30;r*  —  12  *  —  p  4t*  =:  340. 

The  term  *♦  being  laft,  and  there  being  two  changes 
in  the  marks^  the  equation  cannot  have  more  than  two 
roots. 

Let  20  *  —  50  **  —  ^0  x^  +  40  ;v4  =  2012* 
•••  40  x"^  —  30  *'  —  50  ;c*  +  20  *  i=:  2012. 

The  term  40  x^  being  the  firft,  and  there  being  two 

changes 


I 

i 
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cliknges  of  the  marks,  the  equation  cannot  have  m6tt 
than  three  roots* 

Let  jox^  —  12  **  +  50  *  —  30  4f*  =  59. 

.••  ^Ox  —  12  Af*  +  JO  x^  —  30  ;v4  =r  59. 

The  term  30  x^  being  the  laft,  and  there  being  three 
changes  of  the  marks,  the  equation  i§  of  the  fourth  order, 
and  confequently  is  of  a  form  capable  of  having  four 
roots. 

To  find  the  relation  of  the  coparts  and  roots  in  the 
equation 

f  ;p  —  *  AT*  4"  ^  *^  —  **  =  *• 

Let  ^i/^  gf  hhe  th^  roots.    Then 

c  e  —  b  e^  +  a  e^  —  ^  :zz  k 
and  c/—bf^  +  aP  —f*  =  k 

.-.r— *  x7+7+.i  X  7+^7^7^  =  ^'  +^V-f 

.•.  aey^f^gAra  x/^^7  -  A  xj— Jzz  ^^  X 

.'.^^+aX/+j:— i=:g*+/x/  +  ^+/'+/j:  +  jf 

••.  «  X  g  —  h  =  ^  X  g--h  +/X  ,ff  — *  +  ^*  — ^ 
.••  tf  =  ^  +/+  g  +  *• 
By  the  fame  procefs  as  in'pagcs  25,  52,  it  is  proved 
that  b  is  equal  to  the  fum  of  the  produfts  of  each  pair  of 

roots. 
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toots,  c  the  fum  of  the  products  of  thi^  roots  takeii  by 
three's,  k  the  produft  of  all  the  roots. 

If  one  of  the  roots  6f  ^n  equation  in  this  order  is 
known,  the  other  three  may  be  found  by  means  of  an 
equation  of  the  third  clafs.  Let  9  be  the  root  known^ 
then  the  equation  to  find  the  roots  is 

Inftance. 

I1208*  — 1708  ;p'  +78*'  —  <**  =  1619I 
X      =1  £ 

*     ^   z=.  i6t9a  8096 
11208  — i7o8;^+78;r*-*-.^^    =9577  '8096. 

Hence  2  is  a  root  of  the  propofed  equation. 

••.  I1208-  1708  X  2  +^v+78  X4  +  2;ri-**=8  + 

4^  +  2;^*  +  ;r^ 
/.  11208  —  3416  +  312  — 8  =:  t7od;^  — i56;r  +  4* 

—  78  jp*  +  2  ;r*  +  *'' 
»•.  8096  =:  1556  ;r  —  76  ^*  +  ;if' 
rtf     =  10       8 

^---2-   =r  8oQ,6  1012 
;r 

1556  —  76  *:  +  AT*     =  896       lorl. 

Hence  8  is  another  root  of  the  propofed  equation,  ^nd  ^ 

^ — -^  *'■•-'      f     -•  '  -Ji fc  >  ,  i, 

*  See  page  sj. 

Part  It  P  > 
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:r^  +  S  AT  +  64  4-  1556  =  76  X  8+^ 

i6ao  — 608  =  76*  — 8*-r-** 

.•.  lOia  =  68;r—- X* 


34 
— *  or 


12         . 

34 

.••  «  =  46  or  22. 

Hence  the  roots  of  the  propofed  equation  are  2,  8,  22, 

46  and 

2  +  8  +  «  +  46  =  78. 

Alfo 2x8  +  2  X22  +  2.46  +  8x22  +  8  X46  + 

22  X  46  =  1708 

And  2x8x22+  2  X22X46  +  2X8X46  + 

8  X  22  X  46  =  11208. 

AUb2  X  8  X  22  X  46  =:  16192. 

If  the  equation  is  of  either  of  the  orders  admitting 
more  than  one  root,  and  one  root  is  known,  the  remaining 
root  or  roots  may  be  difcovered  by  an  equation  of  the 
third  clafs. 

The  relations  between  the  coparts  and  the  roots  of 
thefe  equations  may  be  found  in  the  fame  manner  as  in 
the  equations  of  the  lower  clafles* 

When  the  equation  has  more  than  one  root,  fome  num- 
ber between  any  two  roots  being  fubftituted  for  *,  will 
^^ake  the  unknown  fide  greater  than  any  other  4>etwe6n 
thofe  two  roots  can  do ;  and  to  find  this,  make  x  = 
M  +  >  or  M—z  as  in  pages  29— 67 :  and>  by  comparing 

together 


togethor  in  the  fame  manner  the  two  equations  thus  form- 
ed»  an  equation  will  be  difcovered^  whofe  roots  are  the 
different  values  of  My  or  the  limits  between  the  roots  of 
the  propofed  equation.  Thus  let  the  equation  be  of  the 
form 

The  limiting  equation  is 

or  each  term  is  to  be  multiplied  into  the  index  of  the  un- 
known  term  in  it,  and  the  marks  of  all  the  unknown 
terms  are  to  remain  the  (ame  except  that  of  the  laft  un- 
known term,  which  is  made  equal  to  the  fum  or  difier« 
ence  of  the  other  unknown  terms  thus  found,  and  then 
the  new  equation  is  divided  by  x*    Let 

r  jr  —  ^  **  —  a  ;r'  —  X*  n  i. 
Then  for  the  limiting  equation 
^  ^  •—  2  ^  **  —  3  a  x^  ==  4  ;tf* 
.'.  c  —  a  i  Jf  —  3  II  **  =1  4  jr*. 

Inftance. 
Let  U2o8;r—  1708  Af*  +  78*'— *♦  5=16x92. 

The  limiting  equation  is 
1 1208  X  —  2.1708  **  +  3.78  x^  =4  ;r* 

or 

1 1208    —  2.1708;^  4- 3.78;v*  =  4«* 

.•.  2802  =  854  X  —  58,5  X*  +  x^ 

AT      =  5        4      10       15       16 

tz  560,4  70©  280,2  186       175 

854  —  S^fS  *  +  **     =  586,5  636  369     202,5  174. 

P  2  Hence 
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Hence  the  three  roots  of  the  limiting  equation  arc 
4i  •  •  .  •  169  •  .  •  •  and  37,  •  •  •  •  and  confequentlj^  the 
roots  of  the  propofed  equation  are  the  leaft,  lefs  than  four,  i 

the  next  between  4>  •  •  •  •  and  16,  •  •  •  •  the  third  be-  ! 

tween  16,  ....  and  379  ••  •  •  and  the  fourth  between 
37,  •  •  . .  and  57^  The  laft  number  57  is  found  by 
taking  4,  • .  •  .  +  16,  .  .  .  .  from  78 ;  for  if  two  of  the 
roots  are  greater  than  4,  •  • .  «  +16,  .  .  •  •  that  is 
than  2O9  . ,  .  •  the  other  two  roots  muft  be  lefs  than 
78  —  20,  •  •  •  •  that  is  than  57,  •  •  •  •  and  confequently 
the  greateft  root  muft  be  lefs  than  57.  In  this  cafe  the 
limiting  equation  is  of  little  or  rather  of  no  ufe  towards 
the  difcovery  of  the  roots  of  the  propofed  equation,  as 
the  four  roots  of  the  propofed  equation  arc  difcovcr«d 
with  as  little  difficulty  as  thefe  limiting  roots* 

The  modes  adopted  for  difcovering  the  relation  be- 
tween the  coparts  and  roots  of  equations  of  the  fecond 
and  third  clafles  may  be  applied  to  this'clafs,  as  may  alfo 
the  various  methods  for  determining  the  number  of  roots 
in  any  order  of  this  clafs.  But  from  the  greater  nuifiber 
pf  unknown  terms  the  trouble  is  rather  increafed* 

Inftapcest 

^*  -^  2Q  A?^   +  9  ^*   +   IQO  A?  5S  9246. 

If  Af  is  lefs  than  20j  the  unknown  terra  is  lefs  than  9  ;r* 
+  100  ;if,  and  if  x  is  equal  to  20  the  unknown  term  is  lefs 
than  9246,  confcquently  the  equation  has  only  one  root; 
for  }?Y  ad4in|  to  x^  ^hep  the  unknown  term  k  equal  tq 
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9246,  it  IS  incrcafcd,  and  by  taking  away  from  x  the  ^n* 
known  term  is  diminlfhed. 

14937  X  —  1998  x^  +  80  jf'  --  AT*  =,5000. 

One  root  is  evidently  lefs  than  unity)  and  the  unknown 
fide  may  be  divided  into  two  parts,  of  which  the  one 

^4937  ^  —  ^998  **  increafes  till  *is  equal  to    *^^^  or 

3,  ....  and  then  decreafes  till  x  is  equal  to  — ^  or 

7,  ....  The  other  part  80  x^  —  ;e*  increafes  till  x  is 
equal  to  60,  and  then  decreafes.  Confequently,  fince 
one  root  is  lefs  than  unity  there  cannot  be  another  root 
lefs  than  3,  • .  -  .  Nor  can  there  be  another  root  between 
3,  ....  and  7,  ...  1  for  if  4?  =  4,  then  io  x^  —  x^  is 
greater  than  50OQ,  and  confequently  the  unknown  fide 
muft  be  greater  than  5000  when  x  is  between  3,  .... 
and  7,  . .  .  .  When  x  is  greater  than  7,  . .  .  .  then  the 
part  14937  x—-  1998  x'^  is  not  to  be  added  to  80^^  —  x*-^ 
buc  1998  x'^  —  14937  ^  ^^  ^^  ^^  taken  away  from 
it,  and  the  increafe  of  1998  x*  —  ^4937  ^  i«  when 
X  is  8  or  a  number  greater  than  8  confiderably  great- 
er  than  the  increafe  of  io  x^  —  x^,  Confequently 
there  will  be  another  root  to  this  equation ;  but 
when  y  ==  ao  the  increafe  of  80  x^  —  x^  is  nearly 
equal  to  that  of  1998  x^  —  ^4937  x^  and  when  ;p  is  30 
the  increafe  of  80  x^  —  x^  is  much  greater  than  that  of 
1998  ^*  — H937  *j  confequently  there  will  be  a  root  be* 
tween  7, .  .  .  ,  and  20.  Now  the  part  1998  ;p*  —  ^4937 
X  conftantly  increafes  l  but  there  is  no  increafe  of  80  x^ 
f^  *♦  when  X  =  60,  confequently  when  x  is  between  30 
gnd  60  the  unknown  fide  muft  become  again  equal  to 

SOOQy 
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jooo^  and  unlds  this  takes  place  when  the  unknown  Gde  | 

is  the  greateft  poflible  there  muft  be  two  more  roots  tathe 
equation  *.    But  it  is  evident  that  the  number  making  the  | 

unknown  (ide  the  greateft  poITible  is  fraftional,  and  there- 
fore there  will  be  fclur  roots  to  the  equation.  I 

Call  14937  —  1998  *  +  80  **  —  x^  equal  to  ».  Then 

4r  X  %  =  5000 

JT   =  10    12   13   30  I 

^^=  500   416  384  166  I 

K   =  1957  753  2fc86  3 

I 
*     =  32    34    35  I 

^ —  =  156  147  142  I 

%     =  153  181  132. 

Hence  the  four  roots  are  the  one  lefs  than  unity,  the 
fecond  between  12  and  13,  the  third  between  32  and 
33,  but  very  nearly  equal  to  32,  the  fourth  between  34 
and  35,  but  much  nearer  to  the  latter  than  the  former 
number. 

Dr.  Wallis  and  Mr.  Raphfon  have  employed  them- 
felves  upon  this  equation;  the  former  giving  for  one 
root  12,75644179448074402 .  .  •  .  the  latter  in  his  nine* 


*  The  equation  for  findiug  tlie  number*  which  make  the  aBkoown 
fide  the  greatefl  is 

14937  =  3996  ^  -  240  J*'  +  4*'- 
In  this  equation  x  canoot  be  a  whole  number,  for  whether  x  is  made  an 
odd  or  an  even  numb^  the  unknown  fide  is  an  even  number,  and  confe* 
quentljr  not  equal  to  14937. 

teenth 
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ttenth  problem  making  this  root  1 1,756441 79448  ill,  and 
fiaron  Maferes,  who  is  now  employed  upon  the  fame> 
equation,  confirms  *  the  folution  given  by  Dr.  Wallis. 

The  progrefs  in  approaching  to  thefe  roots  ts  as  follows : 
The  firft  root  is  evidently  lefs  than  unity.  10  is  both  the 
cafieft  and  moft  obvious  number  to  be  tried  for  the  next 
root  which  kd  to  the  tiial  of  12  and  13.  Hence,  ^wo  of 
the  roots  were  found  to  be  the  one  lefs  than  unity,  and 
the  other  between  I2^nd  1 3.  Confequently  the  fum  of 
the  ren^aining  roots  bring  equal  to  the  difference  between 
80  and  the  fum  of  the  rdots  thus  found  is  67,  .  •  .  , 
tieairly,  the  half  of  whidi  being  339  •  •  •  •  is  greater  than 
one  and  lefs  than  the  other  remaining  iroot.  Hence  30 
•was  tried,  which  led  to  the  trial  erf  32,  and  32  being 
found  to  be  very  nearly  equal  to  one  root,  the  other  is  nc- 
ccflarily  very  nearly  equal  to  34. 

vr*  —  7  ;i?*  4.  20;^^  —  155^  =  ICOOO. 

The  unknown  fide  of  this  equation  may  be  divided  into^ 
two  parts  x^  —  7  «*  and  20  ;v'  —  155  ^*«  If  ^  is  lefs 
-than  7,  the  unknown  fide  is  lefs  than  20  x^  —  ISS.^*« 
Alfp  fince  20'*^  —  155  «f*  =  ;p*  K  20  x  -  155,  rif  « <]« 

lefs  than or  7,7  ^1  the  unknown  fide  is  lefs  than 

20  '  '^ 

*'  —  7  x^ ;  and  if  when  x  =  7,75,  the  term  x^  —  7«* 

is  lefs  than  lOOOO,  the  equation  can  have  only  one  root, 

for  when  x  is  greater  than  7,75  both  parts  x^  —  T  x^  and 


*  In  an  Appendix,  now  in  the  prefs,  tQ  Halley*s  new,  exadt,  and  eafie 
'Method  of  finding  the  Roott  of  amy  Ei^uations  geaerallf. 

2a 
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20  «'  -^  155  X  incrcafc  by  adding  i  to  x^  snd  decreafe  hf 
taking  x  from  *.  Let  *  =  7,75,  then  the  unknown 
fide  is  equal  to  *♦  x  at  -  7  or**  X  7,75  —  7  or  ,75  X 
y^\  that  is,  it  is  lefs  than  ,75  X  8*  or  ,75  x  4096, 
and  confequently  is  lefs'  than  loooo.  Therefore  this 
equation  has  only  one  root* 

The  fame  thing  may  be  proved  by  the  limiting  equa- 
tion, which  is 

5  *♦  —  28  ;r'  4-  60  X*  =  310 
or  x^  —  5,6  x^  +  12  «*  =:  62. 

It  is  evident,  that  if  x  is  equal  to  or  greater  than  5,6, 
the  unknown  fide  is  greater  than  61,  confequently  the 
roots  of  this  equation  muft,  if  there  are  more  than  one, 
be  each  lefs  than  5,6«  But  5,6,  or  a  number  lefs  than 
5,6  cannot 'be  a  root  of  the  equation. 

x^  -^y  x^  +  20x^  -^  155  X*  =  joooo 
which  can  therefore  have  but  one  root. 

This  equation  is  folved  by  Baron  Maferes  in  the  third 
volume  of  the  Scriptores  Logarithmic!,  page  742,  and 
the  root  determined  to  be  very  nearly  equal  to  8,6  or 
8,5992325. 
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G  H  A  P.    VI. 

GENERAL  OBSERVATIONS. 

fi  Y  the  method  purfucd  in  the  preceding  chapters  th« 
delation  between  the  coparts  and  the  roots  of  any  equa* 
tion  whatfoever  will  be  difcovered,  arid  the  equations  o£ 
one  mode  in  the  lafl:  order  of  each  clafs  follow  an  analo* 
gy,  which  may  eafily  be  traced  from  the  fecond  order  of 
equations  bf  the  fecond  clafs  to  the  Jaft  order  of  every 
clafs.  This  mode  is  when  the  difference  between  ever^ 
two  adjoining  indexes  is  unity,  and  the  higheft  index  is 
the  number  which  denominates  the  clafs  to  which  the 
equation  belongs.  Thus  a  x'  -^  k>»  zz  i  is  the  fecond 
6rder  of  equations  of  the  fecond  clafs ;  let  m  =  2  znd 
nz:z  If  then  a  is  equal  to  tfie  fum  of  the  roots  and  k  is 
equal  to  the  produ£k of  the  roots*  ^'  —  a  x^  +  b  xziz 
k  is  of  the,  third  order  of  the  third  clafs  ;  the  higheft  in-> 
dex  is  the  number  denoting  the  clafs,  and  the  adjoining 
indexes  differ  by  unity,  a  is  equal  to  the  fum  of  the 
roots ;  b  is  equal  to  the  fum  of  th^  prddudi  of  dach  pair 
of  roots,  and  k  is  equal  to  the  produ£b  of  the  roots,  c  k 
—  b  M^  +  a  ;»'  —  x^  =  k.  Here  the  equation  is  of  the 
laft  order  of  the  fourth  clafs,  the  higheft  in^ex  is  the 
number  denoting  the  clafs,  and  the  adjoining  indexes  dir« 
fer  by  unity,  a  is  equals  to  the  fum  of  the  roots;  b  the 
fum  of  the  produSs  of  each  pair  of  roots  i  e  the  fum  of 
the  prodttds  of  the  roots  taken  by  threes>  ^^nd  k  the  pro- 
du£k  of  all  the  roots.  Let  n  denote  the  higheft  index, 
and  let  the  adjoining  indexes  differ  by  unity,  then  the 
equations  of  the  laft  order  of  a  clafs  belong  to  one  or 

Part  lli  Q^  other 
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other  of  thefe  forms  according  as  the  clafs  Is  denoted  by 

an  even  or  an  odd  number 

/ijr  —  .•..^•••••^*  ••  +  ••••  —  rf AP«-^4  +  c *«— 3 

In  both  cafes,  if  the  equation  has  n  roots,  a  is  equal 
to  the  fum  of  the  roots,  b  is  equal  to  the  fum  of  the  pro* 
du£ls  of  each  pair  of  roots,  c  is  equal  to  the  fum  of  the 
prbduAs  of  the  roots  taken  by  threes,  d  is  equal  to  the 
]fum  of  the  produ£ts  of  the  roots  taken  by  fours,  and  (b 
on,  and  k  is  the  produ£l  of  all  the  roots. 

The  following  is  a  general  form  to  which  every  pro^ 
pofed  equation  may  be  made  to  correfpohd,  pbferving 
only  that  no  equation  whatever  can  have  aU  the  loweft 
marks  together :  » 

±  ^  ±  a  x*^  ±  h  ^  ±  c  xP  ±  dxi  ±  ex^  ;...  .=& 

The  limiting  equation  to  the  above  equation  is 
±  m  ;r»— X  dt  na  ;c"— «  ±  ob  x<>— »  ±  pc  xp—f  ../•=: 

'  ±    b  X*-t    j.    y  ;c*-l. 

The  proof  is.  the  fame  as  that  adopted  in  pages  26, 
a;,  29>  67,  69.     '        ^      • 

'  It  has  been  already  obferved^  th^t  tbrs  limiting  equa^ 
4Soii  win  be  of  little  nfe  hi  equations  of  higk  tiliif<K9.  A« 
-an  inftance,  kt  it  be  required  to  find  the  number  of  rooi^ 
in  the  equation  ;r^  +  4.x''  —  *^—  ro^'tj^  S'x^  "5^ 
•*-K>;r*~'tO;«  =  5.    •  '  -  ...... 

J>'  -  The 
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The  limiting  equats6tor  is  :        - 

.  Iq  this  cafe. the  Uniiting  equation*  is  of  a  form  capable 
of  having  as  many  roots  as  the  pfopofed  e<^uation,  and  it 
hecoipes  now  a  queftioa  to  find  the  number  of  roots  in 
the  limiting  equation.  :  Inftead  of  thi's^  let  the  method 
adopted  in  pages- 84^  85,  .86>  be  applied  to  the  propofed 
equation*         • 

x^  +  4^^— ^*-r  w-v*  +  5  .*^ — 5  ^^  —  lOiV*  — 10*  =;5t 

The  unknown  fide  maybe  divided  into  two  parts  a*  + 

4  *^  — !-  x^  —  10  ;if^  and  5  **  —  5  ;«?^  —  10  ;if*  —  10  Xy 
and  the  equation  is  of  »  form  capable, of  having  three, 
roots.  Now  the  part  5  **  —  5  ;v'  —  10  at*  —  10 ;?  will, 
if  5  x^  is  greater  thap  the  other  terms,  make  a  number  to, 
be  added  to  the  firft  part,  and  if  it  is  lefs,  make  a  number  to 
be  taken  from  the  firft  part  The  fame  may  be  obferved  of 
the  firft  part  if  ;ir^  +  4  xHs  greater  or  lefs  than  x"*  +  lO  ^'. 
Now  X  m.uft  evidently  be  greater  than  unity,  and  5  **  — 

5  ;ip^  —  lO  flf* . —  10  X  makes  a  number  to  be  taken  from 
the  firft  part  if  x  is  not  greater  than  2.  But  when  *•  is^ 
equal  to  2,  or  fome  number  lefs  than  2,  at^  +  4  x'^  is 
grcatasr  than  x^  +  lo  x^^  Confequently  fome  number 
kfs  than  a  will  make  x^  -^  4.  x^  equal  to  **  +  lO  x^y. 
^plli  then  every  additiofi  to  x  increafes  the  part  *^  ^  4  a?' 
^  x^  *— .  10  «^  Now.  if  the  part  10  jf  +  lo  x^  +  S  a:^ 
-T-  5  ;tf*  decreafts  by  the  addition  of  ;f  to  a?  the  whole  un- 
known fide  muft  rieceflarily  increafe.  The  part  ip  ;t  + 
10  Af*  +  5  ;^'  —  5  AT*  fiift  itKreafes  arid  then  decreafes> 
and  the  limit  of  its  increafe  is  when 
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10  =  ao  Ap'  —  15  «*  —  ao  4r 
or  ,5  =  *?  —  ,75  *^  —  « 
that  IS  xit  not  equal  to  1,2,  and  confequefitly  when  x  U 
greater  than  1,2  the  part  io«+iOje»  +  5  x^ —  5^^  con* 
(tantljr  diminiihes  till  10  x  +  10  x^  +  5  x^  is  equal  to 
5  x^y  and  then  by  adding  x  to  jr  as  before,  the  part  $x^ — - 
5  x^  —  10  «^  —  10  «  conftantly  increafes.  But  when  x  is 
<q^4l  to  l,2(  the  unknown  fide  of  the  given  equation  is  no 
number  at  aU,  and  confequently  when  the  unknown  fide 
by  X  being  a  greater  number,  is  equal  to  5  the  part  x*  + 
4  *^  -^  jf*  —  10  x^  is  incrcafcd  by  the  ad<)ition  of  i  to  jr^ 
and  the  part  to  be  taken  from  it  is  either  lefs  than  it  yfrzs 
before,  and  confequently  the  unknown  fide  will  be  greater 
dian  5,  or  Inftead  of  a  number  to  be  taken  away  from  x* 
4-  4  jc^  —  ;r*^  —  10  **  the  other  part  is  a  number  to  be 
added  to  it.  Therefore  the  unknown  fide  is  always  in« 
creafed  by  adding  i  to  ^,  or  dimini(hed  by  taking  away  x 
from  X  and  the  equation  can  have  only  one  root.  This 
root  is  diibovered  by  Baron  Maferes,  in  the  Scriptores  Lo- 
garithmicii  Vol*  III.  p.  749,  to  be  the  only  root,  and  tq 
be  very  nearly  equal  to  1,618,  and  the  equation  is  the 
higheft  numeral  equation  mentioned  by  Newton  in  hi) 
Arithmctica  Univerfalis. 

Let  M  be  th^  number  denoting  the  clafii,  and  N  tho 
number  denoting  an  order  in  tha^  clafs^  then  the  number 
pf  orders  in  any  clafs  is  equal  to  M,  the  number  of  forms 
in  any  clafs  M  is  equal  to  2**  —  i,  and  the  number  of 

forms  in  any  or4er  N  is  equat  to  M* -y.     ,/*"  ., 

ftl—^S  M— N4-I 

Thus^i 
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Thu3,  let  M  be  equal  to  3,  then  in  the  third  clafstbevQ 
ore  three  orderst  Let  M  be  equal  to  100^  and  in  the 
looth  clafs  there  are  100  orders. 

Let  M  be  equal  to  4,  then  in  the  fourth  clafs  the  num- 
ber of  forms  is  equal  to  2*  —  i  or  16  —  i  or  15, 

Let  M  =  4  and  N  =3,  then  the  number  of  forms  in 
the  fourth  clafs>  capable  of  having  three  roots,  is  equal 

•2  2 

to  4  X  ^  X  -r  or  4.    That  is,  there  arc  four  forms 
being  capable  of  having  three  roots* 

Let  M  =  4  and  N  =  2,  then  the  number  of  forms  it^ 
the  fourth  clafs,  capable  of  having  two  roots,  is  4  X 

-^or  6.    That  is,  there  are  fir  forms  capable  of  baving^ 

two  roots. 

If  the  unknown  term,  having  the  highcft  index  in  an 
equation,  is  to  be  taken  away  from  the  reft,  the  number 
of  the  order  to  which  it  belongs  is  an  even  number,  and 
confequently  the  greateft  number  of  roots  an  equation  of 
that  form  can  have  is  an  even  number;  but  if  the  un- 
known term,  having  the  higheft  index,  is  not  to  be  taken 
away  from  the  reft,  then  the  order  to  which  it  belongs  is 
ail  odd  number,  and  confequently  the  greateft  number  of 
roots  an  equation  of  that  form  cap  have  is  an  odd  number. 

Let  N  be  the  number  denoting  the  order  to  which 
an  equation  belongs,  then  the  number  of  the  changes 
of  the  marks  is  equal  to  N  or  N  —  j.    Hence,   by 

ob- 


oUmins  the  cbamgcs  of  tke  marks  in  any  ie^aatlonj 
i|ie  greatcft  Bomber  of  roota  which  an  equation  of  that 
form  is  capable  of  having  ia  afcertaincd.  Let  ibe  aiuih 
ber  of  changes  be  P,  then,  if  the  term  with  the  high- 
eft  iftdei  is  the  firft  term,  N  is  an  oddnufflber^  oiherwife 
N  is  an  even  niimber*  If  P  thm  is  an  odd  Bamfaer9.aiBi 
N  an  even  number,  P  is  equal  to  N  -*  i  or  N  is  equal  to 
P  *+•  I  i  but  if  both  P  and  N  are  eren  nttmbera  o«  ddd 
i|tuDaher$  tb^  P  ia  equal  to  N« 

Let  ^  - 16  ;r*  +  77  *  -  98. 

jt'  being  the  firft  term,  the  order  to  which  this  equa- 
tion belongs  is  denoted  by  an  odd  number,  but  there  is 
an  even  number  of  changes,  therefore  N  =:  P  -f  i  or  3  j, 
that  is,  this  equation  cannot  have  more  than  three  rootS) 
and  it  depends  upon  the  coparts  and  known  term,  whe^r 
'  ther  it  has  one,  two,  or  three  roots. 

Let  ;c'  +  4;v7 ^x^  —  lO  ^^^+5 x^ — 5 at'  —  10  Jf-  — lO Ar=:5: 

x^  being  the  firft  term,  the  equation  belongs  to  an  order, 
whofe  index  is  an  odd  number,  and  the  number  oi 
changes  in  the  marks  is.  odd,  therefore  the  order  to  which- 
this  equation  belongs  is  the  third  ;  this  equation  cannot 
have  more  than  three  roots.    If  the  equation  had  beea 

x^ —  4;t'  + A?*— i.  iox^  +  S^^  —  Sx^  +  10 a:*—  lO^'rr 5, 

by  counting  the  unknown  terms  it  appears  that  it  be- 
longs to  the  (eighth  clais,  and  cot^equenti^  cannot  harve 
more  than  eight  roots :  fince  x*  is  the  firft  term,  the  num-. 
ber  denoting  the  order  is  an  odd  number,  and  there  beings 

fcven. 
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feren,  .tliat  is  an  odd  number  of  changes  In  the  markS) 
the  equation  belongs  to  the  feventh  order,  and  cannot  copi^: 
fequently  have  more  than  feven  roots. 

'  The  inveftigation  of  the  properties  of  equations  Is 
endlefs;  it  is  with  them  as  with  intelligent  beings* 
There  is  no  limit  to  the  number  of  modes  of  each  form. 
There  is  no  limit  to  the  number  of  forms.  There  is  no 
limit  ib  the  ^uioft^eriof  orders.  There  is  no  fimic  to 
the  number  of  clafles^  Each  mode  has  its  peculiar 
eUrve«  The  li)irca  of -men  of  the  firft  talents  have  beca 
cmplayedupdn  xfiiigfe  carir^,  and  there  are  not  nanlies 
^ven  to  a  hunched  fpedes  of  carves.  By  the  ckfs 
of  intelligent  beings  next  in  fank  above  man,  all  thefe 
^cfixiAoM  and  all  the&  carves  arCy  perbftps,  thoroughlf 
tfndetftodd^  -aAd  the-nejtt  clafs  exeell^  them  as  much  as 
fhey  do  us.  ttow  great  then  mttft  be  that  being  to  whom 
tJjfe  Aouglftstrf  all  thefe  orders  of  beings  are  known  at 
a  moYnent's  glance  ;  and  how  infignificant  in  the  eye  of 
i^sEfonaii!  thofe  tiations  which  lay  down  rules  for  thought 
inrf  pirfccnte  for  opmimisji         *      • 


THE    END. 


